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GENERAL THEOREMS ON EXPONENTIAL AND ROSENTHAL’S
INEQUALITIES AND ON COMPLETE CONVERGENCE

ISTVAN FAZEKAS, SANDOR PECSORA AND BETTINA PORVAZSNYIK

(Communicated by Z. S. Szewczak)

Abstract. Exponential inequalities are obtained under general conditions. Then it is shown that
an exponential inequality implies both Rosenthal’s inequality and complete convergence of sums
of random variables. The general results are applied to weakly orthant dependent sequences.

1. Introduction

Analysing the proofs of asymptotic results for independent random variables (r.v.’s)
one can see that certain exponential relations play fundamental role. Similar observa-
tion is true for some weakly dependent sequences of r.v.’s. It leads to the following
definition. The r.v.’s X1,X>,...,X, are called acceptable if

n
EeZm1 4% < TR (1.1)
i=1

for any real number A, see [1]. Then exponential inequalities and complete conver-
gence theorems were obtained for acceptable sequences, furthermore some versions of
the notion of acceptability were introduced, see e.g. [22] and [28].

In this paper we shall show that an appropriate version of inequality (1.1) im-
plies an exponential inequality. Then the exponential inequality implies a Rosenthal’s
inequality. Moreover, the exponential inequality implies immediately complete con-
vergence. We emphasize that to obtain the above results no additional dependence
conditions are needed. Then our general theorems will be applied to weakly orthant
dependent sequences.

Our main aim is to obtain general theorems and to point out the general features of
methods of proofs. The same approach inspired the paper [8] where a general method
was described to obtain Strong Laws of Large Numbers (SLLN). In that paper it was
proved that a Hijek-Rényi type maximal inequality is always a consequence of an ap-
propriate Kolmogorov type maximal inequality. Moreover, the Hijek-Rényi type max-
imal inequality immediately implies the SLLN. The benefit of that result was that no
restriction was assumed on the dependence structure of the random variables. Then the

Mathematics subject classification (2010): 60F15, 60G50.
Keywords and phrases: Exponential inequality, Rosenthal’s inequality, strong law of large numbers,
complete convergence, acceptable random variables, weakly orthant dependent sequences.

© depay, Zagreb 433

Paper IMI-12-32


http://dx.doi.org/10.7153/jmi-2018-12-32

434 I. FAZEKAS, S. PECSORA AND B. PORVAZSNYIK

results of [8] were widely applied for dependent r.v.’s (see the list in the review paper
[7D).

In Section 2 of this paper exponential inequalities are studied. It is well-known that
exponential inequalities played important role to obtain asymptotic results for sums in-
dependent r.v.’s. Classical exponential inequalities were obtained e.g. by Bernstein,
Kolmogorov, Fuk and Nagaev (see the monographs [20], [23] and the paper [11]). Ex-
ponential bounds are used to prove the law of the iterated logarithm (see [14], [23]). Ex-
ponential inequalities were obtained also for dependent r.v.’s, e.g., in [4] for negatively
associated, in [12] for negatively orthant dependent, in [29] for extended negatively
orthant dependent r.v.’s. In [22] exponential inequalities were obtained for acceptable
random variables and using them complete convergence results were proved. In our
paper we shall assume the acceptability of the truncated r.v.’s, therefore our Theorem
2.1 and the results in [22] are different.

Section 3 is devoted to Rosenthal’s inequality. Rosenthal’s inequality plays an
important role in the theory of independent r.v.’s. There are several methods to prove
it (see, e.g., [14], [20], [19]). Rosenthal’s inequality is true under weak dependence
conditions like mixing (e.g. [9]) or negative dependence (e.g. [12], [30]). In this pa-
per we shall prove that a general exponential inequality implies a Rosenthal inequality
(Theorem 3.1).

In Section 4 complete convergence is studied. For independent identically dis-
tributed r.v.’s Kolmogorov’s SLLN is one of the most important results of probability
theory. The complete convergence in Kolmogorov’s SLLN was proven by [16] and [5].
More general rate of convergence was obtained by Baum and Katz in [2]. The classical
results of Baum and Katz were extended to arrays of independent dominated r.v.’s by
[17]. The weakly mean dominated case was considered by Gut in [13]. Gut’s results
were extended to vector valued case in [6].

There is a vast literature of extensions of Baum-Katz type results to dependent ran-
dom variables e.g. in [21] o -mixing, in [29] and in [30] extended negatively dependent,
in [27] widely orthant dependent r.v.’s were considered.

In Section 4 of this paper, we want to give some general conditions for Baum-Katz
type results. We show that an exponential inequality for the truncated and centered r.v.’s
implies the Baum-Katz type convergence rate (Theorem 4.1). We prove our result for
sequences of weakly mean dominated r.v.’s. We underline that we do not assume any
restriction on the dependence structure of the r.v.’s.

In Section 5 widely orthant dependent (WOD) sequences are considered. This
notion was introduced in [25]. It is known that extended negatively orthant dependent
sequences, negatively orthant dependent sequences, negatively superadditive depen-
dent sequences, negatively associated and independent sequences are WOD, see [27].
In Section 5, first we compare the notions of WOD sequence and widely acceptable
sequence. It is known that a WOD sequence satisfies equation (2.1) so it is widely ac-
ceptable. On the other hand, our Example 5.1 shows that the class of widely acceptable
r.v.’s is larger than the class of WOD r.v.’s. Therefore our results on widely acceptable
sequences are more general than former results on WOD sequences. In the remaining
part of Section 5 consequences of our general results are listed. Therefore we obtain
exponential inequality (Theorem 5.1), Hoeffding’s inequality (Theorem 5.2), Rosen-
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thal’s inequality (Theorem 5.3) and complete convergence (Theorem 5.4) for WOD
sequences.

2. Exponential inequalities

Let d > 0 be a real number, and let £ be a random variable (r.v.). Throughout the
paper
& = min{&.d}

will denote the r.v. truncated from above.

For a sequence of .v.’s 11, M2, ..., N, we shall consider the condition
n
EeZm1 4 g(n) [[Ee 2.1)
i=1

where 0 < g(n) < eo. If condition (2.1) is satisfied for all A € R and for all n, then the
sequence 11,12, . .. is called widely acceptable, see [28]. If g(n) = 1, then we are at the
notion of acceptable r.v.’s ([1], [22]). If (2.1) is true for 1y, M2,..., Ny, then it remains
true for ny —ay, M —ay,..., Ny — a, for any real numbers ay,...,a,, in particular it
remains true for ny —Eny, 2 —Ena,...,n, — En,. If we assume condition (2.1) for
positive values of A and for the appropriately truncated r.v’s, then we shall obtain a
one-sided exponential inequality. If we assume condition (2.1) both for positive and
negative values of A, then shall we obtain a two-sided exponential inequality.

The following type exponential inequality was obtained for negatively orthant de-
pendentr.v.’s in Lemma 3 of [12] and for extended negatively dependentr.v.’s in Lemma
1.2 of [29].

THEOREM 2.1. Let X1,X2,...,X, be a sequence of zero mean r.v.’s, d > 0. Let
Sy =2 Xi be the sum and B, =Y, IEXi2 be the sum of variances.

Assume that (2.1) is satisfied for n; = X9 i= 1,2,....,nand 0 < A < Ay. Then

1

for any x with 0 < x < (Bne?™ — B,)/d, we have

P(S, > x) <IP’<maxXi>d) +g(n)exp (f—i—gm <1+ﬁ)>. 2.2)

1<i<n B,

If (2.1) is satisfied both for m; =XV i=1,2,....n, and n; = (X)), i =
1,2,....n and 0 < A < Ao, then for any x with 0 < x < (B,e® — B, /d we have

P(|S,] > x) <IP<m X |X;] >d) +2g(n)exp (g I <1+’;—d>) L @3

1<i<n d n

Proof. The proof follows the classical ideas of [11] (see also [20]). The same

method was applied for the proofs of Lemma 3 in [12] and Lemma 1.2 in [29]. First we

(@)

prove (2.2). Let n; = X;"’, i = 1,2,...,n denote the truncated r.v.’s. As EX; =0, so
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En; <0. Let Fi(x) = P(X; < x) be the distribution function of X;. Algebraic calculation
and En; <0 gives

Bt = / ’ M AF(x) + P(X; > d)
- / 1 2)dE) + (A — 1 = Ad)P(X; > d) + 1 + AEn:
< /_N( S AR + (- 1 - AdPX; > d)+ 1
<1+ W;%“ (/_ixzdFi(x) +dPP(X > d))

Ad _ 1—
<1+ edizwzaxf <exp (TMEX ) 2.4)

Above we applied that the function f(r) = (e* — 1 — Ar)/r> in monotone increasing,
En? <EX? and 1+ < e'. Now, by (2.1) and (2.4),

o AR ZI AN “Ax An M _1-Ad
EeZic1 AN L g(n HEe i < g(n)exp —7Lx+TBn .25
i=1

The minimum of the function f(1) = —Ax+ %%MB,, isat A = (ln (1 + %)) /d.

We can choose this value of A because 0 < A < Ag is satisfied in view of condition
0 < x < (Bye®™ —B,)/d. Therefore the application of (2.1) is allowed for this A.

. Ad_j_
Moreover, we see that for this value of A we have “dileBn < f7. Therefore (2.5)

implies
n d
e MEZ1A  g(n)exp (3 — El ( a )) . (2.6)

By Markov’s inequality and (2.6)
P <2Xi(d) > x) =P (e’1 T e“) < e MR AT (2.7
i=1

d
<g(n)exp<§ :,1 (H—z ))

P(S, > x) S]P’(maxX > d) (ZXi(d) >x> ,

1<i<n

Now

therefore an application of (2.7) gives (2.2).
Now we turn to the proof of (2.3). If (2.1) is true for n; = (—X,-)(d), i=1,2,...,n
and 0 < A < Ag, then (2.7) is true for the r.v.’s —X|, —X3,...,—X,, too. Applying (2.7)



EXPONENTIAL AND ROSENTHAL’S INEQUALITIES 437

both for the r.v.’s X, X>,...,X, and the r.v.’s =X, —X5,...,—X,, we get

. S x(@ S (_x )@
IP(|Sn|>x)<IP<112%|XZ>d>+IP<ZXi >x>+IF><i=Zi( X;) >x>

i=1

xd
< . Z_Z
\P<11*1<1%|X,>d>+2g(n)exp<d dl ( Bn)>’

so we obtain (2.3). [

Now we turn to Hoeffding’s inequality. It was obtained for independent random
variables in [15]. Then it was extended to certain depended sequences. Our next theo-
rem is a version of Theorem 2.3 in [22], where acceptable r.v.’s were considered.

THEOREM 2.2. Let X1,X3,...,X, be a sequence of r.v.’s. Let S, = leXi be the

sum. Let the random variables be bounded, i.e. a; < X; < b; for i =1,2,...,n, where
a; and b; are real numbers. Assume that (2.1) is satisfied with n; = X;, i = 1,2,
and 0 < A < Ag. Then for any € with 0 < € < A"Zl 1 (bi —a;)?, we have
2¢?
P(S,—ES,>¢) < —_—— . 2.8
( n n 8) g(n)exp< :1 l(b a)2> ( )
Assume that (2.1) is satisfied for ; =X;, i=1,2,...,n and |A| < Ag. Then for any €
with 0 < & < %0 03" (bi—ai)?, we have
2¢?
P(|S, —ES,| > ¢€) <2g(n)exp S5 7 ) (2.9)
i= l(b ai )

Proof. We can follow the original proof given for independentr.v.’s (see [15], The-
orem 2). For acceptable r.v.’s an appropriate version of the original proof is described
in [22] (see the proof of Theorem 2.3 in [22]). O

Now we turn to the maximal version of Hoeffding’s inequality. We remark that in
[22] the maximal Hoeffding’s inequality for acceptable r.v.’s was not considered.

COROLLARY 2.1. Let X1,X»,...,X, be a sequence of r.v.’s. Assume that the ran-
dom variables are bounded, i.e. a; < X; < b; for i =1,2,...,n, where a; and b; are
real numbers. For k,l with 1 <k <1 <n denote by My, thefollowing maximum

J
My, = ,?2?} g —EX,) (2.10)
Assume that l
EeZi-i ™ < C[[ B @2.11)

i=k
forany 1 <k<l<nandany A €R. Let € > 0. Then for any 0 < d < | there exists
aCy= C1(5) such that

2e2(1-6)
P (Mk,l = 8) < 2CCrexp <—m> (2.12)

forany 1 <k<I<n.
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Proof. By (2.9) we have

l 282

Z —-EX;)
forany 1 <k <[<n.Here g(k,l) =Y. ,(b; —a;)? is a superadditive function. There-
fore Theorem 1 of [18] implies the desired result. [

3. Rosenthal’s inequality

We show that a general exponential inequality implies an appropriate Rosenthal
inequality.

HEOREM 3.1. Let X1,X3,...,X, be a sequence of zero mean rv.’s, let S, =
THEO 3.1. Let X1,X Xy b q s, let S
i1 Xi be their sum and B, be a sequence of positive numbers. Assume that

P (IS, > x) < I(n)P <1max X|>d>+h( )exp<§_§m (1+%>) 3.1)

is satisfied for any x >0 and d > 0 where 1(n) and h(n) are some real numbers. Then,
for p >0 we have

E[S,[” < Cil(n)E max |X;|” + Coh(n) B}, (3.2)

where C; = pP, C, = %plﬂ’/ze”B (5.%) are absolute constants with B(u,v) being the
beta function.

Proof. We shall use the classical method, see [20]. Apply (3.1) with d = x/p.
Then we obtain

E|Sn\1’:/ PP(IS,] = X~ dx
0

o oo 2\ P
< p—1 P X p—1
< / pl(n)P <1n<11a<xn |X;| > p)x dx+/ ph(n)e (1 —|-an> xP~hdx

= 1(n)p"E max [X;1" + h(n ) 1+p/2 I’B(I; ’2’)31’/2

. . . . 2
where in the last step we changed the variable in the second integral as r = ;T and

B(u,v) is the beta function

1 oo
B(u,v):/ t"_l(l—t)"_ldt:/ AN+, w>0,v>0. O
0 0

REMARK 3.1. Let X;,X>,...,X, beasequence of zeromeanr.v.’s,let S, =Y | X;
be their sum and B, =Y | IEXI-2 be the sum of variances. Assume that (2.1) is satisfied

both for ni:X-(d), i=1,2,...,n and for n; = (—X,-)(d), i=1,2,....n forany A >0

1

and d > 0. Then Theorem 2.1 and inequality (3.2) imply
E[S,|” < CiE max [Xi[? +2Cag(n)B}, (3.3)

where p > 0.



EXPONENTIAL AND ROSENTHAL’S INEQUALITIES 439

We remark that in [24] it was proved that Marcinkiewicz-Zygmund and Rosenthal
inequalities imply complete moment convergence. Moreover, in [26] it was shown that
a Rosenthal inequality implies complete convergence and complete moment conver-
gence.

4. Complete convergence

In this section we shall show that a general exponential inequality implies a Baum-
Katz type theorem.

Let Y,,i=1,2,..., be a sequence of random variables. We say that this sequence
is weakly mean dominated (wmd) by the r.v. Y, if

1 n
=2 P(Y| > 1) <CP([Y|>1) (4.1)
i=1

forallt >0 and n=1,2,... (see [13]).
We shall often use the following technical lemma (see [6]).

LEMMA 4.1. Let the sequence Yy, i = 1,2,... be weakly mean dominated by the
rv. Y. Let t >0 be fixed. Let f:[0,00) — [0,00) be a strictly increasing unbounded
Sunction with f(0) =0. Then

1 n
;ZEIYil < CEJY|; (4.2)
i=1

the sequence f(|Y,|), i =1,2,... is weakly mean dominated by the r.v. f(|Y]); the
truncated sequence |Yn|(’), i=1,2,... is weakly mean dominated by the truncated r.v.
| Y‘(l) :

1 n
= 2 EINI{[Y| > 1} <CEY|T{[Y|>1}. (4.3)
i=1
Given ar.v. X and a positive number 7, we shall use the following truncated r.v.

X0 = X < =} + XT{|X| <t} +101{X >1}. (4.4)
Here I denotes the indicator function of a set.
THEOREM 4.1. Let X,Xs,... be a sequence of rv.’s, let S, = Y X; be their

partial sum. Let 0 < p <2 andlet o be a positive number. Assume that the exponential
inequality is satisfied for the truncated and centered r.v.’s, that is

P ( > x) 4.5)
XV —EX"Y|>d) +g(n)exp T I+ xd
! ! d d B,

. L\ 2
forallt >0, x>0, d>0and n=1,2,..., where B, =Y} |E <Xl-(t) —IEX;”)
Assume that g(.) is regularly varying with exponent r, where 0 <r < a.(2— p). Assume

n

Y (Xi(f) _ IEX}”)

i=1

<P<mw

1<i<n



440 I. FAZEKAS, S. PECSORA AND B. PORVAZSNYIK

that Xy, X, ... is weakly mean dominated by the r.v. X for which E|X|Pg(|X|"/*) < o.
If 0 < p <1, then assume ap > 1. If 1 < p <2, then assume ap > 1 and EX; =0
forall i. Then we have

S nP 2P ([S,| > en®) < oo

n=1

Proof. For simplicity, denote X, = X; €n%/4) Now we have

oo o
S 0P (|S,] > en”) < Zna” 221? <X| > —)
n=1

+2n0617 2}}])(
+2n°‘1’ 2]1(

say. Using the (wmd) assumption, we have

1 <C2na’71P<X >T
n=1

et Fe (5 << 1)
_CZIP<T<X i )Z ap-1
)

i - EX;,)

1

- en®
2

o
) =A|+Ay+ A3,

:

I1l
I1l

OC
<CZzO‘P]P>< 7 <|x| < < CE[X|P < .
We have
n
=n %) EX;,
i=1
z en® sno‘ en® en® en%
=n ¢ ——P — EXI|X] < — —P{X; > — .
B (e b < e 1)

If p > 1, then using that EX; = 0, the (wmd) assumption and Lemma 4.1, we obtain

O( o
V< 0‘2<1EX|]1{X> }+%P{Xi|>%}>
=1

1 n o o
< 2n %~ 2E|X,-H{|X,- > %} < CnlO‘IE|X|]I{|X| > %}
iz

X p—1 n® o
< Cn'™ “E\X\' ' {x>—}ZCnl—apExpu{x>%}_>o,

4
as n — oo, because E|X|P < o and op > 1.
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If p < 1, then using the (wmd) assumption and Lemma 4.1, we obtain

P n% en”
V< 2 E|X:|T{ |X:| < +—IP> \X|>T
i=1
o o o
< Cnl—“EXH{|X| < %} +Cn1_“£%IP{|X| > %}

I-a x|~ en’ E|X|P

£ o
< CnlO‘I’E|X|1’]I{IX| < %} +Cn'"PE|X|P — 0
as n — oo because E|X|?” < eo and ap > 1 in this case. Therefore
— n / &€
%Y EX| < 7 (4.6)

if n > n,. Therefore A3 < . Applying equation (4.5) with d = x = en*/2 and using
notation B, = ¥/ E(X/, — EX/,)*, we obtain

n £ o

E(Xéz —-EX,,)| > L)

i=1 2

Ay = 2 n®r=2p (
n=1
o _ )
< op—2 . ap—2 X X xd .
\ngln P<1n<l?xn| EXm|>d)+n§1n g(n)exp(d dln 1+Bn

Here the first term is zero. So

- _ 1
A < Znap 2g(n) — \Cznap 2— 2ocg( )Bn
n=1 I+5 B, n=1

< CY nr () S R(X,,)?.
i=1

n=1

8

Using (wmd) assumption, by Lemma 4.1, we obtain Y7 E(X))? < nE(X’)?. So we

have
& i en®\ 2 en®
2 SC Y P 172%(n) (T) P<X > T)
(X

n=1

+cin“l’—1—2“ (n)E (XZ]I{X T}) =B +B>.

n=1

We have

= n i+ 1)\ [e(i+1)*\?
< oap—1 20( (l+
B < cgln 21@( < X| < 7 7
oo 104 . 1 o . 1 o 2 oo
<C2P<%<|X|< S(Z-Z ) )(8(14‘-l ) ) S 12 ().
i=0

n=i+1
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Now, using known properties of regularly varying functions (see [3], pp. 26-27)
we obtain

00 1/a
B, <CYi%g(i)P <i< <4TX> <i+t 1) < CE|X|Pg (\X\W) <

i=0

Similarly, we have

C op— l X o
3 ner- e (x> 5 )
o L)
= Cznapflg(n)zlp (i < \X\ < M)
n=1 i=n 4 4
- ei* l—|— 1)
<CYPl—<|X ar-le
(5 << 25 3
Now, using again properties of regularly varying functions (see [3], pp. 26-27)

oo 4lx /o
B < CY i®g(i)P <z<< 8) <i+1> <C1E\X\Pg(\x\1/a)<oo. O

i=0
5. Widely orthant dependent sequences of r.v.’s

The sequence of r.v.’s X1,X>,... is called widely orthant dependent (WOD) if for

any positive integer n there exists a finite g(n) so that for any real numbers xj,...,x,
we have .
P(X) > x1,X0 > x2,..., X, > x,) < g(n) HP(Xi > X;) 5.1
i=1
and .
P(X; <x1,X2 <x2,..., X <) < g(n) [[P(X < i), (5.2)

see [25]. It is known that extended negatively orthant dependent sequences, negatively
orthant dependent sequences, negatively superadditive dependent sequences, negatively
associated, and independent sequences are WOD, see [27]. In [27] exponential inequal-
ities and complete convergence theorems were proved for WOD sequences.

In this section, first we compare the notions of WOD sequence and widely accept-
able sequence. If X1,X>,... isa WOD sequence, then it is known that

EeZi-1 4%  g(n HEe“ (5.3)

for any real number A. Recall that X;,X>,... are called widely acceptable it they sat-
isfy equation (5.3). So if a sequence of r.v.’s is WOD, then it is widely acceptable with
the same multiplier sequence g(n). We shall give an example to show that the reverse
statement is not true. Our Example 5.1 shows that the class of widely acceptable r.v.’s
is larger than the class of WOD r.v.’s assuming the same multiplier sequence g(n). In



EXPONENTIAL AND ROSENTHAL’S INEQUALITIES 443

order to show it we shall use an example which can be considered as a discrete coun-
terpart of the example given in [22]. That example is based on Feller’s counterexample
(see problem III/1 in [10]).

EXAMPLE 5.1. Let X and Y be discrete r.v.’s with the following joint distribution

PX=0Y=0)=1, PX=0Y=1)=32, PX=0Y=2)=0,
PX=1Y=0=% PX=1LY=1)=%, PX=1Y=2)=3%,

PX=2Y=0)=2, P(X=2Y=1)=L PX=2Y=2=%L

16’ 16’

We see that X and Y are not independent, but the distribution of X +Y is the same as
the convolution of the distribution of X and the distribution of Y . Therefore

Ee*XHY) = EAXEAY

However, by direct calculation,

PX <u,Y <v) <gPX <u)P(Y <) (5.4)
and
P(X > u,Y >v) < gP(X > u)P(Y >v) (5.5)
are not satisfied for g = 1. For example,
1 4 3 4
PX>0Y>1l)=—-==--—==-PX>0)P(Y >1).
(X 0.7 > 1) = 3 = 320 = ZP(X > (Y > 1)

We can see that the smallest constant which satisfies the above two inequalities (5.4) -
(5.5) is g =4/3. Now, let the two-dimensional r.v.’s (X1,X2), (X3,X4), (Xs5,X6),... be
independent copies of (X,Y). Then inequality (5.3) is satisfied with g(n) = 1 while
(5.1) and (5.2) are satisfied with g(n) = (4/3)"/2. So we can obtain sharper result if we
use inequality (5.3) directly.

In the remaining part of this section we shall apply the results of the previous
sections for WOD sequences. To this end first we list a few known facts on WOD
sequences. If X1,X5,... is a WOD sequence and the real functions fi, f»,... are either
all non-decreasing or all non-increasing, then the sequence fi(X;), f>(X2),... is also

WOD. In particular, the truncated sequence Xl( ),Xz( )7 . is WOD.

THEOREM 5.1. Let X1,X5,...,X, be a sequence of zero mean WOD r.v.’s. Let
Sy = 3"\ X; be the sum and B, = ¥ EX? be the sum of variances. Then for d >0
and x > 0 we have

X X xd
< _— — —
IF’(Sn>x)\IF’<1n<1?<XnX >d) g(n )exp(d d1n<1+Bn)> (5.6)

and

X X xd
< : o2z =)). .
IP(|Sn|>x)\IF’<ln<1?<anl|>d)+2g(n)exp<d d1n<l+B,,>) (5.7)
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Proof. 1t is a simple consequence of Theorem 2.1 and inequality (5.3). We re-
mark that (5.7) is a special case of Lemma 2.2 in [27], where no detailed proof was
presented. [J

Now we turn to Hoeffding’s inequality for WOD sequences.
THEOREM 5.2. Let X1,X»,...,X, be a WOD sequence of rv.’s. Let S, =Y | X;

be the sum. Let the random variables be bounded, i.e. a; < X; < b; for i=1,2,...,n,
where a; and b; are real numbers. Let € > 0. Then we have

2¢?
P (S, ~ES, > €) < e ) .
(S Sy, > €) g(n)exp( ?1(bi—ai)2> (5.8)
P(|S, — ES,| > €) < 2g(n)ex 2¢” (5.9)

Let My the maximum defined by (2.10). Assume that (5.1) and (5.2) are satisfied with
g(n) =C. Then for any 0 < 6 < 1 there exists a C; = C|(8) such that

2e2(1-6)

forany 1 <k<Il<n.

Proof. 1t is a simple consequence of Theorem 2.2, Corollary 2.1 and inequality
(5.3). O

Now we turn to the Rosenthal inequality for WOD sequences.

THEOREM 5.3. Let X1,X>,..., X, be a WOD sequence of zero mean r.v.’s, let S, =
S\ X; be their sum and B, = Y| EX?. Then, for p >0 we have

E[S,|” < CiE max |Xi|? +Cog(n)BY, (5.11)

where C| and C, are absolute constants.

Proof. Ttis a simple consequence of Remark 3.1 and inequality (5.3). U

The following complete convergence theorem is a version of Corollary 3.2 of [27].

THEOREM 5.4. Let X1,Xa,... be a WOD sequence of rv.’s, let S, =3 | X; be
their partial sum. Let 0 < p <2 and let o be a positive number. Assume that g(.) is
regularly varying with exponent r, where 0 < r < a/(2 — p). Assume that X1,X5, ... is
weakly mean dominated by the r.v. X for which E|X|Pg(|X|"/%) < eo. If 0 < p < 1,
then assume op > 1. If 1 < p <2, then assume op > 1 and EX; =0 forall i. Then
we have

2P (|S,] > en®) < oo,
=1

Proof. 1t is a simple consequence of Theorems 4.1 and 5.1. [
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