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AN INTERPOLATION OF JENSEN’S INEQUALITY
AND ITS APPLICATIONS TO MEAN INEQUALITIES

JADRANKA MI¢1¢ HOT AND YUKI SEO

(Communicated by M. Fujii)

Abstract. In this paper, we show operator versions of the inequality due to Cho, Mati¢ and
Pecari¢ in connection to Jensen’s inequality for convex functions. As applications, we obtain
an interpolation of the weighted arithmetic-geometric mean inequality for the Karcher mean of
positive invertible operators on a Hilbert space. Moreover, we obtain an interpolation between
the quasi-arithmetic means.

1. Introduction

A classical Jensen’s inequality says that if a real valued function f(¢) is convex on
an interval [m,M], then for each xi,...,x, € [m,M] and for each positive real numbers
wy,...,0, with 2’;:1a)j =1

F{ Y ox | < oif(x). (1.1)
j=1 j=1

In [1], Cho, Mati¢ and Pecari¢ considered the map which connects both sides of Jensen’s
inequality (1.1). It is a generalization of the result with respect to the Hadamard-
Hermite inequality due to Dragomir [2]. We state the following discrete case of [1,
Theorem 2.1]:

THEOREM A. If a real valued function f(t) is convex on an interval [m,M],
then for each xi,...,x, € [m,M| and for each positive real numbers @y, ...,®, with

F Y o | <D oif | txj+(1—1) D opxe | <D 0if(x)
=1 = =1

k=1

forall t € [0,1]. Moreover, the function F : [0,1] — R defined by

n n
F(Z) = Z (Djf ZXj+(l —l) Z Xy |,
j=1 k=1
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is monotonically nondecreasing and convex on [0,1].

Let A(H) (resp. %,(H)) be the set of all bounded linear operators (resp. all
selfadjoint operators) on a Hilbert space H. A real valued continuous function f
defined on an interval [m,M] is said to be operator convex if f(tA + (1 —1)B) <
tf(A)+ (1 —1)f(B) for all selfadjoint operators A,B in %,(H) with m < A,B < M.
We recall the Davis-Choi-Jensen inequality for operator convex functions [3, Theorem
1.20], which is regarded as a noncommutative version of Jensen’s inequality (1.1): Let
O : AB(H)— B(K) be a unital positive linear map and f an operator convex function
on an interval [m,M|. Then

f(@(A) < D(f(A))

for every selfadjoint operator A with m < A < M. In this content, Mi¢i¢ and Pecari¢ in
[5] defined Jensen’s map as follows:

Fo(f,A,B,t) =®(f(tA+ (1 —1)B))

for all selfadjoint operators A, B with m < A,B <M and 7 € [0,1]. They showed some
results related to Jensen’s map.

In this paper, by virtue of Jensen’s map, we show two operator versions of Theo-
rem A. As applications, we obtain an interpolation of the weighted arithmetic-geometric
mean inequality for the Karcher mean of positive invertible operators on a Hilbert space.
Moreover, we obtain an interpolation between the quasi-arithmetic means.

2. Operator versions

Mond-Pecari¢ [8] showed the following operator version of Jensen’s inequality
(1.1): Let A be a selfadjoint operator on a Hilbert space H such that m < A < M for
some scalars m < M and x a unit vector in H. If f(¢) is convex on [m,M], then

f((Ax,x)) < (f(A)x,x). 2.1)

The multiple operator version of (2.1) is as follows: Let Aj,...,A, be selfadjoint
operators such that m < A; <M for all j=1,...,n and xi,...,x, € H such that
i1 [[x;]|> = 1. If f(z) is convex on [m,M], then

f <i<A,ij7'x.f>> < i(f (Aj)xj,xj). (2.2)

j=1 j=1

We show an operator version of Theorem A which connects both sides of (2.2):

THEOREM 2.1. Let Ay,...,A, be selfadjoint operators such that m <A; <M for
all j=1,...,n and some scalars m <M, and xy,...,x, € H suchthat ¥;_, [[x;]|> = 1.
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If f(¢) is convex on [m,M], then

/

forall t €(0,1]. Moreover, the function F : [0,1] — R defined by

n
<f<tA —|— l—t 2 ApXp, Xk )xj,xj>

k=1

M=
M=

<ijj,xj>> <

1

~.
Il
—_

N
M=

(f(Aj)xj.x;)

~.
Il
—

n

F(t)= Z<f<tA +(l—1 i (Agxr, Xi) )xj7xj>,

j=1

is monotonically nondecreasing and convex on [0,1].

Proof. Firstly, we have

i< (IA + l—l i Akxk,xk )xj,xj>
=1 =1

(er(a) + (1=0)f(

VA
M:

(Agxr, Xx)) )xj7x j> by the convexity of f

k=1

(f (Ar)xi, xx )x,,x,> by (2.2)

M=

VAN )
M= T
S S

(tr@an+0—1)

k=1

~.
Il
—_

n

S (AR Xz, Xk Z x,,xj
1 j=1

I
M=
Mx

(f(Aj)xj,x;)+(1—1)

—

k

Il
ME \||‘

(f(A))xjx;).

~.
Il
—_

On the other hand, it follows that

n

k
>f<i< A+ (1—-1) Y (A ) x,7x,>) by (2.2)

j=1 k=1

f(lE(AjXﬁ)@ l—l

J=1 k

n
(AxXr, Xi) 2 (xj,x; )
1 j=1

n

=f (i@j%?ﬁ)) :

For the convexity of F, if we put oo = ¥}, (Agxy,xx), then for 71,7, € [0,1] and 0 <
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r<1

and so F is convex on [0,1].
For monotonically nondecreasing of F, if 0 <s < < 1, then s = ’7—‘ -0+
and hence the convexity of F' implies

~

F(s)zF(t%S-O—i—;-t) < I_TSF(O)Jr—F(tKF(f)

beacuse F(0) < F(t). Therefore F is monotonically nondecreasing on [0, 1]. We have
just completed the proof of Theorem 2.1. [

Next, we state a multiple version of Davis-Choi-Jensen’s inequality for unital pos-
itive linear maps: Let Ay,...,A, be selfadjoint operators in %, (H) with m <A; <M
for all j=1,...,n and some scalars m < M, ®@y,...,®, unital positive linear maps
and @y,...,®, any finite number of positive real numbers such that 2'}2 (0 =1.1If
f(¢) is operator convex on [m,M], then

f (i qu)j(A./)> < i ;®;(f(A))), (2.3)
=1 j=1

also see [3, Lemma 2.1].

By replacing the convexity of f by the operator convexity of f in Theorem 2.1,
we have the following positive linear map version of Theorem A which connects both
sides of (2.3), also see [5, Theorem 2.2]:

THEOREM 2.2. Let Ay,...,A, be selfadjoint operators in %y,(H) with m <A; <
M forall j=1,...,n and some scalars m <M, ®y,..., D, unital positive linear maps,
and @y,...,w, any finite number of positive real numbers such that 2’;:1 w;j=1.1If
f(t) is operator convex on [m,M], then

f (i w,-CD,(A,-)) < i o;f <t¢j(Aj)+(1 —1) i wkq)k(Ak)>
=1 =1 k=1
<

> 0,0,(/(4,)
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forall t €0,1]. Moreover, the mapping F : [0,1] — Z(H) defined by

F(t)= i o;f (fq)j(Aj) +(1—1) i wkq)k(Ak)> 7

j=1 k=1

is monotonically nondecreasing and convex on [0,1].

Proof. We omit the proof of this theorem because it is proved in a way similar to
that of Theorem 2.1. [J

3. Applications

In this section, as applications, we show an interpolation of two typical mean in-
equalities of positive invertible operators on a Hilbert space. Firstly, we consider an in-
terpolation of the weighted arithmetic-geometric mean inequality for the Karcher mean
of positive invertible operators on a Hilbert space. The weighted arithmetic-geometric
mean inequality says that for positive real numbers xy,x7,...,x, and @, w,,...,0,
with ¥, 0; =1

n
o1 .0 @, e
XXy Xy S ijxﬂ,.
j=1

By Theorem A, we have a new interpolation of the weighted arithmetic-geometrc
mean inequality:

THEOREM 3.1. For positive real numbers x1,x3,...,X, and ®y,,...,®, with
n —
2,':1 w;=1

Oy D2 O
XXy Xy

< (t)q +(1—1) i a)jxj>wl <tx2—|— (1—1) i a)jxj>w2... (tx,,+ (1 —t)Jila)ijwn

j=1 j=1
< D ojx;
j=1
forall t €0,1].

Proof. 1f we put f(x) = —logx in Theorem A, then we get Theorem 3.1. [

We try to study an operator version of Theorem 3.1. For this, we recall the Karcher
mean of positive invertible operators: In 2014, Lawson and Lim [4] established the for-
mulation of the geometric mean for n (> 3) positive invertible operators on a separable
Hilbert space which is a nice extension of the geometric operator mean in the Kubo-
Ando theory. They showed that there exists the unique positive invertible solution of
the Karcher equation
n

wilogX " IAX"2 =0 G.1)
=1

1
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for given n positive invertible operators Ay, ...,A,, where ® = (®y,...,®,) is a weight
vector, i.e., ®,...,0, >0 and Y, ®; = 1. We say that the solution X of (3.1)
is the Karcher mean for n positive invertible operators Ay,...,A, and denote it by

Gk (w;Ay,...,Ay). In the case of n = 2, the Karcher mean Gk ((1 —1,7);A,B) coin-
cides with the geometric operator mean A #, B=A"/2(A=1/2BA=1/2)'A1/2 for € [0,1].
We list some properties of the Karcher mean which we need later:

(P1) Consistency with scalars: Gg(®;Aq,...,A,) = ATAS2 - A% if the A;’s com-
y 1 2 n
mute;

(P2) Joint homogeneity: Gk(®;aiAy,...,anAy) =a" - -a? G (@A, ..., Ay);
(P3) Joint concavity:
Gk(w;(1—1)A+1By,...,(1 —1)A,+1By)
> (1-1)Gg(w;A4,...,Ap) +1Gx(®;By,...,B,) for0<r<1;
(P4) Self-duality: Gk(w;A[,..., A1) = Gx(Ay,...,An);
(P5) AGH weighted mean inequality:

-1
(Z ij;1> <GK((D;A17...,An) < ijAj'
j=1 j=1

By virtue of Theorem A, we have an interpolation of the weighted arithmetic-
geometric mean inequality (P5):

THEOREM 3.2. Let Ay,Az,...,A, be positive invertible operators on a Hilbert
space and ® = (@y,...,,) a weight vector. Then

Gr(w:Ay,...,A,)

n n n
< GK<(D;ZA1 +(1 —l) 2 a)jAj7lA2+(1 —l) 2 O)jAj,...,lAn+(1 —Z) Z (DjAj)
=1 =1 =1

< D WA
j=1
forall t € [0,1]. Moreover, the mapping F :[0,1] — B(H) defined by

F(Z) :GK<(D;IA1+(1 —l) 2 a)jAj7tA2+(l —l) 2 OJjAj,...,lAn+(1 —l) 2 (DjAj>7
j=1 j=1 J=1

is monotonically nonincreasing and concave on [0, 1].
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Proof. 1t follows from the joint concavity (P3) and AGH weighted mean inequality
(P5) of the Karcher mean that

GK(a) A1+ (1—1 Z(XJJAJ,IA2+ 1—t Ew, o tAn+(1—t)Za)jAj>
J=1 j=1 j=1

EIGK(CO;A“...,A ) l—t GK( ECOJ s ECOJ‘AJ'>
=1

:tGK(a);Al,...,An)—i—(l—t)ijAj by (P1)

> Gi(w;Ay,...,Ay) by (P5).

The second inequality in Theorem 3.2 follows from the AGH weighted mean inequality
(P5). In fact, we have

n n n
GK<(D;ZA1 + (1 —l) 2 (DjAj,lA2+ (1 —l) Z a)jAj,...,tAn—f— (1 —Z) 2 (DjAj)
=1 = =1

<o (1 +(1-0)F @)+ + o (14, + (1-1) ¥ 014;)
J=1 J=1

=D WjA;
j=1
For the cancavity of F, if Ag=X_, ;A;, then for t;,, € [0,1] and 0 <7 < 1
tF(t))+ (1 —1)F(t2)

< GK<w;l(t1A1+(1—l1)Ao)+(1 —1)(2A1 + (1 = 1)Ag),. ..,
1A+ (1=1)40) + (1= 1) (12An + (1= 12)Ao)

= Gy (@3 (or1+ (1= ))Ar + (1= 1) + (1 =) (1 =)Ao, ..,
(it +(1=1))A,+ (1 —1)+ (1 —1)(1 —t2))A0>

=F(tt; + (1 —1)tp)

and so F is concave on [0, 1].

For monotonically nonincreasing of F,if 0 <s <7 <1, then s ==*.04 .7 and
hence the concavity of F implies

t —
F(s) = TSF(O) n ;F(t) > F(1)

beacuse F(0) =X wjA; > F(t) > F(1) = Gk(w;Ay,...,Ay) forall 0 <7 <1.
Therefore F is monotonically nonincreasing on [0, 1], and the proof is complete. [

We have the following interpolation which connects both sides of the geometric-

harmonic mean inequality (P5) by Theorem 3.2 and the self-duality (P4) of the Karcher
mean:
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COROLLARY 3.3. Let Ay,Ay,...,A, be positive invertible operators and @ =
(o1,...,0,) aweight vector. Then

—1
(2 ijil>
=1

< Gy (co; <tA1—1 +(1—1) i ij;1>71 (zA +(l—1) i ,Ajfl)l)

j=1 j=1
< GK((D9A17 e 7AI’1)

forall t €0,1].

Secondly, we consider an interpolation between the quasi-arithmetic means. We
define the quasi-arithmetic mean of operators:

Moy (0:A; D) := <2w, )

where A = (Ay,...,A,) is an n-tuple of selfadjoint operators in %, (H) with spectra
in an interval J, ® = (®y,...,®,) is an n-tuple of unital positive linear maps @;
PBH) — ABK) forall j=1,...,n, o= (o,...,0,) is a weight vector, and ¢ : ] — R
is a strictly monotone function, also see [6, 7]. If ¢! is operator concave on ¢(J),
then

Mo (0;A; @) > My (0;A;P) = 2 ;0 (3.2)

The power mean is a special case of the quasi-arithmetic mean:

M, (0;A; D) := (2.};:1 w;®; ( ;>>1/r for r € R\{0},
exp (Z?zl ;P (log(Aj))> forr=0,

where A1,...,A, are positive invertible operators.
By virtue of Theorem 2.2, we have an interpolation of the quasi-arithmetic mean
and the weighted arithmetic mean in (3.2):

THEOREM 3.4. Let A = (Ay,...,A,) be an n-tuple of selfadjoint operators in
By (H) with spectrain an interval J, ® = (®y,...,D,) be an n-tuple of unital positive
linear maps D : AH) — BK), o= (wi,...,0,) be a weight vector, and e; =
0,...,1,. )for Jj=1,...,n, are the standard basis vectorin R"*. If ¢ : J - R isa
strictly monotone functton such that @~ is operator concave on @(J), then

n

Moy (0;A; D) 2 My (rej+ (1 —1)0;A; @) > My (0;A; D) (3.3)
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forall t €[0,1]. Moreover, the mapping M : [0,1] — ZB(H) defined by
M) =Y oM, (tej—l— (1 —t)a);A;(D)7
J=1

is monotonically nonincreasing and concave on [0, 1].

Moreover, if ¢~ is operator convex on ¢(J), then the reverse inequalities are
valid in (3.3) and M(t) is monotonically nondecreasing and convex on [0,1].

Proof. Since ¢! is operator concave on ¢(I), if we replace Aj by ¢(4;) in
Theorem 2.2, then

w*(iw@@@»)>iwm*@mwmm+u—wim@wmm)
j=1 j=1

k=1

n
> 0;®;(A)),
=1

which give the desired inequalities (3.3). Also, it follows from Theorem 2.2 that M(r)
is monotonically nonincreasing and concave on [0,1]. O

Applying Theorem 3.4 we obtain the following interpolation of the power-arithmetic
mean inequality.

COROLLARY 3.5. Let the assumptions of Theorem 3.4 hold and A1,A;,...,A, be
positive invertible operators. If r > 1 then

1

(é 0;®; (A§)> >

; (zqnj(A;) (1 —t)k;wkan(A;)> T (34

WV

M= T

T
£
%
>

forall t €[0,1]. Moreover, the mapping M : [0,1] — ZB(H) defined by

n n 1
M@= 3 o0 (19,47 + (1-1) ¥, ax(47)
j=1 k=1
is monotonically nonincreasing and concave on [0, 1].

Moreover, if r < —1 or 1/2 < r < 1, then the reverse inequalities are valid in
(3.4) and M(t) is monotonically nondecreasing and convex on [0,1].
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REMARK 1. Combining inequalities in Corollary 3.5, we obtain
¥ 1
(2 a)dij (A;)) > ;j (tq)j(A;)-‘r(l —Z)E a)kd)k(A,’c)) '
j=1 k=1

>3 o (rj43) (1_z)iwko1>k(Ai))E

j=1 k=1

(Zw, o ))

forall 7 € [0,1] and r € [1,0) and s € (—eo,—1]U[1/2,1].

.
I M:
L

Y%
M=

~.
Il
—

1
s

Combining inequalities in Theorem 3.4 we can obtain some generalized inequali-
ties in Remark 1.

COROLLARY 3.6. Let A = (Ay,...,A,) be an n-tuple of selfadjoint operators in
By (H) with spectrain an interval J, ® = (®y,...,®,) be an n-tuple of unital positive
linear maps ®; : B(H) — B(K), o = (o1,...,w,) and v = (vi,...,V,) be weight
vectors such that @ > v. If @,y : J — R are strictly monotone functions such that ¢~
is operator concave on ¢(J) and y~' is operator convex on y(J), then

M:

Me(0:A;@) = Y, 0y (tej+ (1 —1)0;A; @) = My (0 A; D)

1

~.
Il

M i
=

> My (v;A; @) > My (tej+ (1 —1)v;A; @) = My (viA; D)

~.
Il
—_

holds for all t € [0,1].

COROLLARY 3.7. Let A= (Ay,...,A,) and B= (By,...,By) be two n-tuples of
selfadjoint operators in By, (H) with spectra in [ma,Ms] and [mp,Mp], respectively,
such that my > Mg. Let ® = (®y,...,®,) be an n-tuple of unital positive linear maps
D : AH) - AK), o= (ow,...,0,) and v = (Vi,...,V,) be weight vectors. If
@ : [ma,Ms] — R and y : [mp,Mg] — R are strictly monotone functions such that ¢~
is operator concave on @([ma,My]) and y~="' is operator convex on y([mp,Mg)), then

Mo (0;A;D) = Y @My (tej+ (1 —1)0: A; D) = My (w:; A; D)
=1

~.
=

> (v;B; @) > 2 vjiml,,(tej—i— (1 —t)v;B;cD) = My (0;B; D)
J=1

holds for all t € [0,1].
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