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NONLINEAR RETARDED INTEGRAL INEQUALITIES
ON TIME SCALES AND THEIR APPLICATIONS

HAIDONG L1U AND FANWEI MENG

(Communicated by A. Peterson)

Abstract. In this paper, some new nonlinear retarded integral inequalities on time scales are
established, which provide a handy tool in the study of some retarded integral equations and
dynamic equations on time scales. The results unify and extend some continuous inequalities
and their corresponding discrete analogues. Some applications are also presented to illustrate
the usefulness of some of our results.

1. Introduction

The calculus on time scales, which was initiated by Hilger in 1990 [17] has re-
ceived considerable attention in recent years due to its broad applications in economics,
population’s models, quantum physics and other science fields (see [4, 8, 18] and the
references therein). Many authors have expounded on various aspects of the theory of
dynamic equations and integral equations on time scales (see [1, 5-7, 9-12, 28] and the
references therein), and the interest in the subject remains growing.

Recently, there has been much research activity concerning the integral inequal-
ities on time scales, and a lot of integral inequalities on time scales have been estab-
lished, for example, see [2, 3, 13—15, 18-27, 29-32] and the references cited therein,
which have been designed in order to unify continuous and discrete analysis.

In this paper, we establish some new nonlinear retarded integral inequalities on
time scales. Our results generalize some of the presented inequalities in [14, 20, 24,
29] and can be used as important tools in the qualitative theory of certain retarded
integral equations and dynamic equations on time scales. As an application, we study
the qualitative property of some retarded integral equations on time scales.

2. Preliminaries

Throughout this paper, we always assume that R denotes the set of real numbers,
R; = [0,+), Z denotes the set of integers, T is an arbitrary time scale (nonempty
closed subset of the real numbers R), 7y € T is a fixed number (T* is defined to be
T —{m} if T has a maximum m which is left-scattered, otherwise, T =T), [a,b]rx =
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[a,b] NT*, and f2(¢,s) denotes for each fixed s the derivative of f(¢,s) with respect
tor.

Next, we present some basic concepts and results concerning time scales which
will be essential to prove our main results. It is assumed that the readers are familiar
with the time scale calculus. For more details, the readers may want to consult [6] and

[7].

LEMMA 1. ([6, Theorem 1.90]) Let f: R — R be continuously differentiable and
suppose g :'T — R is delta differentiable. Then fog:T — R is delta differentiable
and the formula

(rog* 0= { [ 7 (s + mu)g0))an}*0)
holds.

LEMMA 2. ([6, Theorem 1.98]) Assume that v : T — R is a strictly increasing
Sunction and T := v(T) is a time scale. If f: T — R is an rd-continuous function and
v is differentiable with rd-continuous derivative, then for a,b € T,

/ahf(t)vA(t)At = /v:j)(fo v 1) (5)As.

LEMMA 3. ([6, Theorem 1.117]) Let a € T* and assume f:T xT¥ — R is
continuous at (t,t), where t € T® with t > a. Also assume that for each t € T,
fA(t,+) is rd-continuous on |a,o(t)] and for each € > 0, there exists a neighborhood
U of t, independent of T € [a,0(t)], such that

1£(0(1),7) = f(s,7) = f2(1,7)(0(1) = 5)| < €|o(t) =], foralls €U,
then )
g(1) ::/ f@t,t)At, 1 €TF,
implies

gh) = /[ﬁA(t,T)ATJrf(G(t),t), t € TX.

LEMMA 4. Let o : T® — T* be a continuous and strictly increasing function
such that a/(t) <t and o is continuous at t € TX. Assume that f : T x TX — R is
a function such that f is continuous at (t,0/(t)), where t € T® with t > ty, and for
each t € TX, f(t,a(-)), f2(t,a(-)) are rd-continuous on |ty,c(t)]. Suppose that for
each t € T*, and for any € > 0, there exists a neighborhood U of t, independent of
T € [ty,0(t)], such that

£ (0(0), (7)) — f(s,0(7)) = /i (1, 0(7)) (0 (2) —5)| < e[ (t) ], (2.1)
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forall s € U, then
at)
g(r) = f(t,1)AT, €T, (2.2)
a(ro)

implies

A t):/()Z:))]‘,A(I,T)Ar—i—f(a(ma(t))aA(t), ‘e TX, (2.3)

Proof. From (2.2), we get for any ¢t € T*,

glt) = Z £, 1)AT = / £l o (1))AT.
0
By Lemma 2, we obtain
/ ft,a(t (1)At, €T
Since a® is continuous at # € T, there exists a positive constant M such that |o*(7)| <

M for any 7 € [to,0(¢)]. Then from (2.1), we get for any € > 0, there exists a neigh-
borhood U of ¢, independent of T € [ty, 5 ()], such that

£(o (1), 0(0) o (7) = f(s,0(7)) 0 (1) = [ (1, 0(7)) 0 (T) (0 (1) — )]
<M|f(o(t), (1) = f(s,0(0) = £ (1, 0(7)) (0 (1) = 5))|
< glo(t) .

Applying Lemma 2 and Lemma 3, we get
1
= [ (ot @mac+ (o), 00)0 1)
Iy

a) .
:/a(z)f’ (6, AT+ f(o (1), (1)) o™ (0), teT. O

In what follows, we always assume that:

(H;) a:T* — T is a continuous and strictly increasing function such that o(z) < ¢
and o is continuous at 1 € T*.

(Hy) B :T* — T* is a continuous and strictly increasing function such that B(r) <t
and B2 is continuous at 7 € T

(H3) k:T* — (0,4o0) is a nondecreasing and rd-continuous function, and ® : Ry —
R, is a nondecreasing and continuous function with () > 0 for u > 0.

(Hy) f:TxT*¥— R, isafunctionsuch that f is continuous at (¢, ¢()), where r € T*
with t >y, f2(t,s) >0 fort > s, and foreach t € T, f(¢,0(:)), f2(t,cx(-)) are
rd-continuous on [ty, o (¢)].

(Hs) g:TxT* — Ry isafunction such that g is continuous at (¢, 3(z)), where € T¥
with ¢ > tg, g(t,s) >0 for t > s, and for each t € T¥, g(¢,B(-)), g*(t,B(-)) are
rd-continuous on [fy, o (¢)].
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LEMMA 5. Assume that (H,)—(Hs) hold. Let u:T* — R be a rd-continuous
Sunction and p > 0 be a constant. Suppose that for each t € T, and for any € > 0,
there exists a neighborhood U of t, independent of T € [ty, 6 (t)], such that

£(0(t), (7))~ (s, 0(0) = fi* (1, (7)) (0 (1) —5) | < e[ (t) —s], for all s€ U, (2.4)

and

8(a(1),B(7) (s, B(7) — (1, B(7))(0(t) )| < €|o(r) — 5|, forallscU. (2.5)
Let

G(x) = ! ds, x>0, with 1lim G(x) = +eco. (2.6)
1 X— oo
U o(s?)
If u satisfies
o(r)
uP (1) <k(r)+ ” )fts As+/ As, teT*,  (27)
To

u(t)g{cl[c(k( )+ w) f(tsAs—l—/;:))g(t,s)As]}%, (eTF,  (2.8)

oty

where G is the inverse of G.

Proof. Let T € T* be fixed, and denote

o(t)
2(t) =k(T)+ f(t,s) As—|—/ g(t,) t € [to, T]rx
ato) Blto)

Then from (2.7), we obtain

u(r) < z%(t), t € [to, T)rx, (2.9)

From the assumptions on @, ¢, 3 and u, for each r € T*, we have there exists a con-
stant M, such that for T € [to,0(7)], |o(u((7)))] < M, and |o(u(B(7)))| <M. So
from (2.4) and (2.5), for any € > 0, there exists a neighborhood U of ¢, independent
of 7 € [ty,0 ()], such that

|f(o(t), a(t))o(u(e(r))) — f(s, (7)) 0(u(a(7)))
— A1, 0(1)o(u(e(1)))(0(1) - 5)|
< M|f(a(r), (7)) - f(s,0(1)) = /7 (1, 0(2) (0 (2) = )|
< glo(r)—s|, foralls e U,

and

g(o (), B(7))0(u(B(7))) — g(s, B(7)) @ (u(B(7)))
—g (1.B(7)) o (u(B(7)))(a(t) —5)]
Mlg(o(1),B(1)) —8(s,B(7)) — &7

<
< glo(t)

(#,B(7))(a(t) = )|

s|, forallseU.
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Then from Lemma 4, we get

OC

0= Juw F)0luls)As + (60 @) olula)o ()
B )
+/ﬁ(m) A, s)o(u(s)As +g(a (), BE)ow(BO)BAN).  (2.10)

Our assumptionson o, 3, f,g and @ imply that z is nondecreasing on [fo, 7]« . Hence,
for ¢ € [ty, T]tx , from Lemma 4, (2.9) and (2.10), we have

) < " ft (t,5)o(z? (S))As—i—f(G(t),(x(t))w(Z;(a(t)))aA(t)
) . ) )
+~/I3(f0) g2 (t,5)o(z7 (5))As +g(o (1), B(2))w(z7 (B(2)))BA(2)

1 alr)
<o) [ #6985+ slo.a)e)

v [Z::g?(t,s>As+g(G(t>,ﬁ(t))BA(t))

| alt) A
:a)(zl’(t))( " ftsAs+/ s) )
which yields
(U] < o Sf(t,8)As+ g(z,) As . (2.11)
w(z0 (1) / o) /
Furthermore, for ¢ € [tg, Ty« , if o(t) > 1,
G(o() -G 1 el 1
[G(z(t))* = o)1 = 5= /z(t) m(S%)ds
< z(o(r)) —z(t) 1 _ A1) ' (2.12)
o=t @) @)
If o(r) =1t
_ s (1)
Gteo)* =ty SEE=EED <t [ s
w8 w(sr
:1&1} (ti z2(s) 1 _ A1) (2.13)

S eEr) ok @)

(2.14)
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Combining (2.11) and (2.14), we deduce

[G(z(t)))* < ( l: flt,s As—|—/ g(t,s) As)A. (2.15)

Setting t = 7 in (2.15), an integration with respect to T from #( to ¢ yields

o(r) B ()
Gle) =Gl < [ res)ast | gle9)as 1€ o, Th

where G is defined in (2.6). On the basis of z(#p) = k(T'), and G is increasing, one has

o t

() <G [G(k(T))+ Sflt,s As+/ g(t,s) As t € [to, T]1x

OCI()

Letting = T in the above relation, we obtain

B(T)
2(T) < +/ F(T,5)As+ g(T,s)As}.
B(ro)
Combine the above inequality with (2.9), we obtain
B(T) ,
u(T) < { +/ F(T,5)As + g(T,s)As]} . (2.16)
B(ro)

Since T € T* is arbitrary, then after substituting 7 with 7 in (2.16), we obtain the
desired inequality (2.8). O

3. Main results

THEOREM 1. Assume that (H,)—(Hs) hold. Let u: T — Ry be a rd-continuous
Sfunction and p > q > 0 be constants. Suppose that for each t € T*, and for any € > 0,
there exists a neighborhood U of t, independent of T € [to, 0 (t)], such that (2.4) and
(2.5) hold. Let

R |
G(x):/ ———ds, x>0, with lim Glx) = +o. (3.1)
L w(sr=a) *
If u satisfies
B(1)

WP() < k75 () + -2 /a . f(t,s)uq(s)a)(u(s))As—Fﬁ /ﬁ o SEs, rET
(3.2)

then

1

u(t)g{G—l[G(k(t)Jr/;:;g(t,s)As) TO £(t,5)A ]}M, teTS,  (33)

where G~ is the inverse of G.
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Proof. Let T € T* be fixed. For ¢ € [to, T]1x, denote

0 =k5(r) 4L [ s ounast L [ g us(sn
= kpa —_ cs)ud (s)o(u(s))As + — ,$)ul(s)As.
‘ P —4q Joa(n) P —4qJB) ¢

Then from (3.3), we have

==

u(t) <ze(t), t€lto,T]rx. (3.4)

From the assumptions on @, ¢, 3 and u, for each r € T, we have there exists a con-
stant M, such that for 7 € [t9, 0(¢)], [u?(0(T))o(u((7)))| <M, and [u?(B(7))| <M.
So from (2.4) and (2.5), for any € > 0, there exists a neighborhood U of 7, independent
of 7 € [ty,0 ()], such that

[f(o(r), e(t))ul (ex(7)) @ (u(e(7))) — f (5, 0(T))u (e( 7)) 0 (u(x(T)))
— [, 0(0)ul (1)) o(u((7))) (0 (1) — )]

<M|f(0(1),0(7) = f(s,0(7) = f2 (1, 0x(7)) (0 (1) =)
<elo(t)—s|, foralls e U, (3.5)

and

|8(0 (1), B(1))u’(B(7)) — (s, B())u (B(7)) — &' (. B(0)u? (B(7))(0(r) )|
<Mlg(o(1),B(1)) —g(5.B (7)) — (1, B(7)) (0 (1) )|

<elo(t)—s|, forallseU. (3.6)

By (H1)-(Hs), (3.5) and (3.6), using Lemma 4, we have

o(r)
20 =L oo

" p—q o)
+£(o(t), ou(t))ul (o)) o (u(e(t))) o (1)

+/ﬁ/(3:)) g2t s)ul(s)As+g(o (1), B(1))ul(B (t))ﬁA(t)}.

The assumptions on ¢, 3, f,g,® and u imply that z is nondecreasing on T*. Hence,
for ¢ € [fy, T]1x, from Lemma 4 and (3.4), we have

oft) q 1
ZA(Z) < L{/ ﬁA(t7s)zF(s)a)(zF(s))As

S p—q Jaw)
+f(o(),0(1))z

+/ﬁ(f) A( )
g (t,8)z
Blo)
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q a(r) 1
<-£ Z"(’){ a(m)ftA(faS)CO(ZE(S))As+f(0(t)70€(f))w(25(a(t)))aA(f)

P—q
B(#)
# [ s alo). BB |

p 1) ' B(r) A
=L [0 seseeeass [ Vo)
alty) Blto)

A1) p a(r) 1 B() A
< —(/ f(t,s)a)(zl’(s))As—F/ﬁ(m) g(t,s)As) . (3.7)

r(r)  P—4\Ja)

According to Lemma 1, considering z(¢) > 0, we have

A
(Lz”ﬂ"m) =20) [ o)+ ma)20)] b

P—9q
_2@ 2()-4
_Z%(z)/o (o) 5
< 20 (3.8)
10

Combining (3.7) and (3.8), we obtain

pg \A () 1 B() A

(7)< feoe @)+ [ gss) . (39)
alty) Blto)

Setting + = 7 in (3.9), an integration with respect to T from 7y to ¢ yields

()

oto)

p—q r—q
27 (1) =z 7 (1) <

Flt.5) (2P (s))As + / P e s (3.10)
B(wo)
Since z(to) = kﬁ(T), then (3.10) implies
Zpl;’q(t) < K(T)+ a(t;f(t $)o (z%(s))As—F/ﬁ(t)g(t,s)As
B(0)

Ott

+/, )+ [ f(t,s)o(zP (s)As, 1€ [to, Thrx

alty)
By Lemma 4, and the assumptions on 3, g, we get

B(r) B(1)
T) +/ﬁ(to) g(l,S)AS>A _ /ﬁ(m) g,A(l7S)AS+g(6(t)7ﬁ(t))ﬁA(t) >0,

and then k(T) + fés((t;))g(t,s)As is nondecreasing and rd-continuous. According to

Lemma 5, we obtain for ¢ € [tg, T|px,

1

(1) < {Gl [G(k(T)+ /ﬁ [::))g(t,s)As> + ;:; f(t,s)As] }”. (3.11)
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Combining (3.4) and (3.11), we have

1

ult) < {GI[G(k(T)Jr/pi:;g(t,s)As) “t0 £(1,)A ]}M. (3.12)

afty)
Let ¢+ = T in the above inequality, and since T € T* was arbitrarily chosen, after sub-
stituting 7" with ¢, we obtain the desired inequality (3.3). U

If we let B(¢) = () in Theorem 1, then we have the following corollary.

COROLLARY 1. Let u: T — R be a rd-continuous function and p > q > 0 be
constants. Assume that (Hy), (H3)—(Hs), (2.4) and (2.5) hold and G is defined as in
(3.1). If u satisfies

o2 p_ [ .
WP () < k7 q(t)—'_ﬂfa(m) {f(t,s)uq(s)a)(u(s))+g(t,s)u‘1(s)]As7 t €T,

then

1

u(t) < {Gl [G(k(t) + fo‘j‘(gy)g(t,s)m) + I f(t,s)As] } t €T~

Ifwelet p>1,g=p—1, ®(u) =u in Theorem 1, in this case, we have G(x) =
Inx, then we obtain the following corollary.

COROLLARY 2. Let u:T* — Ry be a rd-continuous function and p > 1 be a
constant. Assume that (Hl)—(H5), (2.4) and (2.5) hold. If u satisfies
OC

uP (1) <kP(1)+p f(tsu” As—l—p/ g(t,s)uP(s)As, 1€ T",

ato)

then
ult) < (k(t) + fg((t;))g(t,s)As> exp ( S0, s)As> t € TX.

THEOREM 2. Assume that (Hy)—(Hs) hold and G is defined as in (3.1). Let
u: T — Ry be a rd-continuous function and p > q > 0 be constants. Suppose that
for each t € T*, and for any € > 0, there exists a neighborhood U of t, independent
of T € [to, 0(t)], such that (2.4) and (2.5) hold. If u satisfies

p o(t)
WP (1) < k75 (1) + ﬁ a(;) £(t,5)ud (s) @ (u(s))As
5o /ﬁm (1,5)u (s) @ (u(5))As, 1 €T (3.13)
—_— S ul(s)o(u(s))As, , .
p—alp®

u(t)g{ +/ ftsAs+/ g(t,8)As }pq, reT*. (3.14)
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Proof. Let T € T* be fixed. For ¢ € [fo, T]1x, denote

_ﬁ L “ Sjut\s u\s \ L P S)ut(s us \)
=k 9 (1)L [ sou)ast L [ gl (s)ou(s)as

Then from (3.13), we have

==

u(t) <zr (1), t € [to, Trx. (3.15)

Similar to the proof of Theorem 1, from (2.4) and (2.5) we get

[f(o (1), a(r))ul (e(T)) 0 (u((7))) — f (5, 0(7))u (er(T) ) o (u(x(T)))

— A, o(7))ud (o)) w(u(ee(t))) (o (1) —s)| <elo(t)—s|, foralls e U,
(3.16)

and

8(a(2),B(1))u’ (B(7))@(u(B(7))) —&(s,: B(7)u? (B (7)) @ (u(B(7)))

(7
— 8 (0, B(1)u(B(0)o(u(B(7)))(0(t) —s)| < e|o(t) —s|, foralls e U.
(3.17)

y (Hy)—(Hs), (3.16) and (3.17), using Lemma 4, we obtain

P { ﬁ (,8)u (s) @ (u(s))As + (0 (1), 0e(t) Ju? ((t) ) o (u( (1)) or (1)

t

+/ s g (t,9)ul(s) o (u(s))As +g(a (1), ﬂ(t))uq(ﬂ(t))w(u(ﬁ(t)))BA(t)}-
(3.18)

The assumptions on ¢, 3, f,g,® and u imply that z is nondecreasing on T*. Hence,
for ¢ € [ty, T]tx, from Lemma 4, (3.15) and (3.18), we have

oft) 1
Al < L{ / FAt,5)27 (s)o(27 (5))As

S p—aq et
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that is,

() <L</a(t)f( (27 (s) Aer/tO (t,5)o ))A>A~ (3.19)

() P—a\Jaw)

Combining (3.8) and (3.19), we get
p=q , \A alr L L A
(7)< b s)o(h( As+/ et ) 0(F ()As) . (3.20)
a(t) B(t)
Setting # = 7 in (3.20), an integration with respect to T from #y to ¢ yields

r—q o(r)

27 (0= () <

1 ﬁ(t) 1
f(t,s)a)(zp(s))As+/ﬁ(t0) 2(t.5)0(zh (s)As.  (321)

ato)

Since z(to) = k74 (T, then (3.21) implies

r=q L 1
T (1) SKT) + o) F(t5)0(27 (5)As+ [§0) g(t,9)@(27 (5))As.
According to Lemma 5, we get for ¢ € [tg, T |« ,
1 1 a(r) B(t) p=q
727 (1) < {G [G(k(T)) + f(t,s)As+/ g(t,s)As} } . (3.22)
a(i) B(ro)

Combining (3.15) and (3.22), we have

1

u(t) < {G_I[G(k(T))—i- “O s As+/ g(t,5)As }”. (3.23)

Let + = T in the above inequality, and since T € T* was arbitrarily chosen, after sub-
stituting 7" with ¢, we obtain the desired inequality (3.14). [

If we let B(¢) = o(¢) in Theorem 2, then we have the following corollary.

COROLLARY 3. Let u:T* — Ry be a rd-continuous function and p > g > 0 be
constants. Assume that (Hy), (Hsz)—(Hs), (2.4) and (2.5) hold and G is defined as in
(3.1). If u satisfies

P alt)
() < k' 0)+ =L [ p(es) (.9 |0 u()as, 1T

then
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THEOREM 3. Assume that (H,),(H3),(Hs) hold, G is defined as in (3.1), and
h:T* — Ry is continuous. Let u: T* — Ry be a continuous function and p > q = 0 be
constants. Suppose that for each t € T*, and for any € > 0, there exists a neighborhood
U of t, independent of T € [ty,0(t)], such that (2.4) holds. If u satisfies

o(r)
ul’(t)gkﬁ(t)JrL/ [f(t s)ud (s +/ AT]AS t€TF,
a(t)

P —4q Ja(y)
(3.24)
then
1

ult) < { [ +/t0 /to Ar+fts)]As)”’”’7zeT’<. (3.25)

Proof. Let T € T* be fixed. For ¢ € [to, T]1x, denote

z(t)zkl’%q(T)—FL/a(t) [f(z s)ud (s +/, }As.

P =4 Ja(t)
Then from (3.24), we have
W) <z (1), 1€ o, ). (3.26)
Similar to the proof of Theorem 1, from (2.4) we get
[f(o(t),a(1))u? (ex(7)) 0 (u(0x(7))) — £ (s, (7)) (ex(7)) 0 (u(x(7)))
— A, o))l (1)) o (u(oe(1))) (o (1) —s)| <elo(t)—s|, foralls€U. (3.27)
Applying Lemma 4, we obtain

o(t)
20 =L [ o)

4 (o), o)) ul (o)) @ (u(u(r))) oA (1) +O‘A(f>/a(to)

()

h(r)uq(r)Ar}.
(3.28)

The assumptions on o, f,h,® and u imply that z is nondecreasing on T*. Hence, for
t € [to, T]yx, from Lemma 4, (3.26) and (3.28), we have

ot
A1) < L{ [ 92 Wt ()as

P =4 Jo(o)
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that is,

j(:) <2 ([ [resoctor+ [ nwar As)A. (329)

Combining (3.8) and (3.29), we obtain

(7 0) < ([ Fesocton [ woadar) a0

Setting ¢ = 7 in (3.30), an integration with respect to T from #y to ¢ yields

: : ot
27 ()~ 27 (1) < / [7.5)0r () + / DAtaclas. (331)
ato) a(to)

Since z(to) = k74 (T), then (3.31) implies

oc(t) 1 s
T)+/ to f(t,s)a)(zF(s))—i—/ to h(z)at]as

)+ / » / RGN " )0 (5)As,

By Lemma 4, and the assumptions on ¢ and /&, we get

a(r)
( +/ / Ams) :OCA(I)/ h(t)AT >0,
a(ty) Jol(r) a(to)

and then k(T) + f fa (1p) "(T)ATAs is nondecreasing and rd-continuous. According
to Lemma 5, we get for t € [to, T)rx,

1

Zfl’(t)<{ [ / /[0 ATAs n :”)f(t $)A ]}”. (3.32)

Combining (3.26) and (3.32), we have

1

u(z)g{ [ / /[0 ATAs + o:f: £(t,5)A ]}”. (3.33)

Let + = T in the above inequality, and since T € T* was arbitrarily chosen, after sub-
stituting 7" with ¢, we obtain the desired inequality (3.25). [

REMARK 1. Ifwetake T=R, 10=0, k(t)=c, B(r) =1, f(t,5) = f(s), g(t,s) =
g(s), then Theorem 2 reduces to [29, Theorem 2.2]. If we take T=R, 10 =0, k(t) =c,
B@t)=t, f(t,s) = f(s), g(t,s) =g(s), p=2, g =1, then Theorem 2 reduces to [20,
Theorem 2]. If we take T=17Z, 10 =0, k(t) =c, o) =B(t) =1, f(t,s) = f(s),

g(t,s) =g(s), p=2, g=1, then Theorem 1 reduces to [24, Theorem 6 (b6)]. If we
take k(t) =c, f(t,s) = f(s), g(t,s) = g(s), then Theorem 1 reduces to [14, Theorem
3.2].
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4. Applications

In this section, we will apply the results established above to derive explicit bounds
for solutions of certain retarded integral equations on time scales.
Consider the following retarded integral equation on time scales:

al(t)
u’(t) =a(t)+ D(t,s,u(s))As, t€T", (4.1)
a(ro)
where a: T¥ — R is rd-continuous, ¢ is defined asin Theorem 1, ®: T¥ x T* xR — R
is continuous, and p is a constant with p > 1.

THEOREM 4. Suppose that
(@, 5,u)| < f(t,)|ul” +g(t,5)[ul"~", 1,5 € T", ueR, (4.2)

where f, g satisfy (Hy) and (Hs). If u is a solution of Eq.(4.1), then

o(r) ot

1 ) ;
g(t,s)As) exp (; " f(t,s)As), teT". (4.3)

u(r) < (ao>%-F1

P Jali)

Proof. Using (4.1) and (4.2), we have
13

o(r)
P (1)] < la(t)| + |D(2,5,u(s))|As

ato)

) -1 K
< la(t)]|+ [f(t,s)|u(s)|”+g(t,s)|u(s)|” }As, te T

alty)
By Corollary 2, we obtain the desired inequality (4.3). O
Next, we consider the following retarded integral equation on time scales:

A

WP(t) = a(t) + /::))F(t,s,u(s), W(ru(r)AT)As, 1T, (4.4)

ato)

where a : TX¥ — R is rd-continuous, ¢ is defined as in Theorem 1, F : T¥ x T¥ x R x
R — R and ¥ : T¥ x R — R are continuous, and p is a constant with p > 1.

THEOREM 5. Suppose that
|F(t,s,u,v)| < f(t,s)|ul’ +|v|, t,s€T uveR, (4.5)
[P (r,u)| < h(t)|ulP™, t,s€TX,ucR, (4.6)
where f, and h are defined as in Theorem 3. If u is a solution of Eq.(4.4), then

o

< (o +2 "0 [ wosesYew (3 [ ). et @)
u(t) < | |a@®)|? + — T)ATAs | exp ( — t,5)As), t€T*. (4.
P Ja(t) Jalio) P P Jal()
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Proof. By (4.4)—(4.6), we get

s

W ()] < la(r) |+/ F(t,5,u(5), o e ))A‘L’)|As

Ott
< Ja()]+ [ (t,9)|u(s |P+/ u(x)| A as, 1e T,

O([()

Using Theorem 3, we obtain the desired inequality (4.7). O
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