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COMPLETE AND COMPLETE MOMENT CONVERGENCE FOR
WEIGHTED SUMS OF p-MIXING RANDOM VARIABLES

FENGXIANG FENG, DINGCHENG WANG AND QUNYING WU

(Communicated by X. Wang)

Abstract. In this paper, we establish complete convergence results and a complete moment con-
vergence result and prove the equivalence of them for weighted sums of p -mixing random vari-
ables. Our results generalize and improve the results of Baum and Katz(1965) and Peligrad and
Gut (1999). As an application, we obtain the Marcinkiewicz-Zygmund type strong law of large
numbers for weighted sums of p -mixing random variables.

1. Introduction

Let {X,;n > 1} be a sequence of random variables on a probability space (Q, <7, P).
Define .Zs =o(X;:i € SCN). Given o— fields .7, % C <, let

p(F, %) = sup{|corr(X,Y)|,X € Lo(F),Y € Lo(Z%)},

where corr(X,Y) = (EXY —EXEY)/+/Var(X)Var(Y).

For k > 0, define the following coefficients of dependence by
p (k) =sup{p(Fs,Zr); S,T C N with dist(S,T) > k}.

DEFINITION 1. A sequence of random variables {X,,;n > 1} is called p-mixing
sequence if there exists k € N such that p(k) < 1.

Obviously, 0 < p(k+1) < p(k) <p(0) =1.

Many limit results for p -mixing sequence of random variables have been obtained
by many authors. We can refer to Bradley [4] for the central limit theorem, Bryc and
Smolenski [5], and Yang [17] for moment inequalities and the strong law of large num-
bers, Peligrad and Gut [9], Gan [6], Wu and Jiang [16], Kuczmaszewska [8] for almost
sure convergence, Utev and Peligrad [14] for maximal inequalities and the invariance
principle, Peligrad and Gut [9], An and Yuan [1], Gan [6], Kuczmaszewska [7], and
Sung [13] for complete convergence. Shen et al. [11] for complete convergence of
weighted sums for arrays of rowwise p-mixing random variables. In this paper we
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further study complete and complete moment convergence for weighted sums of p -
mixing random variables. Our results extend and improve the results of Baum and Katz
[3] and Peligrad and Gut [9].

Throughout the paper, (.) denotes the indicator function and x™ = xI(x > 0). C
denotes a positive constant which may differ from one place to another.

In this article, we will consider the following condition:

Let {X,;,n > 1} be a sequence of p-mixing random variables, there exist a random
variable X and a positive constant C such that for all x > 0

sup P(|X;| > x) < CP(|X]| > x). (1.1)
i>1

2. Main results

Let’s state our main results.

THEOREM 2.1. Let poo > 1 and 1/2 < o0 < 1. Let {X,,n > 1} be a sequence
of p -mixing random variables with EX; = 0 for each i > 1. Assume that {ay;;1 <i<
n,n = 1} is an array of real numbers satisfying

2 |ani|? = O(n) for some q > p. (2.1)

Let 1(x) > 0 be a nondecreasing slowly varying function.
If there exist a random variable X and a positive constant C such that (1.1) holds
forall x >0 and

E|X|PI <\X\1/°‘> < o, (2.2)

then for any € > 0,

J
2 Ani
i=1

Xi| > sn“) < oo, (2.3)

D n?*=2(n)P ( max
1<j<n

n=1

THEOREM 2.2. Under the conditions of Theorem 2.1, then for any € > 0,

Zam i — na> < oo, (2.4)

ana 2% (n max
1</<n

n=1
Furthermore, (2.3) is equivalent to (2.4).
From Theorem 2.1, we can obtain the following result:

COROLLARY 2.1. Under the conditions of Theorem 2.1, assume that {a,;n > 1}
is a sequence of constants satisfying

n

2 |a;|" = O(n) for some q> p. (2.5)
i=1
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Then for any € > 0, we have

o J
S nP% 2 (n)P | max Z a;iX;| > en® | < oo, (2.6)
n=1 Isisn|isi
and
n "y aiX; — 0 a.s.n— oo (2.7)

i=1

REMARK 1. If we take /(x) = 1 in Theorem 2.1, then we can get the result of
Sung [13]. Theorem 2.1 extends the result of of Sung [13].

REMARK 2. If we take /(x) = 1,a,; = 1 in Theorem 2.1, then we can get the
Baum-Katz-type theorem for sequences of p-mixing random variables. Theorem 2.1
extends and improves the results of Baum and Katz [3] and Peligrad and Gut [9]. The-
orem 2.1 extends the result of Baum and Katz [3] from the i.i.d. case to weighted sums
of p-mixing random variables.

3. Preliminaries

In order to prove our results, we need the following lemmas.

LEMMA 3.1. (Utev and Peligrad [14]) Ler {X,;n > 1} be a sequence of p-
mixing random variables with EX, =0 and E|X,|P < oo for some p>2 andall n > 1.
Suppose N is a positive integer, 0 < r < 1 and p(N) < r. Then there exists a positive
constant D = D(N,r,p) such that the following statements hold:

max
1<k<n

Lemma 3.2 can be found in Lemma 4.1.6 of Wu [15].

p/2
Zx ) D (iEXf) +iE\X,-\P ,p=2.
i=1 i=1

LEMMA 3.2. Let {Xy;n > 1} be a sequence of random variables. If there exist a
random variable X and a positive constant C such that (1.1) holds for all x > 0, then
forany oo >0 and b >0,

E1X|“1(|Xa| <b) < C(E|X|*I(IX] < b) +b"P(IX] > b)).
E|X,|*I(|X,| > b) < CE|X|*I(|X| > b).

LEMMA 3.3. (Shen and Wu [10]) Let {X,,n > 1} be a sequence of random
variables and 1(x) > 0 (x > 0) be a nondecreasing slowly varying function as x — oo.
Let s and t be arbitrary positive constants. If (1.1) holds, then

supE[Xi|'l (|1Xi|") < CE|X|°1 (|X[")
izl



204 F. FENG, D. WANG AND Q. WU

4. Proofs of Main results

Proof of Theorem 2.1. Without loss of generality, we may assume that > | |a,i|? <
n for some g > p.

Firstly, we will show if {ap;; 1 <i<n,n > 1} is an array of real numbers satisfying
|ani] <1 for 1 <i<nandn>1,then (2.3) holds.

Let Y, = X1 (|X;| <n%) for 1 <i<n,n> 1. Wecan easily get

(max > sna>
l<J<n
> &n )

<P<max |Xi| >n )—|—P<max
1<i<n 1<j<n

Zam i

2 al’ll ni

g P X P ni m EYm £ - mEYm .
i; (1X:] > n*) + (fil?fn Za )| > en* max | > Za )
4.1)
From the proof of (2.4) of Sung [13], we have
n- f?f‘i‘n ZamEYm — 0 asn — oo. (4.2)
Hence for n large enough, we have n~% max; < i<n 2{: L aniEYyi| < % . It follows that

S nP* 2 (n)P ( max
n=1

1<j<n

> ena>

zam i
n

< 3w 2U(n) 3 P (X > )

n=1 i=1
an’“ 2I(n)P (filf‘é‘n gam Yoi — EYyi)| > sn“/2>
=:1+CJ. (4.3)

For I, by (1.1), (2.2) and the fact Ef;zlno‘l(n) = 0(j*T(})), o # —1, we have

1= inl’a*%(n) ip(|x,-| > n®)

M:

<C2n”a 21 )

n=1

—Cana '( )

P(|X|>n%) ana Hn)P(X| > n%)

I
—_

Mx

P(j<ixMe<j+1)

~.
Il
3
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oo J
—CY P(j <XV < j+1) X nrin)
j=1 n=1

gcip(j < x| g j+1)j”°‘l(j) < CEIX|'l (IXII/"‘> e (44)
=

Thus, it remains to show that J < co. we will consider the following two cases:
Casel. p>2.
By the fact |a,| < 1, Markov’s inequality and Lemma 3.1, we have that for any
r>p

r

j
J< Can“ "*21(n)E max | (ani¥ni — aniEYni)
=1 1<j<n -1

r

n 2
<C2nl’°‘ %2 (n E\am|rE|Ym EY,|"+ <2a§iEYm-—EYm-|2>

n=1 i=1 i=1

<c2nl’“ %2 (n Z|am\ (E|X|'I(|X| < n®) +n"*P(|X| > n%))
n=1 i=1

+C2n[706 rol— 2l

n=1

Ela'" (E\X\21(|X| <n®) +n**P(|X| > n ))]

<CY P Nm)EXT(1X] < n®)+C Y, 0P (n)P(IX| > n®)

n=1 n=1

+C Y o2 2 () (EIX PI(X| < n%)) 1ic 3 nP% 22 (n) (P(IX| > n®))?

n=1 n=1

=:CJ1 +Clr+CJ3+CJy. (4.5)

By the fact ¥;7_;n%l(n) = O(j*"'1(j)), o < —1, we have

oo

Jy=Y, nP* " () EIX[T(1X| < n®)

n=1
oo n

< T ¥ ep (- 1< x|V <)
n=1 j=1

=2 °‘P<J—1<|X|”°‘<J)Zn”°‘ "*(n)
j= n=j

/N
a
M -

7P (=1 < X1V < ) )

~.
Il
—_

(U}
Ms

PGP (= 1< XV <) < CEXPL(IXVe) < (46)

~.
I
—_
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From the proof of / < oo, we can obtain J, < o. For J3, noting that pot > 1 and p >2
we take r > max{p, 221}, which implies that o/(p —r) — 2+75 < —1. Hence,
a3

=C Y a2 () (E|X PI(|X| < n®))

n=1
<C Y w25 () (E|XP)? < oo, 4.7)
n=1
<Y n PG () (E|X|P)E < oo, 4.8)

n=1

Case?2. p<?2.
We take » = 2. Similar to the proof of J; < e and J, < e, we can have

2
CZn”a 20 2l )E max

1<j<n

2 am ni aniEYni)
=1

n=1

<CY nP? 2 )EXPI(X] < n®) +C Y, 0P H(n)P(IX| > n®) < o
n=1

n=1

(4.9)

Secondly, we will show if {au;;1 < i< n,n> 1} is an array of real numbers
satisfying |an;| =0 or |a,;| > 1 for 1 <i<n and n > 1, then (2.3) holds.

Let S;”»: l' 1 aniXil (|aniXi| < n®) for 1< j<n, n> 1. From the proof of (2.11)

of Sung [13], we have n~%*max; ¢ j<,

we have n~=%max;<j<n |ES,;| < 5. It follows that

Zam > en )

y -
< 2 nP*21(n Ep |laniXi| > n®) + 2 nP*21(n)P < max |S ES’j| > 8n°‘/2>

n=1 i=1 n=1 Isjsn

=:L+CM. (4.10)

i nP*21(n)P ( max

1<j<n

For1<j<n—1landn>1,let
L= {1 <i<n:in1(j+1)71 < |ay) < nI/QJ*I/q}.

Then {I,;,1 < j <n—1} are disjoint, U;l %Inj {1<i<n:a,#0},and ZJ L8 <
k+1lforl<k<n-—1.
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Letr=1/(a—1/q). Similar to the proof (2.15) of Sung [13], we have

L= Enl’a 2(n 22P|an,X\>n)

= J=li€ly;

—En‘"a 2l 2P<|X|>na 1/q Uq)ﬁ

fd ["Ht/q] k41 q/t
<Y mn) Y Pk<|X| <k+1) (T) +1
n=1 k=n
+ ¥ m) Y Pk<|X['<k+1)
= k=[nl*+t/4)41
=L +1L,. 4.11)

Since pa—2—q/t=—o(q—p)— 1 < —1, we get

o [nl+l/q]
Li<CY o2 m) Y P(k<|X| <k+1)k"
n=2 k=n

o k

SCY Pk<|X['<k+1)k" Y nPo 2791 (n)
k=2 n=[ka/(a+1)]

SCY Pk<|X]'<k+1)&" Y nPo 2791 (n)
k=2 n=[ka/(a+1)]

<C i P(k<|X|'<k+1) ka/1=acla=p)/(att)yga/(a+t)y

S CE|X|PI(|X|Y%) < oo (4.12)
we also get

xal/ (q+t)]

L<YPk<[X'<k+1) Y n*ln)
n=1

Mz

~
Il

1

=

<CY Pk <|X| <k+1)kPo 1oyl a+n)
k=1

S CE[X|PI(|X|Y%) < oo, (4.13)

From L; < e and L, < oo, thus it remains to show that M < eo.
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By Markov’s inequality, Lemma 3.1 and Lemma 3.2, for any r > 2 we have

\ —ro—2 4
Mgcn;nl’“ *(n )EIT?§n|S —ES,;|"

%
<c2nl’“ %2 (n (ZEamX I (|aniXi] < ))

n=1 i=1

—|—C2np°‘ r%=2](n ZE|an,X|’I(|an,X| n®)
n=1 i=1

i i=1

n 2
<c2nl’“ %21 (n (ZEamX|21(amX| n®)+ Y n**P(|anX| >n°‘)>

+c2nl’°‘ r%=2](n <2E|an,XrI(|amX| O‘)+Zn’“P(aniX|>n°‘)>
i=1 i=1

n=1

%
<c2nl’“ %2 (n (ZEamX|21(amX| ))

n=1 i=1

= n
+C Y P 2(n) Y ElanX|'T (JanX | < n®)
n=1 i=1

—|—C2np°‘ U(n) Y. P(|anX| > n%)

n=1 i=1

=:CM; +CM, + L. (4.14)

=

From L < oo, we have L’ < oo. For M| and M, , we proceed with two cases.
(1) If p > 2, then we will take r large enough such that r > max{p T L 4}. By

the fact that a,; = 0 or |a,;| > 1, then we get that

M <CY nP=re=2 () (Z ani2>

n=1 i=1

[

<C2npo‘ roe— 2l <Zan14>

n=1
<C Y @ o2 () < oo (4.15)
n=1

Similar to the proof of (2.21) of Sung [13], we also obtain that

ana roe— 2l Z ZE‘amX| 1 ‘amX‘ )

j=li€l,;

< ana roe— 2+r/ql Ejfr/qﬁl E|X|rl<\X\ <n%" l/q(J_|_1)1/f1>
n=2 Jj=
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2n
< 3 a2l 2 et Y EIX)T (k< X[ <k+1)

n=2 Jj=1 k=0
1)/
+2npa roi— 2+r/ql Zjir/qﬁlnj 2 E‘X‘rl(k< ‘X‘t <k+1)
= k=2n+1
M 4.16)

Similar to the proof of (2.22) of Sung [13], we have that

My <CY EIXIT(k< X <k+1) Y nl*re-2tr/a)(y)
=1 n=[k/2]

<C Y EIX|"T (k< |X[" <k+ 1) kPe-ro-trlay k)
k=1

<C§4P(k< X|" < k+1)kP* (k)
k=1
<CS P (k< [X] <k 1) k110
k=1
< (1xpr (1x)7)) <o .

Since 1/t+1/q—o0=0 and po.—2—q/t = —a(q—p)—1 < —1, similar to the
proof of (2.23) of Sung [13], we have that

oo k/2
My <CY EIXIT(k<|X| <k+ 1)k U0/t N ppoe=2-a/y(y)
k=5 n=[ka/(a+1)]

SCY EX|'T (k< |X|' <k+ 1)k*(’*’i)/f*(fﬁl’)(a*I/Q)Z(kQ/(qﬂ))
k=5

S CE|X|PL(IX | %) < o, (4.18)

From M3 < eo and My < oo, we have M, < eo.

(i) If p < 2, then we will take r =2. We may assume that p < g < 2. Since
r>q, asin the case p > 2, we have M} = M, < oo.

Similar to the proof of Theorem 2.2 of Sung [13], (2.3) holds. This completes the
proof of Theorem 2.1. [

Proof of Theorem 2.2.
an“ 2=%(n)E (max

—anazo‘l / P | max
0 l<j<n
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(=) na
=Y w27y / P § —en®>s|d
n:ln (n) 0 lrgfg(n niks " * *
S o—2—o “ ! o
po—sma] P iXi| —en” > d
—l—n:Eln (n)/na 1?,% i;am ; n s |ds

oo J
< 2 p0572l P 2 X:| > en®
S n:1n (l’l) lrgjagn iZIam i| = &n

o o J
po—2-0; / P X;| >
—l—};n (n) ., 1212‘2(" ;am | >

n

By Theorem 2.1, we only need to prove

< pa—2—o “
gln I(n) / P (;gfgn Zam

Firstly, we will show if {ap;; 1 <i<n,n > 1} is an array of real numbers satisfying
|ani] <1 for 1 <i<nandn>1,then (4.19) holds.
Denote Yy; = X;I(|X;| < s) forall s >n%, i > 1. Then

- - j
po—2-0p / P Xi| >s|d
Z,ln () ), P max Z,am i| > s |ds

s) ds < oo, (4.19)

> oo J
< r;nl’a*%o‘l(n) /n“ P (112512(}1 pa (aniYyi — aniEYs)| > s/2> ds
d o j
+ X [ ( Y (@iXid (1Xi] > 5) — aEX(X] > 5)) | > s/2> ds
n=1 i=1
=H+K.

For K, by Markov inequality, Lemma 3.2, (2.2), the fact 2;2:1 nBl(n)=0(PH1(}))),
B # —1 and |ay;| < 1, we have

oo 0o n
K<CY nre 20 (y) / S | EIXGI(X| > s)ds
n=1 A

<cy npa—l—%(n)/ sTEX|I(X] > 5)ds
n=1 n*

e e (m+1)*
:Cana_l_al(n) ¥ / sTEIX|I(X| > 5)ds

m=n"m

<C2npa =2 (n Zm—1E|X|1(\X\>m )

m=n

=C 2 m ' EIX|I(|]X| > m®) Y, n?*" "% (n)
m=1 n=1
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<C 2 m L E|X|I(|X] > m®)mP*~%1(m)

—CEmpa i 2E\X\1<J<|x| 1)

m=1 j=m
d J
:CZE\X\1<]'<|X|$< )zmw a1y

<C2]m “U(HEIX|I <]< |X| 1) <CE\X\P1<\X‘1/a> <o, (4.20)

)ds

For H, by Markov inequality and Lemma 3.1, for r > 2, we have

oo oo J
H < C 2 l’lpaizial(l’l) Aa s (lrgjai(n 121 aniYsi aniEY.\'i>

n=1

gcznpa—Z—al(n)/ S_r2|ani|rE|Y5i‘rds
=1 n% i

. " r/2
+C2n”°‘ 2= I(n / (2 am ) ds

n=1

‘= H) + Ha. 4.21)

We will discuss the following two cases:
Casel. p>2.
Taking r > ’;a]l , which implies that ot(p —r) —2+% < —1 and 2% L>p. By
2

7

po
Lemma 3.2, the proof of (4.20) and the facts 2£=1nﬁl(n) =o0(P(j)), B # -1,
Y inPl(n) = 0(jPT1(j)), B<—1 and |as| <1, we have

oo oo n
Hy <CY w20 (n) / 57 Janl (EIXPI(X| < 5)+5P(IX] > 5))ds
= n o0

<Y wre o) / STEIX|I(X| < 5)ds
na

n=1

+c2npa—1—a1(n)/ sTEX|I(X] > 5)ds

n=1

il o r(m+1)*
<Y a0 (n) Z/ sTEIXVI(|X| < 5)ds+C
n=1 m=nJm*

<CY P (n) Y m* B IXT(X| < (m+ 1)) +C

n=1 m=n

=C Y m* "EIX|"I(|X| < (m+1)® an’“ =2y (n
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<C Y mP I m)EX|)T(1X] < (m+ 1)*) +C

m=1

<C2m1’°‘ =re g (m ZE|X|’1k°‘<|X| (k+1)%)+C
m=1

=

=c Y EIX[T(* <|X| < (k+1)%) Y, m*P=)7 (m) +C
k=1 m=k

<CY KUk)Pk < |[X|V*<k+1)+C
k=1

< CEIX|P1 <|X|1/°‘> 1O <. (4.22)

Note that EX? < o if E|X|P < oo for p > 2. We have

- - " r/2
Hy<CY npa_z_al(n)/ s <Z(ani)2EX2> ds

o
n=1 n

<CY n”aﬁ*aﬂ/zl(n)/ s~'ds

o
n=1 n

<C i npa—2—r0£+r/2l(n) <

n=1

Case?2. p <2.
We take r = 2. Similar to the proof of (4.21) and (4.22), we can have H < co.

Secondly, we will show if {an;;1 < i< n,n> 1} is an array of real numbers
satisfying |a,;| =0 or |a,;| > 1 for 1 <i<n and n > 1, then (4.19) holds.

Denote Us; = Xil (JayiXi| <s) forall s >n%, i>1.
By the fact EX; =0, for s > n”, we have

=5 ' max EamEXI(\amX| >s)

1</<n

s~ ! max 2 aEU| =

1<j<n

<s !t Z |ani|[E|X|I (|aniX | > s)
i—1

n
<Cs Py |anlPE|X|P
i=1

n rla
P (Z |am.|q> n'~PlIE|X|P
i=1

< CsPrE|X|P < Cn' "PEE|X|P — 0, n— oo,
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)

J
z aniUsi — EaniUsi)
=1

Hence

Z npoc—2—0‘l(n) /na P (f}ljai(n Zam i

= ano‘ =% / ZP |aniXi| > s)ds
< po—2—a “

e S [ (s

>%>ds

I = {1 <i<n kM4 1)V < gy < kl/’fj’l/‘f} .

= H +K'.
For 1 <j<k—1and k>n,let

Then{ij,lgjgk—l}aredisjoint,U ij {1<i<n:ay#0}, andz Lk
<m+1lforl<m<k—1.

H = znw“z /ZP\an,X\>s)
<C2np0¢ 2= (n E/kﬂakEjEP(X>s< >/q>ds

J IZEIA/
(k+1)* k=1

—CZnN 2oy Z/ Y P (X1 > k770510 s
j=1

< Cinpa72fal(n) ika71 i ﬁIkJP (‘X‘ > kO(*%jU’i)
n=2 j=1

oo k—1 k
=C YR S P (1X] > K70 1) 3 a2 )
k=2 j=1 n=2

oo k—1 1
<CY "2 41,P <\X| > k“*ajl/q)
k=2 j=1

From the proof of L < e in Theorem 2.1, we have H' < .
For r > 2, by Lemma 3.1 and Lemma 3.2, we have

I < < po—o—2 /oc
K = ¢ Z " l(n) ne lrgjai(n

J
Z aniUsz Eam sz)
n=1 =1

)ds

w - n 2
chnW*“”z(n)/ s <2E|am-x,-|21(am-x,-<s)> ds
nD!

n=1 i=1

+CY, npa*aﬁl(n)/ s ElawXi|'I(|anXi| < 5)ds

n=1 n i=1
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e oo n n %
<Cy npa_a_zl(n)/ s <2E|an,~X21(|am-X <s)+ Y, 7P (|anX| > s)) ds
na

n=1 i=1 i=1

oo oo n n
+C Y, n”o"o"2l(n)/ s <2Ean,~X|rl(am-X <s)+ 25’P(|an,~X\ > s)) ds
n=1 n i=1 i=1

r

< CEnl’O‘*O‘*zz(n)/ s (2E|an,~X21(|am-X < s)> ds

i=1

+CY, npo‘_o‘_zl(n)/ 5" ElawX|'I(|anX| < s)ds
n=1 n* o=l

+CY nP* =2 () / S P(lawX| > s)ds
n=1 n% =1
=:CK|+CK,+CH'.

Since H' < oo, we only need to prove K| < e and K) < . For K| and K}, we proceed
with two cases.

(i) If p > 2, then we will take r large enough such that r > max{ ’; O‘:%l ,q}. By

the fact that a,; = 0 or |a,;| > 1, then we get that

n=1 i=1

oo oo n %
K;j<C ana_a_zl(n)/ s (2 |am-2> ds
na

<C 2 pPo—ro— 2l (2 am|q> <C i npafra72+r/2l(n) <

n=1 n=1

Ky = CEn”O‘O‘2l(/ 2E|amx\’1(|amx| s)ds

n%

<CZn”°‘ ) ¥ / i (—) EIX|'T(|X] < ke /a(j+1)1/9) ds

k=n+1

<C2n1’°‘ *=2(n Zk’/q/ Z “rlagg E\X\’I(\X\ <k“Va(jt) Vq) ds
n=2 k=1)* j=1

n=2 =1

kol

<Cznpoc o— 2l Zk Lto(—rt+1)— '_r/qﬁlkjE|X|rl<‘ ‘ < kO~ l/q ]+l 1/q>

—1

<C2k jro(r+l)- znl’“ =2y 2 ’/‘ftilkE|X|’I<\X\ <k Va(j+1) W)
k=2 =1

<Y KOO (k) Zr’/qﬁzk,E|X|’1(|X| <k 1))
k=2

From the proof of M, < o in Theorem 2.1, we have Kﬁ < oo,
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(i) If p < 2, then we will take r = 2. We may assume that p < g < 2. Since
r> g, asinthe case p > 2, we have K| = K} < oo.

Similar to the proof of Theorem 2.2 of Sung [13], (4.19) holds. Hence (2.4) holds.

We will prove the equivalence of (2.3) and (2.4). Under the conditions of Theorem
2.1, obviously, (2.3) implies (2.4).
Next, we prove that (2.4) implies (2.3). We can easily get that

>+
—en” >t> dt

> en” —|—t> dt

anoc =% max Zam ;
l<J<n

=y n”o"zfal(n)/ P ( max
n=1 0

1<j<n

=) SHOC
> 17067270([ / P
= rg{l n (n) lrgjaz(n

0

>£2n1’°‘ 2l(n (max

— 1<j<n

Zam i

j
2 aniXi

> 2£n°‘> .

Proof of Corollary 2.1. Similar to the proof of Theorem 2.2, we get (2.6) holds.
Let /(n) =1, For any € > 0, we have

> 8n°‘>

ZaX > en )

¥ (2k)pe-20kp (maxlngk S aXi| > 2009 i pa =2,

T (2K P20k p (rnaxl< o |SL aiXi| > sz(k“)a) Jif 1< po<2,

Eam i

This completes the proof of Theorem 2.2. [

oo > 2,11706 2P(max

=1 1<j<n

J
2 a;iX;
=1

oo2k+1 1
—2 2 L 2P(max

—0 p_ok 1<j<n

WV

z,j:laiXi > 82(k+1)°‘) , if pa>2,

ly= P <max1<,<2k ¥/ a,-X,-| > sz(k“)a) Jif 1< por < 2.

Si—oP <max1§,<2k

WV

(4.22)

By Borel-Cantelli Lemma, we have

>
2(k+1)o

max, ok

— 0 as., k— oo,

For any positive integer 7, there exists some positive integer k such that 2= 1 < n < 2%,
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By (4.22), we get

n J
n ¢ Za,-X,- < max n ® Za,-Xi
i=1 2k l<n<2t i1

1 J

< —— max a;X;| — 0 a.s., k — oo.
~ 1431

2(k=1a 1< j<2k E{ ’

This completes the proof of Corollary 2.1. [
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