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NEW REFINEMENTS OF JENSEN’S
INEQUALITY AND ENTROPY UPPER BOUNDS

GUOXIANG LU

(Communicated by J. Pecaric)

Abstract. In this paper some new refinements of the discrete Jensen’s inequality with variables
are presented. The new refinements are better than the inequalities given by Simic(2009),
Dragomir(2010) and Tapus, Popescu (2012). As the applications of the refinements, stronger
upper bounds for the Shannon’s entropy are obtained as well.

1. Introduction

Let I = [a,b] be a closed interval in R and f:I— R is a convex function on /.
If x = (x1,x2,+,X,) is an n-tuple in I", and p = (p1,p2,---,pn) is a positive n-tuple
such that !, p; = 1, then the well-known Jensen’s inequality

n

SO pixi) < Y pif(x) (1)
i=1

i=1

holds [7, 10]. If f is concave, then the preceding inequality is reversed.

Jensen’s inequality is probably the most significant of all inequalities. It is applied
widely in mathematics, statistics, information theory and many other inequalities are its
particular cases (such as Cauchy inequality, Holder inequality, Minkowski inequality,
Ky Fan inequality, etc.). There are a considerable number of refinements and appli-
cations related to Jensen’s inequality recently (cf. Dragomir [2, 3], Horvath [4, 5, 6],
Popescu [8], Simic [9, 10, 11], Tapus and Popescu [12], Pecari¢ and Peri¢ [13]).

In [11], Simic obtained new bounds of Jensen’s inequality and Shannon’s entropy.

LEMMA 1. If f, X, p are defined as above, then

DuXu + pvXy
0< ma - T
1<u<\)/(<n puf(xu) + pvf(xy) (Pu"'l’v)f< Pu+py )]

n n 2)
<Y pif(x) = £ D, pixi
-1

i=1
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And in [13], Pecari¢ and Peri¢ indicate that Lemma 1 is a special case of former and

more general results they obtain.
In information theory [1], if the probability distribution F is givenby P(X =i) =

pi, pi>0,i=12---n, st. 2 pi = 1, then the Shannon’s entropy is defined as
=1

H(X): =% pilog 1% . The corresponding result in [11] can be rewritten as
LEMMA 2. Define ¢ :=min|<icp{pi}; ¥ := maxi<icp{pi}. Then

HX)< 1°g”_["”°g<¢2¢w>+"’ g<¢2+wwﬂ @

In [2], Dragomir obtained a different refinement of Jensen’s inequality.

LEMMA 3. If f, X, p are defined as above, then

f<2pm>< min |0 por (FEE L) 4 )|
= n} Pu

ne{l,2n
P T R )
= Pu e (4)
i1 PiXi — PuXu
S pe(tsx. }[(1 o (ﬁ) +p”f(x“)]
< Zpif(xi)
=1

2], Tapus and Popescu obtained sharper bounds of Jensen’s inequality and
Shannon’s entropy based on the work [11].

LEMMA 4. If f, x, p are defined as above and some notations are established as
follows

Pu Xy + PurXu, ) ]

S» = max |:Pu1f(xu1) +p.u2f(xl~l2) - (pul +p,u2)f ( Por + Pin

IS <pp<n

-1
PuiXu;
Sp—1= max puf(x p M
1< <P < <phy1 <n ,2{ pf () 2 : 5 P ,

where [y, U, -+, Uy—1 €{1,2,---,n} are different items, then

pif(xi)—f (2 pm) : )
1 i=1

-

0<SH<H < <51 <

1
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LEMMA 5.

n—1 z;zllpﬂi n—1
H(X) <logn— max log ( ) (pr“’> . (6)

IS <t <<py-1<n 27 | Pui

In this paper, we present some new refinements of Jensen’s equality and the en-
tropy upper bounds associated with them. The results generalize the inequalities in the
above lemmas and show stronger upper bounds compared with the bounds given by
[2, 11, 12].

2. Simple refinements of Jensen’s inequality

THEOREM 1. If f, X, p are defined as above, then

f (21 pm)

< max [Puf(xu)+Pvf(XV)+(1_PIJ_PV)f<

I<u<v<n

Yimy piXi — (puXy + pyxv) )}
L—pu—pv
<
lgugl\%ngn [Puf(xu) +pvfxy) +Pnf(xn)
(z?1 pixi — (PuXu + pvxy + pnxn) )]
I—pu—pv—pq

+(I=pu—pv—ra)f

pif(xi)

N
M=

1

@)
The above inequalities are immediate consequences of the Theorem 1 in [5]. Com-
pared with the previous inequalities in Lemma 3, the new inequalities are better im-
proved.
In order to present further generalization and comparison, we start by introducing
some notations, as follows:

I :1<;El<aﬁzén [p.ulf(xlil) +pl~l2f(xli2)+

2”—1 PiXi — (p,ulxlil + p.uleiz)
(1= pu, = Pu)f ( = ’
My 1] 1 —Pu — P

n—1 n—1 n i1
2' PiXi z 1 pﬂixﬂi
T = max E )+ 1— E . i=1 = ,
" 1< <pa <<l <1 Lzlpp,f( ) ( i=1pﬂl> f( 1-3" ! pu,

where U, Uy, -+, Uy—1 € {1,2,---,n} are different items. By using the above notations
we can rewrite the inequalities in Theorem 1 as this form

(Z pm) < Zptf xi).
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On this basis we give the following generalization of Theorem 1.

THEOREM 2. If f, X, p are defined as above, then

f(Ep»a) SHLT < < Ty <Y pif (). ©
i=1 .

The above inequalities are also immediate consequences of the Theorem 1 in [5].
To the mentioned notations S; and 7;, we have the following result:

THEOREM 3. If f, X, p are defined as above, then
f <2pixi> <Sj+f (2[’%’) <Ti <Y pif(x), 2<j<n—1 )
i=1 i=1 i=1

Proof. The first part and third part of the inequalities can be obtained from Lemma
4 and Theorem 2. So we only discuss the second part. To a determined j € {2,3,---,n—
1}, we observe the expression

n J n J

pl i . z px_z: pixi
R O P LTI (R P AV TR
-1 -1 Z -1 1—2, 1Py

By using the Jensen’s inequahty we have

f‘(jil%ﬂ> <§:l%h> ("‘flﬂiﬁﬂ>
i=1 zl 1 Pu;
J ! pixi— Y Py
(1= 2 | EELLE R P ),
( Zj ﬂ) ( 1=3 Py

Adding 37, pu f (%) — (z{z | Pu;) f (%ﬂzﬂﬂz) to both sides of the expression (10),
i—1 P

(10)

we obtain
3 1Pﬂ Wi
Epuif(x“’ Epﬂz % + f Eplxl
i=1 2‘1 1 Pu; =1
J J PP A
< Epu,-f(xu,-) + 11— Eplii f z’ L Piti zt=l PuiXy; '
= =l l_zl 1 Pu;
So

J J 2/ L P n
e DA P R iy | REA P
J J nopxi—3 Xy
<., max [z (‘Zpu,)f(z‘ L 2?)]

1<y <y << ptj<n -3 py,
(11)




NEW REFINEMENTS OF JENSEN’S INEQUALITY AND ENTROPY UPPER BOUNDS 407

By using the expression (11) we deduce the second part of the equalities
Si+f (2[9%‘) <T;. O
i=1

So compared with the previous inequalities in Lemma 1 and Lemma 4, the new
inequalities in Theorem 3 are better improved.

3. More refinements of Jensen’s inequality by four functionals

For further discussion, some new notations are introduced. Let

pl =

1

J

> pr, fori<j,

k=i

0, fori > j,

andP{f( Zpk> =0fori> . If1<m<n, y < <Mpne€{0,1,---,n,n+1},

z k=i
then we define the following functionals:

1 A
FL(f %P3k, ) =Pf“f<m2p"x"> m+1f< > p”)
1 =1

IJ1+1 i=p+1

1 Hm 1 Hm
+ I{'l:;’ 1+1f (P Z pixi> —Plﬂmf (Pllm ;pixi>

Him— 1+ =y +1

i 1 Hp—1 i 1 uz—1
FZ(faXap;,ula"';.um) :P[,ll2 Z PiXi P; P

I~l2
Py = (=

+P; (P" Eplx,> ( 2p,x,>
ton = H Lyt
l 1
Gl(f7x7p§lil7"'»/im) :Plulf <ﬁ ;pi'xi> +P,512+1f (PIJZ Z plxl)
1=

w+1i=up+1

ol )

Hnr‘v’l i= ,um"rl

u 1 u—1 i 1 up—1
GZ(faXap;ula"'7um) :PII Pl'll Z PiXi Plz P

i=1 ur i

+Pn (P" 2 Pm)
MHm i= M
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Let o =0, U,+1 =n+ 1, then for simplicity these functionals can be written as:

1 Hi 1 Hm
Fl(f7X7p;[J]7'--,[,Lm) :zP#I 1+1f (P 2 pjxj> _Plﬂmf (Pll,lm zipixi>

ui—1+1 j=pi—1+1

mn Miy1—1
;i 1
Fz(f7x7p;[.117---,[im)= Pﬁi+l (P/JHI 1 Z p/'x]> - ( Zplxl>

i=1 J=Hi IJlt My

m =
Gl (faxap;.ula"' uum) = P£171+1f <P[J,— 2 p/'x/> +P,um+lf< 2 PiXi
i=1

1= ,um"l‘l i=n+1

Mim1+1 j=Hi—1+1

)

m m 1 Hit1—1 " 1 up—1
G2(faxap;.u1a"'7um)ZEPMHI P“Hrl T 2 PjX;j })1 iXi

i=1 J=Hi

REMARK 1. For any u;, we note that

Fi(f,x,ps ) = F2(f,x,ps 1) = 0; (12)

For y; =1, 1 <i< n,we note that

Fl(f7x7p;.ul7"'nun) :FZ(faXap;ula"'7“n) = Epif(xi) _f <2pi'xi> 5 (13)
i=1 i=1

For y; =1, 1 <i< n, we note that

n

Gl(f7x7p;.ul7"'nun) = GZ(f7X7p;.ul7"'nun) = Zplf(xl) (14)

i=1
Next we prove the following results.
LEMMA 6. If f, X, p are defined as above, then
(% sy lim) 2 0, Ba(f,%, s oo ) = 0
Proof. Let 1y =0, Wy,y1 =n+1. We observe the expression /" Pﬁ’ = Pl” "
s ieﬂ;: Eegﬁalfyhi‘ie‘ o’ VPh /P = LS BT /B = 1. So applying

m pHi 1 i m pHi 1 Ui
Hi—+1 Hi—1+1
f< § p-x-)>f< ( $ o
Um .ut J Mm p, J
-1 P Pl =gt -1 B P

_1+1 j=pimi+l

"U
t Ll

R
ME

"S‘

=
v

i=1 J=Hi

m PIJiH 1 1 Hip1—1 m Pﬂt+l 1
Hi Hi
X P <PIJ:+1 YR RSO
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These yield

m " 1 Hi " 1 Hm
Py 1f PR > pixi| RS Pl Y pixi |,
i=1 Mi—y+1 j=Hi—1+1 1=l
1
EPﬂHl 1 uli pr 2
Pl'll+l pHit1—1 Pixj | = h 1 piXi |-

J=Hi Lyt

By the expressions of F1(f,X,p; U1, -, Um), F>(f,X,p; 1, -, Un), the conclusion fol-
lows. [

THEOREM 4. If f, X, p are defined as above, then

0<  max  F(f,X,p:l1, -, )

IS < <Wp<n

< max Fl(f7x7p;”l7"'7”WI7”m+1)
ISy < <M <Wp1<n (15)

<Y pif()—f <2Pixi> ;
i=1 i=1

where 1 <m<n—1.

Proof. The first part of the inequalities (15) can be received from Lemma 6. Now
in order to prove the second part, we assume the maximum value of Fy (f,X,p; 1, tn)
1sobtalnedf0r[.11—a,, I<i<mand 1<ag;<a;<n,1<i<j<m.Letay=0.Then
forany g € {1,2,---,n} —{ay,---,an}, we consider the cases ¢ > a,, and g < a,.

When g > a,,,

Fl(faxap;a17"'aaM7q) _Fl(f7x7p;al7"'aam)

1 q p am 1 q
meHf (Pq 2 Pm) +P1mf< am 21%%) _Pf]f (ﬁ Epixz) .
j 1 i=1

am+1 i=a,+1

Observing P{" +P] | = P{, or equivalently, P{""/P{ +P] | /P{ =1, by using the
Jensen’s inequality we have

P, 1 P
am+1
P‘I f <P‘1— 2 pixi) Pq f (Pllm 2p1x1>

am~+1 i=a,+1

Pam 1 am
>f | ot Z pixi — N pixi | | =1 Z pixi | -
( P‘I <P3m+1 i=ay,+1 P‘I Pla i=1 qul 1

These yleld Fl(faxap;ala"'7am7q) _Fl(faxap;ala"'7am) 2 0.
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When ¢ < a,,, without loss of generality we assume g € (a;_1,a;), 1 < j<m.

Fl(f,X,P;Lll,'"761./7176]761]7"'761;11) _Fl(f7x p:ap,---, am)

1 4q
aj 1 (Pq Z pm) +1f< Z p,x,)
aj1+1i=a;_1+1 Pq+ll q+1
1 aj
Pa/ l+1f 2 piXi | -
Pa/ 1+1 i=aj1+1

Observing P}, +P = Pa’ |41 Orequivalently, P +1/P R ARYIA =
1, by using the Jensen’s mequahty we have

q . a:
LT 1 d Py 1Y
Pa_,- f Pq 2 pi-xi + Paj f Pa_,- A7
aj-1+l aj-1tli=aj1+1 aj i+l q+1i=q+1
q aj aj
>f Paj,1+1 1 2 " Pq+1 1 J .
= Pl/lj Pq PiXi Pu’ Paj i
aji+l \"@jtli=aj 1+l aj1+1 \Tg+1i=g+1

1 &
:f llj 2 pi-xi M
Paj,1+1 izaj—l'*‘1

These yleld Fl(f,X,p;a1,~~~,aj_l,q,aj,---,am) _Fl(f7x7p;al7"'7am) 2 0.

Now because the expression max Fi(f,%,ps iy s Moy Mt 1) 18
ISy < <Um<fym1<n

greaterthan Orequalto Fl (f7x7p;al7' o »am»CI) or Fl (f7x7p;al7' o 7aj717q7aj7 e 7am)’
we deduce the second part of the inequalities (15).
Finally, obviously the maximum value of m+1 is n, and for y; =i, 1 <i<n,

max  Fi(f,x,ps i, M) = X0y pif (xi) — f (2P, pixi) from (13). Follow-

ISu < <pp<n
ing the steps above exactly, the third part of the inequalities (15) holds. O

THEOREM 5. If f, X, p are defined as above, then

0<  max  B(f,x,pil1, - )

IS < <Wp<n

< max F2(f7X7p;[J]7"',[lm,[lm+1)
ISy < <pm<Hpt1<n (16)

<Y pif(u)—f <2Pixi> ;
i=1 i=1

where 1 <m<n—1.

Proof. The first part of the inequalities (16) can be received from Lemma 6. Now
in order to prove the second part, we assume the maximum value of F> (f,X,p; 1, -, tn)
is obtained for ; = b;, 1 <i<mand 1 <b; <b;j<n, 1 <i<j<m. Let by =n.
Then forany r € {1,2,---,n} —{by,-++,bn }, we consider the cases r > by and r < b .
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When r < by,
F2(f7X7P§V»b1»“' b )_FZ(f,X,p;bl,"'7b;n)

by—1 1l
:P’{’l—lf< ) + ( Z Pﬁﬁ) _P:lf (% zpi-xi> .

bll by

Observing P! + P} = P, or equivalently, Pt /Pr 4 pr /PT = 1, by using the

Jensen’s inequality we have

phi-1 | bimt Py
r I s 1
f Prbl,l ,:2; PiXi f Pl:ll ,Zb'l PiXi

Py

b1—1 b1—1 n
P 1 Py 1
>f< P (— > pm) + o ( E pm)) :f<P_" > pm-).
r r roi=r

b1 —1
Prl i=r bll by

These yleld FZ(faXap;r7bl7"'abm) _FZ(f7X7p;b17"'abm) 2 0
When r > by, without loss of generality we assume r € (bj,bj1), 1 < j<m.

F2(f7X7p;bl7'"abfar7bj+l7"'abm)_FZ(f7X7p;b17"'abm)

. 1 =l . 1 1 bt
=P, f Pr Py Zp,x, + P T Z DiXi
P i=r

bj
J

b/+| 1

b; 1 1
_ jH1
B j+1 i1 Z piti

bj
i=b;

Observing P~ Ly plie! P:j“ . orequivalently, £}~ 1/P =ty phivis 1/P A
=1, by usmg the Jensen’s 1nequa11ty we have

Pr 1 1 r—1 ij+l_1 1 hjurlfl
r
Ple 1f Pr pr—1 Ep’x’ P:jﬂ—lf Pfjﬂ—l IZ; PiXi
./ j =
P};‘il 1 =l ij+l—1 1 bjy1—1
> J x|+ r X
e\ ) e 2
J ' ; J
| bji—l
=f T PiXi
Phj’+ i=b;
These yield F>(f,X,p;b1,---,bj,n,bji1, - ,bm) — B2(f,X,p;b1,- - ,by) = 0.
max F2(f7x7p;”l7"'a.um7”m+l) is

Now because the expression
ISy < <Wm<Upt1<n
greater than or equal to F>(f,X,p;r,by, -+ ,by) or Fo(f,X,p;b1,---,bj,r,bji1,--,by),

we deduce the second part of the inequalities (16).
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Finally, obviously the maximum value of m+ 1 is n, and for y; =i, 1 <i<n,
max  B(f,X,pipt, s ta) = iy pif (i) — f (Zi2) pixi) from (13). Follow-

IS < <Up<n

ing the steps above exactly, the third part of the inequalities (16) holds.

O
THEOREM 6. If f, X, p are defined as above, then
xi ) < Gi(fxpin -,
! (Ziplx) 1< S S (%P5 p, s i)
< UL s
gy DA G P ) (1)
<z,pif(xt)

i=1
where 1 <m<n—1.

Proof. we assume the maximum value of Gi(f,x,p; U1,

-+, ly) is obtained for
.ui - Cl ’

I<i<mand 1 < <cj<n, 1<i<j<m.Letcy=0, ¢pp1=n
Since ZmH PC’ a1 =1 by using the Jensen’s inequality we have

n m+1 Cj
f(ZPiM‘) =f<z D ijj>
i=1 i=1 j=ci_1+1

m+1 1 Ci
< 2 Ci 1+1f 2 PjXj :Gl(f7x7p;cla"'7cm)-
i=1

i= c, 1+lj =cj_1+1

From the above the first part of the inequalities (17) holds.
Now we prove the second part. For any s € {1,2

,2,--,n}—{cr, -, cm}, We con-
sider the case s > ¢, and s < ¢y,
When s > ¢,
Gl (f7X7P§C1»' o 7Cm7S) - Gl(fvxvp;clf o 7Cm)
1
cm+1f P 2 pixi | +Pf 2 PiXxi cm+1f P Z PiXi | -
cm+1 i=cp+1 \+lz s+1 cmt1 i=cp+1

Observing P, |+ P, | =F;

Wy =P .y, orequivalently, P} /P! . +P! /P! | =1,by
using the Jensen’s inequality we have

P 1 s Pn
cmtl 2 s+1
PiXi Z PiXi
Pcnm+1 <Pgm+1 i=cm+1 ) PZIn1+1 < )

s+1 i=s+1

Pg +1 i Pn+1 2
>f - PiXi - PiXi
Pcnerl Pcsm+1 i=cm+1 Pcnm+1 Pn

s+1 i=s+1
Z piXi | -
chrlz cmt1
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These yield G (f,X,p;c1,- "y ¢m,s) — G1(f,X,p;c1, - ,cm) = 0.
When s < ¢;,, without loss of generality we assume s € (¢g,crr1), 0<k<m—1.

Gl(faxap;clf"ackasack+la"'7cm) _Gl(f7x7p;cla"'7cm)

Ck+1 Ck+1
Ck+1 Ck+1
ﬁ-lf P‘ z PiXi +1 P¢k+1 2 PiXi ck+l P6k+1 z DiXi | -
cpt+1 i=cp+1 s+1 i=s+1

cr+1 i=cp+1
: s Ck+1 __ pCk+1 Ck+1 Ck+1 Cht+1
Observing P, | + P\’ =PI}, or equivalently, P, | / P+ i/ P =1,by

using the Jensen’s inequality we have
S Ck+l Cki1
Pc'k+1 z » P s+l i i
PCk+1 PiXi Pck+l PCA+1 PiXi
cr+1 q-‘rl i=cp+1 cr+1 s+1 i=s+1

PS Pck+l Ckt1
cp+1 s+1
=f peel | ps 2 DiXi P¢‘k+1 P¢k+1 2 DiXi
cx+1 Ck+ll cr+1 cx+1 s+1 i=s+1
Ck+1
=f P¢k+1 2 piXi | -

cpt+1 i=cp+1

These yleld Gl(f7X7p;C1,'"7Ck,S,C]<+17"',Cm) _Gl(faxap;clf"acm) > 0.

Because the expression max G1(f, %, p; 1,5 i, 1) 1S greater
ISy < <Um<Hpmy1<n
than or equal to G (f,X,p;c1,+,Cm,S) OF G1(f, X, P5C1y 3 Chy S, Cht 1,y Cm) » WE de-

duce the second part of the inequalities (17).
Finally, obviously the maximum value of m+ 1 is n, and for y; =i, 1 <i<n,
max Gi(f.x,p; 1, , M) =21 pif (x;) from (14). Following the steps above
IS < <Up<n
exactly, the third part of the inequalities (17) holds. [

THEOREM 7. If f, X, p are defined as above, then

f (Zpixi> < max G2(f»X»P§Ii1»“'7IJm)
i=1

LSy << <n

< UL o,
1< < I<I}~12:nx<llm+1§n 2(f7x7puul7 > U .um+1) (18)
< szf(xz)
i=1
where 1 <m<n—1.
Proof. we assume the maximum value of Gy(f,Xx,p;L1, -, ) is obtained for

w=di, 1<i<m andlgd,-<dj<n, I1<i<j<m. Letdy=1,dpr1=n+1.
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Since Z;’jll Pj_:l = 1, by using the Jensen’s inequality we have

/() (2 5.7)

m+1 i
ddi—
< ZIPd ( di—1 2 pjx/> G2 f?X p’dl7 ?d )
=

ll‘/

From the above the first part of the inequalities (18) holds.

Now we prove the second part. For any ¢ € {1,2,---,n} —{d,,---,d;y}, we con-
sider the case t < d; and 1 > d; .

When ¢ < di,

G2(f7x7p§f dy,-dm) —Gz(f,x,p;dh---,d )

= i1 ¢ a1 d Ly 4!
=P"'f e 12p1xl +P xi | — P x|

Observing P}~ Ly ! Pfl“l , or equivalently, Pf_l/Pfl“1 —|—1"td'71/Pf’1'71 =1, by
using the Jensen’s inequality we have

PI—I 1 =l d1 1 dy—1
Pdl—lf Pﬁgpixi dl o dl I Zplxl

1

P[ 1 1 d1 1 di—1
>f< di— 1<Pz 12p,x,> ( a1 me))

These yield Gy (f,x,p;t,d1, - ,dm) — Ga(f,X,p3d1, -+ ,dp) = 0.
When 7 > d; , without loss of generality we assume 7 € (di,dy11), | <k <m.

G2(f7x7p;dl7"'7dk7t7dk+l7"'7dm) _GZ(f7X7p§dl7"'»dm)

| 1 =l o 1 el
:P;; F 2 pixi | +P, ke f }m 2 DiXi
t i=t

di  i=dy
diy1—1
=1 1 .
Py Pl Z DiXi
dk l:dk

: 1 dir1—1 _ pdiy1—1 : —1 ) pdk+1—1 dir1—1 ) pdir1—1
Observing by +Fh =P, , or equivalently, P(’ik / Py + P /P i
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= 1, by using the Jensen’s inequality we have

pl Pdkﬂ*l 1 Gkl
dk t Sy
Pj:+l i/ pf pi—1 2 piti Pdk+1—1f I;;dk+1—1 Zt‘ PiXi

i=dy, di
N p’*l Ptdk+l_1 1 el
1 di+1—1
=f W ,-:zdk PiXi

These yield G (f,x,p;d1, -, di,t,diy1, -+ v dm) — Go(f X, psdy, -+ ydim) = 0.

Because the expression max G (f, X, P31,y U, 1) 1S greater
ISy < <Wm<Upt1<n

than or equal to Gy (f,x,p;t,d1,--,dm) or Go(f,x,p;dy, - di,t,dis1,-,dy), We
deduce the second part of the inequalities (18).
Finally, obviously the maximum value of m+ 1 is n, and for y; =i, 1 <i<n,

max Ga(f.x,ps 1, s M) = 2 pif (x;) from (14). Following the steps above
IS < <Up<n

exactly, the third part of the inequalities (18) holds. [

Similar to the previous representations, we establish new notations as follows:

S1i = 02X, ALK ),
52 :1<u121~%§uj<nF2(f’x’p;“l"“’“j)’
Tij =, max, G LX),
Ly :1<u121~?§uj<nG2(f’X’p;”l""’”j)’
where 1 < j<n, py,---,uj € {1,2,---,n}. Then the previous four theorems can be

rewritten as these forms:

0=S811<S12< - <Sip ZP: X;) (ZP:M) ; (19)

0=38 1< < <81 <8, = ZP: X;) (ZP:M) ; (20)
n n

f Zpixi <h1<---<Npa<h,= Zpif(xi), 21
i=1 i=1
n

Y pixi | STy < <Dy <oy = prxl (22)
i=1

To the mentioned notations Sy ;, S> ;, 11, T2,j, we have the following results:
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THEOREM 8. If f, X, p are defined as above, then

n n
f( pm) SSl.,j-i-f( pm) <Th; <
= i—1

Proof. The first part and the third part of inequalities (23) can be obtained from
expressions (19) and (21). So we only discuss the second part by the functionals
Fl(f7X7P§IJl7'" 7”’]) and Gl(f7x7p§lil7"' 7”’])

If ;= n, then

-

pif(xi), 1<j<n.  (23)
1

Fl(f»X»P;lilv“‘ 7.uj) +f (ZPN@') — Gl(fvxvp;.ula"' nuj)

i=1

If uj <n,then
Gl(faxap;.ula"' nu/) _Fl(f7x7p;ula"' nu/)

) 1 Hj 1 n
M 7
=P’f (IW Epixi> +Py 0 f (P—" 2 pm)

1 i=1 wj+1li=pj+1

) 1 Hj 1 n n
U )
>\ P | = 2 |+ P I 2| | =f( i)
Pl i=1 i+l =+l i=1

The above inequality follows by Jensen’s inequality. To sum up, we can find
Fl (f7X7P§IJl PR 7.uj) +f (ZPN@') < Gl (fvxvp;.ula' o nuj)

i=1

Maximize both sides for g, ---, i1}, then the second part of inequalities (23) holds. [

THEOREM 9. If f, x, p are defined as above, then

f( pixi> <Sz,j+f< Pixi> <h; <
i=1 i=1 i

Proof. The first part and the third part of inequalities (24) can be obtained from
expressions (20) and (22). So we only discuss the second part by the functionals
Fz(f7X7P§IJl7'" 7”]) and G2(f7X7P§IJl7'" 7”])

If uy =1, then

M=

pif(xi), 1<j<n. 24
1

n

Fz(f»X»P;lilv“‘ 7.uj) +f (ZPN@') = GZ(fvxvp;.ula"' nuj)

i=1
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If u; > 1, then
GZ(f7X7p;.ul7"' uuj)_FZ(faXap;,ul;"' 7.uj)

| -1
:Ply1 iXi +Pn 2 DiXi
ll H
1 1 -1 1 & n
>f P! — >, pixi | + Py, ]72 pixi| | =f zipixi :
i=

My
Pl i=1 My i=py

The above inequality follows by Jensen’s inequality. To sum up, we can find

n
FZ(faXap;.ulf o ,,UJ) +f (21’1‘%‘) < GZ(f7X7p;.ul7' o uuj)
i=1
, lj, then the second part of inequalities (24) holds. ]

Maximize both sides for y;,---
THEOREM 10. If f, x, p are defined as above, then for any S;, 1 < j <n, there
exists a positive integer h > j such that Sy, > S;
Proof. we assume the maximum value of S; is obtained for ‘LL, vi, 1 <i<jand
I<yi<yesn, 1 <l<k<J Letyy =0 and {yl, ==Ly =Ly
where 0 <y} <--- <y} <n.Thus we have h > j and

:Fl(f7X7P§YI_1»y17"'» _l7yj)

yi—1 1 Vi
Z 1+1f< i1 > p,)@) +Zpy, (xy;) P1YIf (ny ZPW’)
Pyt l+1k Yi—1+1 1 =1

F(f,x YLV

Next,
J
i=1PyiXyi
Fi(foX,m), ) — [Zpy, flxy) — (Z )f(ﬂﬂ
=1 2z 1 Pyi

=P, 1+1f< i1 > pm) + ( pyl) f (M)
i 2i=IPYi

i=1 y’ 141 k=yi—1+1

(g

M\.

1

Observing 3/, P 7111 +3/_ py =P}, orequivalently, Pv’flﬂrl /P 3] py /P
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= 1, by using the Jensen’s inequality we have

i pyi—l — j j
LB+ 1 ! . 1Py [ it Py
P el A A
i-1 Pyl key+1 1 Y1 Py
J’i—l ,'—l .' ~'

f B 1 yE o 1Py [ Zii Py,
pli pri—1 pi%i P 3/
1 1 yio1+1 k=yi—1+1 1 i—1 Pyi

1 U
P 2 pixi |-
i=1
This derives

p lxl
Fl(faxap;y/h ) ayh [Zpyl xvl (Zpyl> (%)] 20,
zl lpyz

J
plxl
Fi(fx,p), o 00) = D pyf(xy,) — (Zm,) <M>

M\.

WV

“U

or

i=1 > 1 Pyi
From the definition, we have S, > Fi(f,x,p;y},---,y},). Therefore, the inequality
Sl7h > Sj holds. [

THEOREM 11. If f, x, p are defined as above, then for any S;, 1 < j <n, there
exists a positive integer | > j such that Sp; > S;.

Proof. we assume the maximum value of §; is obtained for y; =z;, 1 <i< j and
1<z <z <n, l<1<k<] Letzj 1 =n+1 and {&, gy ={z,u+1,---,zj,zj+
1}, where 1 <z} <--- <z <n+1.Thus we have [ > j and

F2(f7X7P§Z/1a"'aZE) :Fz(f,X P:21,21 +1 "',Zj,Zj+ 1)

] ikl 1
:2 Ziiill ! <P2,+1 T 2 szl> + sz, sz f <Pn 2 p,x,) .
i

i=1 zi+1 k=zitl 21 i=z;

~

Next,

J
plxl
FZ(faXap;Z/lﬁ : 7Zl [szz xzz (Z ) ( lll : Z)]
-1 Z, 1Pz
j = zip1—1 | DziXz
_ i+17 71 L
e (e ) (S ) (22
i=1 P A i=1Dzi
_Pl’l ( 2p1x1>.
Py 21
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Z 1—1 j . Z 1—1
Observing ¥/, Py + Xl py = P, or equivalently, X/, P)/P!

+ Z;.: | Pz;/ P2, = 1, by using the Jensen’s inequality we have

. 2 1 ; 1 . .
i Pz,-j;ll 1 < i 2{:1 Pz 2{:1 PziXz;
P Zit1— 1 piti P / '
1

J
i=1 21 PZ+1 k=z;+1 Z,-zll’z,-

j peiti—l 1 il J J
,1 2‘:[7,' 2':pi~xi
(Z Zit ( — 2 szz> zpln Z ( i /'1 ziz >> ( 2 szz> .
i=1 Zl PZZlJrl k=z;+1 21 Z'i=1pz,- th =z

This derives

plxl
Fz(f,X,p;le, : azl [szz xZI <2p21> <%>‘| 20’
21 lpzt

plxl
Fz(f,X,p;le,"',Zl szl xzt (ij) <M>

21’ lpzt

From the definition, we have S»; > Fi(f,X,p;z},---,z). Therefore, the inequality
S>; = S; holds. [

or

So compared with the previous inequalities in Lemma 1 and Lemma 4, we can
see the new inequalities from Theorem 4 to Theorem 7 are better improved by the
conclusions from Theorem 8 to Theorem 11.

4. Entropy upper bounds
As the consistent work we present new upper bounds for the Shannon’s entropy.

THEOREM 12.

n—1 =20 Puy n—1
H(X)< — max log (1 - 2 Pu,) (pruz> - (25
i=1

Iy <pp<--<pp—1<n

Proof. Applying Theorem 2 with f(x) = —logx and x; = 1/p;, i =1,2,--+,n,
after some calculations in the last part of the inequalities we obtain the assertion. [

COROLLARY 1. If j €{2,3,---,n— 1} is determined, then

1-3,p L,
H(X)< — max log (#) (pr“’>

IS <pp<--<pjsn n—j

j Py j
<logn — max lo ; Pl
& 1<y <pp<-+<pj<n & (2{:117}%) <H
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Proof. Applying Theorem 3 with f(x) = —logx, x; = 1/p;, i =1,2,---.n, we
obtain the assertion. [

When j =n— 1, compared with the previous upper bound in Lemma 5, the new
upper bound in Theorem 4 is stronger.

COROLLARY 2. If ¢, v are defined as above, then

A I—¢—y
o < og foryr (125¥)

< logn - ["”‘)g(ﬁ ) Tyl g<¢2+wwﬂ |

Proof. Applying Theorem 3 with f(x) = —logx, x; = 1/p;, i=1,2,---.n; j=
2, py, = ¢, pu, = ¥, we obtain the assertion. []

Compared with the previous upper bound in Lemma 2, the new upper bound in
Corollary 2 is stronger.

Analogously, applying expressions (19), (20), (21), (22) with f(x) = —logx, x; =
1/pi, i =1,2,---,n, we obtain the new upper bounds for the Shannon’s entropy as
follows:

THEOREM 13.

Hp—1 Hi
I il n—1 i 1 PH,'71+1
H(X) <logn— max log Z_ll St ,
IS <pp<--<plp_y<n P il — Hi-1
(26)
where Uy =0
REMARK 2. If y; =i, 1 <i<n—1,then the expression (26) is exactly (6).
THEOREM 14.
plivi!
1 _ 1n—1 PIJH~1 1 Hi
H(X) <logn— max log u H ,
IS <pp<--<Up—1<n Pﬁl i—1 .Uz+1 Hi
(27)
where U, =n+1.
REMARK 3. If y; =i+ 1, 1 <i<n—1,then the expression (27) is exactly (6).
THEOREM 15.
P P! 1 Pﬂ B! +1
My +tin— ! Hi—1
H(X)< — max log (”"71“) H Mt ;
Ly <pp<--<pp—1<n n— Uy i1 —Hi—1
(28)

where gy = 0.
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REMARK 4. If y; =i, 1 <i<n—1,then the expression (28) is exactly (25).

THEOREM 16.

=l Hipq—1
Pul—l L Pl~l_i+1—1 Py,
1

— , (29)
1< <y < <fly 1 <n w—1 1\ Mit1 — W

where [, =n—+1.

REMARK 5. If y; =i+ 1, 1 <i<n—1,then the expression (29) is exactly (25).
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