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IMPROVEMENTS OF GENERALIZED HOLDER’S
INEQUALITIES AND THEIR APPLICATIONS
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(Communicated by J. Pecaric)

Abstract. In this paper, we present some new improvements of generalized Holder’s inequalities,
and then we obtain a new refinement of Minkowski inequality. Moreover, the obtained results
are used to improve Chung’s inequality and Beckenbach-type inequality proposed by Wang.

1. Introduction

The classical Holder inequality states that if @ > 0, by >0 (k=1,2,---,n),
p=qg>1, I%—l—é:l,then

n n % n %
Y axby < <2a§) (2192) . (D)
k=1 k=1 k=1

The sign of inequality (1) is reversed for p < 0. (For p < 0, we assume that ay,b; >
0.) Holder’s inequality is of cardinal importance in mathematical analysis and in the
field of applied mathematics. Due to the importance of Holder’s inequality (1), it has
received considerable attention by many authors, and has motivated a large number
of research papers giving it various generalizations, improvements and applications
(e.g. [1,2,3,7,9,10, 11, 12, 13, 14, 15, 18, 19, 20, 21, 22, 23]). Among various
generalizations of (1), Vasi¢ and Pecari¢ in [16] presented the following interesting
theorem.

THEOREM A. Let A;; >0 (i=1,2,---,n, j=1,2,---.m).
(@)If Bj =0, andif 7 B; > 1, then

n m m

_ n B
ST147 <11 (ZAz-j) ~ @)
i=1

i=1j=1 j=1
(b)If B; <O(j=1,2,---,m), then

n

m ) m n ﬁj
> I147 =11 (ZAz-j) : 3)
j=1 \i=1

i=1j=1
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(c)If B1 >0, B;<0 (j=2,3,---,m), andsz’” 1B <1, then

Y1142 =11 (EAU) ~ )

i=1j=1 j=1
The above inequalities are called as generalized Holder’s inequalities.

The main objective of this paper is to establish some new improvements of in-
equalities (1)—(4), and their applications. The rest of this paper is organized as follows.
In Section 2, we present a series of sharpened versions of inequalities (1)—(4). And then
we obtain a new refinement of Minkowski inequality. In Section 3, we apply the results
to improve Chung’s inequality and Beckenbach-type inequality proposed by Wang.

2. Improvements of generalized Holder’s inequalities
We begin this section with four lemmas, which will be used in the sequel.

LEMMA 2.1. Let 0< Xi; <1 (i=1,2,--.m, j=1,2,--.m), m>2, let A >
Mh>=...=>2A, >0, Z;"zl )LL > 1 such that 1— ;’ZIXZ-);j >0, and let Xipny1) = Xi,
]
Ams1 = A1. Then

1

H(l—z){”)ll%iﬁxﬁgﬁ[l—(é ZX flflﬂl". (5)

j=1 i=1j=1 j=1

Proof. From the hypotheses of Lemma 2.1, it is easy to see that

1 1 1
— = Z...z2—2=2-—>0,
A 1 2 1
and | |
>0 (j=12,....m—1
241 2/1,- Y m=1)
. 1 1 1 1 1 1 1
Noting that (m — )+ 7 + 2)“ + (T3_ m) +ﬂ 7 et (m— —21’”71)4‘

+ 5+
;4_;4_(#_ )+ ok + 50 = &+ 4 +...4 5= > 1, from the inequalit
Dot V2 T\ ) TN 2/1 AT T T o quality
(2), we get

24 L
m 2 n )L 7
- (3x-2xin) |7
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M [(-Ext) £ (-2 £t
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A (Bat) " (-£) " () ™)

1

=TT |0 ™ (et ) % () P2

<

o _le 7 (x M V2 (i ujﬁ_ﬁj
+1 (%)) (X0 ™ (X00)

n l 2 n m
(l—le.;) T+ X% (©)
i=1 '
and then (5) follows. The proof of Lemma 2.1 is completed. [J

LEMMA 2.2. Let X;; > 1 (i=1,2,---,n, j=1,2,---m), m>2,let Ay < <
< A <0 such that 1 — leXi}JL-'f >0, and let Xi(11) = Xin, Ami1 = A1. Then

f1(-5)" Efbos fi[- (B-p) ] o

Proof. By the same method as in Lemma 2.1, and using inequality (3), we can
deduce the desired inequality (7). O

LEMMA 2.3. Let 0 < X, <1, X;; > 1 (i:1 2,--on, j=1,2,--- m—1), m>
2,let 4, >0, 1 <A <...<,_1 <0, Zj IA <1 such that 1 — ?lei);j>O,and
let Xi(m+1) =X, x’erl = 2,1. Then

(8 b (B g0)]" o

j=1 i=1j=1 j=1 '

Proof. In view of the assumptions in Lemma 2.3, we have

—_
[a—

1

1 1
— >0, < <...<—<—<0
A’m m—1 2fm72 AQ A'l
and 1 1 1 1
<0 (j=23,...m—1), ————">0.
2&] 22,1',1 (] " ) Afm 2A,m,1 ~

Consequently, according to ﬁ + ﬁ + (ﬁ 2 ) + 212 + 2/12 + (32— 71)

+
1 1 1 1 1 1 1 1
-t 227!172 + 227!172 + (2A’m71 B 22’m72) + 2}"mfl + 2)Lfm—l + (A’m Z)L,” ) + 1 )Ll +




%2 +.o+ )% 1, by using inequality (4), we obtain
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z Aj l+1 21]
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The proof of Lemma 2.3 is completed. [J
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LEMMA 2.4. [5] If x> —1, a>1 or o <0, then
(14+x)%> 1+ ax. (10)
The inequality is reversed for 0 < o < 1.

Next, we present new improvements of inequalities (2), (3) and (4).

THEOREM 2.5. Let A;j >0 (i=1,2,---,n, j=1,2,---,m), let s be any given
natural number (1 < s < n), and let m > 2 i1 = A1, Ajar) = Air-
(a)If A = Ay >, >0, ZJ ”L > 1, then

Aj

A 1
L m AT At 295
i\ A; H sj (/+l) J

=1 21 AL zk 1A k(j+1)

< ﬁ (ﬁAgf)%y (11)

(b)If ) < < A <0, then
¢ s (B o (At 7%

i s s J
znw[n@m P (G o) ]
i=1j=1 j=1 =l j=1 zk:IAkj Y- IA k(j+1)

o AN
>T1(XA7)" (12)

(I A >0, M <A <. <A1 <0, and if 37 % 1, then

A; A'+l 1
n m m n l 1 — AJ A'/. 1 25
Sia= [(3a)" T - (52 -2 ) |7
i=1j=1 j=1 ti=1 =1 i 1Ak, S lA k(j+1)

> ﬁ (Za8)". (13)

Proof. (a). For any given natural number s (1 < s < n), from the following sub-
stitution:

A 1
Al 7;
Xij = (—’J (i=1,2,,n, j=12,--,m), (14)
ZZZIA;J
we have N
0<Xj<l, 1— > X/>0.

1<i<n,  i#s
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Consequently, by using the substitution (14) and inequality (5), we find

m AZ)L/ m Aij
me- s (257 s (=)
j=1 1<i<n,i#s zk:IAk;' 1<i<n,i#s \ j=1 (ZZZIA](.]{) Aj

P‘,__

A A1 1

AL () 5 () e
=1 I<isnizs N A}/ I<isnits NXg A ﬁfrl)
and then we obtain
H;"LlAvj 21<z<n L#SHT lAij
0 (SEal)? T (554

A; j+1 1
m A Al o
<II [1—< L ) ] . (16)

zzzlAkj Py 1A JH +1)
which implies

N " A Ajt 1
i1 (Hj—lAU) lm—I { ( Ag A (Jj++1) )2] 2% (a7
T (e 1Ak1) = e 1Ak! Y ]ﬁrl)

So, the desired inequality (11) is valid.

(b). In view of
lj 1

A %
Xij = 71/1) T >1
zZ:lAk;’
forall ; <0 (j=1,2,---,m), and

- Y xVso,

1<i<n, i#s

using similar reasoning as in Case (a), but applying Lemma 2.2 in place of Lemma 2.1,
we immediately obtain inequality (12).
(c). Noting that

0<Xim: iﬂ) <l7 XU: 7& > 1
24k lAkm ZZ:IAI{;

for A, >0, 41 <A <...<A4,-1<0,and

- ¥ xY>o,

1<i<n,i#s
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making the similar methods as in Case (a), but using Lemma 2.3 in place of Lemma
2.1, we get inequality (13).
The proof of Theorem 2.5 is completed. [J

Letting s=1in (11), (12) and (13), respectively, we obtain the following corollary.

COROLLARY 2.6. Let A;; >0 (i=1,2,---,n, j=1,2,---,m), let m > 2, and
let Apy1 =41, A 1m+1) =Aij.
(a)If M > .../km>0,andifz % 1, then
A A1 1
1§' B A1Ej+1) 2%

140 < |11

i=1j=1

i\
b
>
N

-
_ 1
X
3
r
—
|
N
b

A:
n J /+1
ZI<=1Akj Zk IA k(j+1)

<T1(Za4)". as)

1 m A A)Ljirl 29 5
)b (g

n A
YAy XiaA Jﬁrl)
> H(EAU> J | (19)
()If A >0, Ly <A <o <A1 <0, TT 1% 1, then

Aj Ajt1

1
nom m L }% mt Alj' Alf/*‘l) ’ 2
ZHA”Z [H(ZAU/> j ' 1-— - J;L/._ Ajt1
i=1j=1 j=1 "i=1 Jj=1 2k=1Ak:/' zk lA ./+1)
nor aNT
> (2 Aij.f) J | (20)
j=1 i=1
In particular, putting m =2, s=1, Ay =p, 2 =q, Aiy = a;, App = b; in Corollary

2.6, we have the new improvements of Holder’s 1nequahty as follows.

COROLLARY 2.7. Let a; > 0,b; >0(i=1,2,---,n). If p>¢g>0, -+

then

)

o b\ a b\
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1 1 1
> 7 P b4 295
() () ()]
<zzi l gi l Sia ZZ=1bZ
noONT /A N
< (24’) (217?) | @1

If p<0, g>0, ;—7+$=1,then

i i P ’ i q g ay LAY ﬁ
a;b; > < a-) < b-) [1 — < — = ) ] . (22)
i=1 a8 g Ekzlai 2k=1bz

Moreover, from Corollary 2.7, we get the following refinement of Minkowski in-
equality.

COROLLARY 2.8. Let a; >0, by >0 (k=1,2,---,n).
(I)If p> 1, then

L& NP (@l (e +br)P )2
2 (;Z‘lak> (2?1“? i (ax+bi)P
AN (a1+b1)? )2

- 20 L - . (23
2(};1 k) (22:1% i1 (ax +Dby)P 3

(INIfO0<p<1,then

1/p 1/p

[Z ar+by)?

k=1

A5 (5)" (- gy

Sio1q  Xgoy(ax+be)?

1—p<" p>1/1’< bY (a1 +b1)P )2
+— b — . 24
2p ; k Sio by Xioi(ax+by)P )

Proof. (I). For p > 1, we write

M=

7

(ax +by)? Zak (ak +bp)P~ 1+Zbk (ax +bp)P~

k=1 =
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and using inequality 21, we have
1 =1
n n P n 7
2 ax+by)? <Za) |:2(ak+bk)p]
k=1 k=1 k=1
1

x| 1— (a1 +b1)P )2 ?
2k:1“£ i1 (ax+by)P

p—1

+(ib”) [Saenr|”

bP (al+b1)p )2 2
s : 25
: l <2Z=1 by Yp(ap+bp)P (25)

Then, by using Lemma 2.4, we obtain

p—1

Sacsnr < (3a) [Srnr]”

=1
aj  (ai+by)? )2
Siovap iy (ax+by)P
p—1

S(30) [Sasnr]”

k=1
1 1 < bp (a1 +b1)p )2
2\ Y- 1bp Sic(a+b)r ) |

p=L

Dividing both sides by (¥}_, (ax+bx)?) 7, we obtain the desired inequality (23).
(II). For 0 < p < 1, by inequality (22) and in the same way, we obtained the

desired inequality (24). The proof of Corollary 2.8 is completed. [

N

3. Applications

In this section, we provide two applications of our new inequalities. Firstly, we
give here a refined and generalized version of Chung’s inequality.

The famous Chung inequality [6] states thatif ay > ay > ... > a, >0 and 2’;:1 aj <
S5 1bjfor k=1,2,...,n, then

(26)

M=
\Qw

) VA
S
<o

\
I
iR
<
I
iR
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THEOREM 3.1. Let a1 > ay > ... > a, > 0, and let Z’;Zlaj < Z];:lbj for k=
1,2,...,n. Then, for p > 1 we have

Sa<(80)-(g-sti) <30
j=1 j=1 nlap z’}:ll’? j:lj

Proof. From the hypotheses in Theorem 3.1 we find that

n n—1 | k n
P _ - p—1 .
S =3 (o -al) | ot B
j=1 k=1 Jj=1 j=1
n—1 h k n
P— p—1 .
< [(ak ak+1> )y bJ:| a2 b;
k=1 j=1 j=1

(28)

Il
M
Q
~.

L
ol
~

By using inequality (21), we have

S ($a) (50) [ (5% 5) ]
a b < at; bt 1— - - < . (29)
a0 \aY = Yia)  Xjo by

Hence, combining inequalities (28) and (29) yields inequality (27). The proof of
Theorem 3.1 is completed. [

Nextly, we present a new refinement of Beckenbach-type inequality proposed by
Wang. The famous Beckenbach inequality [4] has been generalized and refined in
several directions (e.g. [8]). In [17], Wang obtained an interesting Beckenbach-type
inequality as follows.

THEOREM B. Let f(x), g(x) be positive integrable functions defined on [0,T],
andlet a, b, ¢ be positive numbers. If p > q > 0, % + é =1, then

1

(a tefy (pl’(x)dx> ! _ (a—!— cly fp(x)dx> !
btcfl px)g(x)dx  b+cfl f(x)gx)dx

where @(x) = (ag(x))%.

(30)

THEOREM 3.2. Let f(x), g(x) be positive integrable functions defined on [0,T],
andlet a, b, ¢ be positive numbers. If p > q >0, %—i—é =1, then

(a+cff orxax)” _ (acfi frdx)”
btcf] p()gx)dx  btcfy fx)g(x)dx

1( a a rbl )2]
1—= —— , (31)
a+c fy f7(x)dx a rhitc ) gi(x)dx
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where @(x) = (aglgx)) ’

Proof. A simple calculation gives
1

(atelf oreax)” r :
e et~ (e ) o) G2

By using Holder’s inequality 1 and inequality 21 we get

b—i—c/OTf(x)g(x)dx < b—l—c(/()Tfp(x)dx) ’ (/()qu(x)dx>%
= a%(bafé)—kc(/onp(x)dX) v (/()qu(x)dx)i’

1 1
q

< <a+c/0Tf1’(x)dx)p <a%b‘1+c/0Tg‘1(x)dx)

-4 ik
‘ 1_< L ) . 63
atefo fP)AX  a pbae [ g9(x)dx

which implies

=21

<a5bq te /O ' gq(x)dx>

1

(a +eff f”(x)dx) !
bt el Fg0dx

<

1

a a_lg’bq 2|2
1_( L e ) (34)
a+cfy fPx)dx 4 Pbi+c [y g4(x)dx

Moreover, from Lemma 2.4 we have

_4 T q
(a qu—l—c/ gq(x)dx)
0

1

(a—l—chT fp(x)dx> !
S b—l—chTf(x)g(x)dx
4 2
x 1_l< « ek )] 35)
2\a+cfy fr(x)dx a_Fb‘I—l—chTg‘l(x)dx

Hence, combining inequalities (32) and (35) yields inequality (31). The proof of
Theorem 3.2 is completed. [
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