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A NEW FORM OF HILBERT INTEGRAL INEQUALITY
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(Communicated by M. Krni¢)

Abstract. In this paper by estimating the triple integral [ [5" [y #f()“)dxdydz, we introduce

a new form of the Hilbert inequality for three variables with a best constant factor. The reverse
form and some equivalent forms are also considered.

1. Introduction

If p>1, %4—5 =1and f,g >0 satisfy 0 < [5" fP(x)dx < oo, 0 < [57g9(x)dx <
oo, then the following equivalent inequalities hold
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z are the best possible in (1) and (2)
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respectively. Inequality (1) was first studied by D. Hilbert at the end of the 19th century,
hence, in his honor, it is referred to as the Hilbert inequality.

After its discovery, the Hilbert inequality was studied by numerous authors, who
either reproved it using various techniques, or applied and generalized it in many differ-
ent ways. Such generalizations included inequalities with more general kernels, weight
functions and integration sets, extension to a multidimensional case, equivalent forms,
and so forth. The resulting relations are usually referred to as the Hilbert-type inequali-
ties. For a comprehensive inspection of the initial development of the Hilbert inequality,
the reader is referred to classical monographs [4] and [11].

Although classical, the Hilbert inequality is still of interest to numerous mathe-
maticians. Nowadays, more than a century after its discovery, this problem area offers

where the constant factors

)and[
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diverse possibilities for generalizations and extensions (see [1]-[3], [5]-[7], [9], [10],
[12]-[14]). The most important recent results regarding Hilbert-type inequalities are

collected in a monograph [8], that provides a unified treatment of such inequalities.
Y)g(z)

x+y+z)
duce a new Hilbert-type inequality for three variables with a best constant factor. The

reverse form and some equivalent forms are also considered.

The paper is organized in the following way: After this Introduction, in Section
2 we present the preliminaries and lemmas that are needed in our work. In Section
3, we introduce a new Hilbert-type inequality for triple integrals and give the reverse
form of this inequality. In addition, we obtain inequalities with the best possible con-
stant factors. Finally, in Section 4 we introduce some equivalent forms of the obtained
inequalities.

In this paper by estimating the triple integral [;° [ fo s-dxdydz, we intro-

2. Preliminaries and lemmas

Recall that the Gamma function T'(6) and the Beta function B (i, V) are defined
respectively by

F(O):/ %t dr, >0,
0
oo t/,tfl
B(IJ.,V):/O Wdl, [,l7V>O,

and they satisfy the following relation

T(C(v)

Bv)= vy

By the definition of the Gamma function, the following equality holds

1 1 “ A—-1_—(x
el ) A ®

To prove our main results we need the next two lemmas:

LEMMA 1. If p>1, I%—l—tll =1,1>0, a< % and f(x,y) is a positive function
defined and integrable on (0,0) x (0,00), then the following inequality holds

( / / () xy)dxdy)p

< (1%7°T(2 - ag)) g / / (x+)*P e O P (x, y)dxdly. (4)
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Proof. By the help of Holder inequality, we obtain

( / / 1) £y y)dxdy)p
e
< ( /0 B /0 T+ y)—“qe—f<x+y>dxdy> ‘ /0 B /0 T (e y) P ) £ (x,y) dxdy.

We compute the first integral on the right hand side of the above estimate by using the
substitutions y = ux and x = respectively. Then we have

_v
t(u+1)
/ / (x+y)—aqe—t(x+y)dxdy :/ (1+u)—ocq/ xl—aqe—tx(l+u)dxdu
0 Jo 0 0

= to“f*z/ (1—|—u)_2du/ yl=%e=v ey
0 0
= %7212 - ag).

( / / () xy)dxdy)p

< (2r@=0q)" [ [ ()™ e ) 7 y)dxdy.
0 0

Thus

The proof is now finished. [

LEMMA 2. If p> 1, 11—7—1—5 =1,t>0, 0> —% and g(z) is a positive function
defined and integrable on (0,o0), then the following inequality holds

o L/ e
/0 e g(7)dz < [I*GP’IF(0p+ 1)} r (/0 zeqelzgq(z)dz> " %)
Proof. Using Holder inequality, we find
R [T (e = _p -k
/0 e g(z)dz—/o {z e P}{z e qg(z)}dz
1 1
(/ ze”e—’zdz>’ (/ z‘eqe_tzgq(z)dz) !
0 0
1/ o 1
- [t—"P—lr(eer 1)} ! (/0 z_eqe_tzgq(z)dz> o

REMARK 1. Note thatif 0 < p < 1 and Lyl 1, then by the reverse form of
Holder inequality we may prove that the reverse form of both (4) and (5) holds.

N
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3. Main results
In this section, we introduce the main two results in this paper. In Theorem 1 we

introduce a new Hilbert-type inequality for triple integrals and in Theorem 2 we give
the reverse form of this inequality.

THEOREM 1. Let p > 1, L2

é =1,1>0, 7€ <— , suppose that f(x,y)
is a positive function defined on (0,00) x (0,00), and g(z) >0 on (0,0).
If 15l (x—i—y)zp*l*py*zfp(x,y)dxdy < oo and [y 797927 1g4(z)dz < oo, then

I e
<C(/ON/Om(x+y)2p_l_p7_2fp(x,y)dxdy)p(/O rarilg ()dz)q7 ©)

where the constant C = B (% +7, % — y) is the best possible. In particular, we find:
DifA=1, y=0and p=q =2, then (6) becomes

// RRACSILIC .
x+y+z

Sm_(// (x+y) f xydxdy) (/g dz),

2)if A =2, y=0and p =q =2, then (6) becomes

// {CSH dddz<<//f xydxdy)l</0w%g2(z)dz)%

Proof. By using (3) and applying Holder inequality, we have

I=: / / " fy)e dxdydz
x+y+z

'EI'—‘

_ # / / / f(x,y)g ( / t’“_le_(”y“)tdt) dxdydz
- % / ( e / / —e0) y)dxdy) (t%‘y /O mez’g(Z)dZ) d
< F%j( Al+w</)/) ~Hfoyyu@9pm>%

1

4q q
/ P (/ eZ’g(z)dz> dt) . (7)
0 0

X
N
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By Lemma 1 and Lemma 2, we obtain respectively

o poo p
(f [t rtnyaaay)
0 JO
<[ere-aq)? [ [ ()™ e N (e y)avdy
0 Jo

and
o q .
(/0 e”g(z)dz) < [t*el”ll“(ep—i-l)}p/o 7 %e77g4(2)dz.

Substituting these two inequalities in (7) we have

T(2—0g)iT(0p+1)7

I< T(A)
x (/ °° / i (x+3)*" fP(x,y) (/ thFHW%Hemw[dl) dXdy) E
o Jo 0
([eoto( [ el
0 0
Since
/°° AEPTHPO=2p+1 ,— () g
0
= (ry) PRIt py 4 po—2p+2)
and

/mtlf’”'*qe*qe*z’dt = g ITAHOHaOTIr () — gy — g0 — g+ 1),
0

it follows that

1 1
o foo 5o g
1<Cqp ( /O /O (x+y)2p_l_”y_2f”(x,y)dxdy) ( /0 zq*‘”‘l_lgq(Z)dZ) ,

where

T2~ 0q)iT(8p+ )T (A + py+po—2p+2)7 T (A —qy—qb—q+1)i

Coc,(-) =

r'(a) '

Finally, set @ = % and =% 733;7‘1 we obtain inequality (6) with the constant

Cop-py-r r—qy-¢ =C=B (% +7, % — y) . Inequality (6) is proved. It remains to show
Pa 0 pd

that the constant factor C in (6) is the best possible. Define the functions f¢(x,y) =0,
A—g
on (0,1)x (0,1) and fe(x,y) = (x+y) 7 7% on [1,e0) x [1,e0) and ge(z) = 0 for
A—¢
z€(0,1) and ge(z) =z @ 7! for z€[l,0) (0 <& <A—qy) . Suppose that the
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constant C =B <% +7, % — y) is not the best possible, then there exist 0 < K < C such
that

=r </ °° / Sl (x7y)dm'y>;’ (/()NZH‘”‘A‘ng(z)dZ);
([ o) ([
K</1 x_l_g/;(wu) “ 2dudx)l (é)g’

X

1 1
K i 1 » /1\1 K 1
= d — R —— 8
(e+1)7 </1 (e DT x) (e) €2f(14e) ®

On the other hand, if we estimate the left hand side we find (set z = u(x+y))

I =: / / fS-XygS(A)dxdde
x+y+z)

_ =

—/// x—|—y Z; dxdydz
x+y+z)

o oo L

:/ / (x+y)_£_2/ ————~dudxdy
1 J1 &5 (u+1)
//(Hy)"s‘2
11

A—¢g

A—¢g
Aty T
/ Mqildl/i—‘/xer uqildu dxdy
0 (u+1) 0 (u+1)

A
G ERe) / / /mu AP
B €2¢(1+¢) u—f—lk Y
B(At-yi+y+s)
q 4/ —£-2 7=
> (1 +2) /1/ (x+y) / dudxdy
— i P 17 _o(1). )
€2¢(1+e¢)

It is obvious that, when € — 0" from (8) and (9) we obtain a contradiction. Thus the
proof of the theorem is completed. [

THEOREM 2. Let 0 < p < 1, =1, A>0, y€ (TA %) suppose that
>0 on

1 _
q
O7°°) (0’ )7 and g (07°°)

ST

+
f(x,y) is a positive function defined on (
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I Je ()P A=PY=2 £ (x, y)dxdy < oo and ;297 *"1g4(z)dz < oo, then

// QRASSIL dxdydz
x+y+z
1 1
>c( /0 /O (x+y>2p‘l‘”‘2fp<x7y>dxdy> ( /0 il ()dz) , (10)

where the constant C = B (% +7, % — y) is the best possible.

Proof. By using (3) and applying the reverse Holder inequality, we get
= / / QELDILICIR
x+y+z
1 A=l p= eyt
1H()L///fxy (/ e dt | dxdydz
1 Alyy —(rt oy [T
= (—/ rr / / Y f(x,y)dxdy ) (14 / e Yg(z)dz | dt
0
1 PN
p
) ( - 1+m’(/ / — ey xy)dxdy) dt)
; N
( - 1“”’(/ e‘”g(z)dz) dt) . (11)
0

By Remark 1, we obtain respectively (remember that g < 0)

( / / () y)dxdy)p

> (%P 22— ag) 0 / / (x43) %P e U P (x y)dxdy  (12)
0 Jo

—

WV

and
oo q oo
(/0 e‘”g(z)dz) <t_9‘1_q+11"(6p+1)%/0 7 %71 g(2)dz.

From the last inequality we find

1

(/:ﬁ“”(/: = ()dz) dt)a

r'(6p+ 1)71’ </0 tk_qy_eq_q/o z_eqe_tzgq(z)dzdt) " (13)
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Substituting (12) and (13) in (11) we have

T(2—0g)iT(0p+1)7
r'(4)

U A e L
0 Jo 0

X (/w 7 %g4(z) (/Ntl_qy_qe_qe_”do dz) !
0 0

After some calculations as we did in Theorem 1 and setting o =

1>

2p=pY=% and
rd

0= % we obtain inequality (10) with the constant B (% +7, % - y) )

To prove that the constant B <% +7, % — )/) is the best one, we define the functions
fe(x,y) and g¢(z) as in Theorem 1. If we assume that we can find a constant L: L >
B (% +7, % — y) such that (10) is valid when we replace B (% +7, % — 7/) by L, then
we obtain

1 —e A—g
127 (14¢) 7 72 Aty
> +8 P /// (x+y) 7z 4 dxdydz
(x+y+2)*
A-e o
q
—// (x+y) 82/ uidudxdy
s (ut 1)t
A
q

o oo 00 —r-1
< / / (x+y)_8_2/ uidudxdy
14 0 (ut1)*

A— A
B4t —rh+y+t)
€2¢(1+e¢)

If we let € — 0T we obtain a contradiction. Thus the proof of the theorem is com-
pleted. U

4. Equivalent forms

In this section we introduce some equivalent forms of the obtained inequalities in
Theorem | and Theorem 2. All the inequalities are with a best constant factor.

THEOREM 3. Under the assumptions of Theorem 1 we obtain the following two

inequalities
/ (p=D)A=rp-1 // —————-dxdy dz
0 x+y+z

P 2p—A—py=2 ¢p
<cr [ ey £7(x,y)dxdy (14)
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and

q
/ / ()2 / 204} dnay
0 Jo 0 (x+y+2)
< /0 T At g2z, (15)

Both of the inequalities (14) and (15) are equivalent to (6) and the constants CP =
BP <% +7, % — )/) and C1 = B4 <% +7, % — 7/) are the best possible.

p—1
Proof. To prove (14) we set g(z) = z(P~DA-1r—1 (f I + + xdy) .
(x+y z
Applying inequality (6) we find

[« W(// i)
e ([ ) ([ )
L
([ [ wrwprarr pyasay ) : ([ e ) 5
([ [ (Hy)wwzfp(x,y)dxdyf
(e (02 ))

Dividing both sides of inequality (16) by ( Jo 7P VA=Y= 1( I + + dy) pdz)

we obtain inequality (14). On the other hand, by virtue of Holder 1nequa11ty and (14),
we find

/// J;j_;}_’_z dxdydz
_/ (,,Y// x—|—y—|—z dxdy)( lﬂ”r%g(z))alz

<</0 (p—1)A— YP1<// x]-:-))/c:Z dxdy) dz>%</0 FataAlg ()dz)é

N

_ =
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1 1
< (cp I <x+y>2”“’“ff’(x,y>dxdy)p ( / zW‘f“g'f(z)dz)".

Therefore by using (14) we obtain (6). To prove the equivalence relation between (6)

g—1
and (15) we set here f(x,y) = (x+y) " A7 (f e dz) . By inequality

(6) we get

/O°° /O°° (x+y)(‘1—l)7t+7/q—2 (/Ow 7()( _ifz_i)_ z)/l dz)qudy
~1
:/m/w@+ww1ﬁ+w2<4ma:%%57&>q (Awai%ﬁg—ﬂ>dmy
—/ / / {Ciyyﬂ dxdydz
< (/Om/om(x+y)2”_l_”y_2f”(x’y)dxdy>F (/O grataA-l ()dzy
- </Ow/0w (x4 )@ D12 (/0“’ 7(x+gy(z-iz)’l dz)qud}’> F
X (/Omzy‘ﬁqllgq(z)dz> é )

Its clear that from the last inequality we obtain (15). On the other hand using
Holder inequality and (15) respectively, we have

/ / fj_y_’_ dxdydz
(x+y+2)*
—/ / [Hy e 2f(x,y)}
< (/ON /Om (x+y)2p_l_”y_2f”(x7y)dxdy> ’
S . a g
% (/0 /0 (x+y)(q—1)l+yq—2 (/0 (x+g;j)_z)l dZ) dxdy)
(/ / (x+y)P AP gy, y)dxdy) <C’1/szyq+qllgq(z)dz) 6.

Thus, the equivalence relation between (15) and (6) is proved. Moreover, since the con-
stant in (6) is the best possible we may conclude that the constants in both inequalities
(14) and (15) are also the best possible. The theorem is proved. [

(x+y+z

(a-DAtyg—2 [
(x+y) = / _ 8@ ) dz] dxdy
0
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The next theorem gives the reverse forms of (14) and (15). Since the proofs of
these forms are similar to the proofs of (14) and (15) here we omit it.

THEOREM 4. Under the assumptions of Theorem 2 we obtain the following two
inequalities

p
/0 (p=DA—yp—1 // Adxdy dz
x+y+Z

P 2p—A—py=2 rp
sor [0 ey £7(x,y)dxdy (17)

and

q
/ / (x4 y)la- DA / 20 ) dnay
0o Jo 0 (x+y+2z)

>l /0 A4 g () dz. (18)

Both of the inequalities (17) and (18) are equivalent to (10) and the constants CP =
BP (% +7, % — )/) and C1 = B4 (% +7, % — 7/) are the best possible.
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