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THE DUAL ORLICZ-BRUNN-MINKOWSKI
INEQUALITY FOR CONCAVE FUNCTIONS

LIJUAN L1U

(Communicated by J. Pecari¢)

Abstract. In this paper, we define the Orlicz radial sum and dual Orlicz mixed quermassinte-
gral for concave functions, and then establish the dual Orlicz-Brunn-Minkowski inequality for
concave functions.

1. Introduction

Convex geometry analysis has made great achievement in Orlicz space (see, e.g.,
[4, 7-9, 13, 16, 25, 26, 29, 30, 32, 33, 36]). It is worth mentioning that the (dual)
Orlicz-Brunn-Minkowski theory is an extenuation of the (dual) Brunn-Minkowski the-
ory (see, e.g., [1-3, 5, 10, 11, 14, 15, 17, 21-24, 27, 31, 34, 35]). Recently, Zhu,
Zhou and Xu [32] defined an Orlicz radial sum for convex functions for star bodies,
and established the dual Orlicz-Brunn-Minkowski inequality for convex functions for
star bodies. Let ¢ : (0,4o0) — (0,+<0) be a convex and strictly decreasing function
such that limy_.. ¢ () =0, lim,_0 ¢ (¢) = o, and ¢(0) =eo. Let K and L be two star
bodies about the origin in R”. The Orlicz radial sum K —~F¢L of two star bodies K and
L is defined by

u u
Prcryu () =sup{r >0 ¢<p"t( )) +¢<po )) <o)} vues (L)
The case ¢(r) =t 7(p > 1) of the Orlicz radial sum is the L, harmonic radial sum
which was defined by Lutwak [20].

Zhu, Zhou and Xu [32] established the dual Orlicz-Brunn-Minkowski inequality
for convex functions.

THEOREM A. ([32]) If K and L are two star bodies about the origin in R", then

002 9((5ier5) ) () ) (12)
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with equality if and only if K and L are dilates.

In [18], Ludwig introduced two families of general affine surface areas. One fam-
ily of general affine surface areas is for concave functions, while the other is for convex
functions. Inspired by Ludwig’s work, in this paper, we will define an Orlicz radial sum
for concave functions. Let y : [0,+) — [0,+e0) be a concave and strictly increasing
function such that w(0) =0 and lim,_.. y(z) = . Let K and L be two star bodies
about the origin in R”. The Orlicz radial sum K —T—l,,L of two star bodies K and L is
defined by

: px (1) pr(u) -
%%Aw:mqmw:wGﬁ—)+wG7—><WU} ue s (1.3)
Let #* be the set of concave and strictly increasing functions y : [0, 4o0) —

[0,+c0) such that y(0) =0 and lim,_. () = eo. We will establish the following
dual Orlicz-Brunn-Minkowski inequality for concave functions.

THEOREM 1.1. Let K and L be two star bodies about the origin in R". If y €

V', then
vi<v((girn) ) v (Grs) ) (14

with equality if and only if K and L are dilates.

2. Notation and background material

The unit ball and its surface in R" are denoted by B and S"~!, respectively. We
write V(K) for the volume of a compact set K in R”. Let GL(n) denote the general
linear group of degree n. For A € GL(n) write A" for the transpose of A and A~ for
the inverse of the transpose of A. The absolute value of the determinant of A is denoted
by |A].

We say a sequence {y;} C ¥ is such that y; — yp € ¥, provided

lwi — wolr := Tg;(m(s)—ll/o(S)\ —0,

for every compact interval I € [0, ).
The radial function pg(u) : S"~! — [0,c0) of a compact star-shaped about the ori-
gin K € R" is defined, for u € st by

px(u) =max{A >0: Au€K}.

If px(-) is positive and continuous, then K is called a star body about the origin.

The set of star bodies about the origin in R" is denoted by .. Obviously, for K,L €
A

K C L pg(u) <pr(u), forallues™ ' (2.1)

Pk (u)

pr(u)

s >0, we have

If

is independent of u € §"~!, then we say star bodies K and L are dilates. If

psk (1) = spx(u), forallue st (2.2)
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More generally, for A € GL(n), we have
pax () = pg(A~'u), forallue s ' (2.3)
For K € .}, defined the real numbers Rx and rg by

Rx = max pg(u) and rg = min pg(u).
uesn—1 uest—1
Note that 0 < rg < Rg < oo, forall K € 7.
A sequence {K;} of star bodies is said to be convergent to K if

6([(17K> —>O7 as i — 9,

where §(K;,K) = max |p; () — i (1)
ueS—

Therefore, a sequence of star bodies K; converges to K if and only if the sequence
of radial function p(K;,-) converges uniformly to p(K,-) on §"~!.
For p#£0.If K,L € .} and a,b > 0 (not both 0), the L, radial sum a-K+,b-L
is defined by [©!
p _ p P n—1
pa'K;Pb'L(u) =apg(u)+bp; (u), Vue S" . (2.4)
Let K,L € . and 0 <i <n— 1, the dual L, mixed quermassintegral VNVW-(K ,L)
is defined by 8!
Wi(K¥pe-L) — Wi(K
i (KT pe L)~ W(K)

n—1ig ot S

W,i(K,L) =L

The dual L, mixed quermassintegral WW-(K ,L) has the following integral repre-
sentation 8]

WKL) == [ o wpf (wyds(a) (25)

By using the Holder inequality, we can obtain the dual L, Minkowski inequality
28 Let K,Le /7 and 0<i<n—1.1f0<p<n—i,then

n—i—p ~ P
n

Wy i(K,L) < Wi(K) 7 Wi(L)™, (2.6)

with equality if and only if K and L are dilates.

By using the Minkowski’s integral inequality, we can obtain the dual L, Brunn-
Minkowski inequality. Let K,L € %), 0<i<n—1land a,b>0. f 0<p<n—i,
then

Wila-KFpb- L) < aWi(K)m +bWi(L) 7, (2.7)
with equality if and only if K and L are dilates.

The cases p =1 of the dual L, Minkowski inequality and the dual L, Brunn-
Minkowski inequality were established by Lutwak [19].
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Suppose that u is a probability measure on a space X and g: X — I CR is a

U -intergrable function, where [ is a possibly infinite interval. Jessen’s inequality states
that if v : X — I C R is a concave function, then

[ wel)an) < v( [ sx)au). 23)

If y is strictly concave, equality holds if and only if g(x) is a constant for u-almost
all x € X, (see [12)).

3. Orlicz radial sum for concave functions

DEFINITION 3.1. Let K,L € . For a,b >0 and y € ¥+, define the Orlicz
radial sum a-K+yb- L of K and L by

Puiczypr () =inf{1>0: aw(pKT(”)) +bu/<th(u)> <y}, wes™. (1)

REMARK 3.1. The case y(¢) =t (0 < p < 1) of the Orlicz radial sum reduces
to L, radial sum.
By the assumption that y is strictly increasing and concave, the function

ey () v ()

is strictly decreasing and continuous on [0,e0). Thus, we have
LEMMA 3.1. Let K,L€ /) and ue S" ' If y € V', then
Px () pru)
ay (P52 +ow (%) =)
if and only if
Pa~K$Wb~L(“) =1

If K,L €./}, let R=max{Rg,R.} and r = min{rg,r.}. For a,b >0, let c =
a+b. Since y is continuous and strictly increasing on [0,0), hence the inverse y !
is also continuous and increasing on [0, o).

LEMMA 3.2. Let K,L € . If y € V', then

S Paktypr(t) <

Proof. Suppose u € $"~! and let pa'Kjrwb,L(u) =1. By Lemma 3.1 and the fact
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that y is strictly increasing on [0,e0), one can obtain that

L) (240

t

y(l) =ay

On the other hand, from Lemma 3.1, together with the concavity and the strictly
increasing on [0,0) of v, one can obtain that

;VELIZ - aj—b (pKt(u)> + a—l:—bl”(th(u))

S aj—bw(Rt_K> +af—bw<¥>

b
< W(wak_bRK+ mRL>

< W(E)

Thus we obtain

By using the same method in [32], we can prove the following Lemmas.

LEMMA 3.3. Let K,L € ./ and a,b > 0. If y € V', then for A € GL(n),

Ala-K+yb-L)=a-AK+yb-AL.
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Proof. For u € §"~', by (3.1) and (2.3)

PuakTybar(t) = inf{t >0: aw(;%,;(u)) +blll<p“f(”)> < l[/(l)}

= inf{t >0: aw(@) +bu/<pL(A;l”)> < 1;/(1)}
= pa'K-T-Wb'L(Ailw
= Patakiypr) ) O

~ LEMMA 3.4. Let K,L € S and a,b >0 (not both 0). If y € V", then a-
K+yb-Le 7.

Proof. Let u € §"!, for any subsequence {u;} C $"~! such that u; — ug as i —
o, we need to show

Pakypr(Ui) = PakT,pr(H0), as i— oo

Let p,.x7,p.. (ui) =1i. By Lemma 3.2, we have

Since K,L € .7}, it follows that 0 < rg < Rg <0, 0 <rp <Ry <eo. Thus, there
exist A, such that 0 < A < < U < o, for all i. To show that the bounded sequence
{ti} converges to p, k7., (1), We show that every convergent subsequence of {7}

converges to pa~K—T—,,,b~L(u0)' Denote an arbitrary convergent subsequence of {z;} by

{t;} as well, and suppose that for this subsequence #; — 1.
Itis clear that A < 7o < . From Lemma 3.1 and note the fact p, x 1 5., (i) = i,

we have
V() eov(E) v

i i

From the continuities of these functions Y, pg, pr and the fact #; — 7y, we have

W(M> +W(M) =y(1).

Io Io

By Lemma 3.1, it follows that p, k7, (#0) = fo. This means

pIZ'K-T-WbL(ui) - pa.K_T_Wb,L(u()).

Therefore, the continuity of p,. KTybL is proved and a - K I—Wb Lesy. O
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LEMMA 3.5. Let y € V" If K;,Li€ S} and K; — K € S, Li— L€ S, as
i — oo, then
a Kityb-Li—a-K+yb-L, asi— o
forall a and b.

Proof. We will show that, for u € "1,
Pa~K,-$Wb.L,-(”) - Pa.KTrvb.L(”)» as i— oo, (3.2)

Let pa-Kilthi(”) =1t;. We set R; = max{Rk,,Rr,} and r; = max{rg,rz,}. Then
Lemma 3.2 gives
g
vy SUES TT C
G I
Since K; — K € . and L; — L € ./}, it follows that Rx, — Rx < o, R, —
Ry <o and rg; — rg >0, r, — rp > 0. For the functions R = max{Rg,R.} and
r = min{rg,r.} are continuous, we have R; — R < oo and r; — r > 0. Thus, there
exist A, such that
0<A<U<eo, forall i (3.3)

To show that the bounded sequence {#;} converges to p, KJ?,,,;»L(”)’ we need to

show that every convergent subsequence of {7;} converges to p,,. Kl,,,hL(”)- Denote
an arbitrary convergent subsequence of {#;} by {#} as well, and suppose that for this
subsequence we have t; — fg. _ _

It is clear that A <17y < p. We set K; = ti’lKi and L; = ti’lL,-. Since K; — Ky,
L; — Ly and t; — 1y, it follows that K — Ky and L — Ly. From Lemma 3.3 and the
fact p, k7,51, () = ti, we have pu_l;i;;wb.zi(u) =1. Thatis

ap(pg. (1)) +bo(pz, (1)) = (1), forall i.
Since K; — Ky and L — Ly, together with the continuity of ¢, and (2.2), it

follows that
oo(2E2) g 242) g

By Lemma 3.1, we have
o= Pa.Klwb.L(”)~
This means
Pa.k;Tyb-L; (u) — pu.Kjr,,,h-L(u)'
The pointwise convergence (3.2) has been proved.

Next, we will show that the convergence (3.2) is uniform for any u € §"~!. As-
sume that p, .7 ;. does not converge uniformly to p, x7 - Then, there exists a

& > 0 such that, for i > Ny € N,

‘pa'K,--T-WbL,-(ui) _PaKle.L(”i)‘ 2 &o. (34)
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Since §"~! is compact, for some ug € "', there exists a subsequence {u;} C §"!
such that u; — up € "' as i — oo.

From Lemma 3.2, there exist an Ny € N and positive A, such that (3.3) holds
for i > Ny. Then, there exists a positive s such that

pa'K,--T-,,,bL,-(ui) — 50-

By (3.4), we have
|so — Pa.Klwb.L(uo)\ > 0.
This implies
80 7 Pak 1. (H0)- (3-5)

Let si = P,k 71, (u;). By Lemma 3.1, it follows that

w(pK"—(u")) +b¢(mi—w) =o(1).

i

i
Applying with the facts that K; — K,L; — L and s; — so, we have

a(p(pK(uO)> +b(p(pL(u0)> —o(1).

S0 S0

By Lemma 3.1 again, we have
S0 = pa~K7r,,,b~L(u0)'
This contradicts to (3.5). Therefore,
Pa.k;Tyb-1; — PakFybL
uniformly on $"~! and hence

a-Kityb-Li—a-K+tyb-L. O

LEMMA 3.6. Let w € ¥t . If a; — a,b; — b, as i — oo, then
a,-~K—T—Wb,--L—>a~K—T-l,,b-L, asi— oo
forall KL ¢ 7.
Proof. For u € $"~1 and K,L ¢~y , we will show that
Pk Ty L) = PaicTpr(4); aS i — o (3.6)
Let p, k7,50 (#) = ti- By Lemma 3.2, one can obtain that

r R




THE DUAL ORLICZ-BRUNN-MINKOWSKI INEQUALITY FOR CONCAVE FUNCTIONS 495

Since a; — a,b; — b and the facts that the functions C; = max{a;,b;} and ¢; = a; + b;
are continuous, we have C; — C and ¢; — ¢. Note that the inverse ¢! of ¢ is also
continuous and decreasing in (0,e0), there exist A, 1 such that 0 <A <#; < U < oo, for
all i. To show that the bounded sequence {;} converges to p, 7. (), we show that

every convergent subsequence of {7} converges to p, 7, (u). Denote an arbitrary

convergent subsequence of {#;} by {#;} as well, and suppose that for this subsequence
we have 1; — 1.
Itis clear that 0 <A <t < p. By Lemma 3.1 and the fact pa,-KJ?,,,b,-L(”) =t;, we

have

z<p<pK( )) +bi¢(th—@> =o(1).
Applying with the facts that a; — a,b; — b, t; — ty and the continuity of y, one can
obtain that

o) s10(24) =00
By Lemma 3.1, we have

10 = Pyktybrt)-
This means
Pa,-KTWb,-.L(”) - Pa~K$Wb~L(“)~

The pointwise convergence (3.6) has been proved.
Next, we will show that the convergence (3.6) is uniform for any u € §"~!. As-
sume that p, g7 ., does not converge uniformly to p, k7, ;- Then, there exists a

& > 0 such that, for i > Ny € N,
\Pa,-KTWb,-.L(”i) - Pa.Kl,,,b.L(“i” 2 bo. (3.7)

Since $"~! is compact, for ug € §"~!, there exists a subsequence {u;} C §"~! such
that u; — ug € "' as i — oo.
From Lemma 3.2, there exist an Ny € N and positive A, such that, for i > Ny,

0 < z’ g pa,”K-T-Wb,"L(ul‘) < u < .
Then, there exists a positive sg such that, for i > Ny,
pui-K:‘;Whi-L(ui) — 80-

By (3.7), it follows that
[50 = Puk 7 -2 (10)| = Bo-
This implies
80 7 Pak b1 (H0)- (3-8)

Let si = Py, (i) . From Lemma 3.1, we have

lqo(sz(l ))+bi<p(%,”")) = o(1).
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Applying with the facts that @; — a,b; — b and s; — 59, one can obtain that

a(p(pK(uO)> +b(p(pL(uO)> —o(1).

S0 S0

By Lemma 3.1 again, we have
S0 = Pa.Klwb.L(”0)~
This contradicts to (3.8). Therefore,
PaikTybil " PakFybL
uniformly on S"~! and hence

ai-K+¥ybi-L—a-K+tyb-L. O

We will show that the Orlicz radial sum is monotone with respect to set inclusion.
LEMMA 3.7. Let Li,L, € ./ and w € ¥+ . If L C L,, then

K+yLi CKTyla,
forall K € 7.

Proof. For Yu € 8" let pyz ; (u) =11 and pgg ;. (u) =1>. By Lemma 3.1,

we have () (@)
Pk U pr,(u)\
w(—tl >+W<—z1 ) = (1), (3.9)
" () ()
Pk u P, (1)
v(P7) Hv () = v, (3.10)
We assume #; > t,. Since V is strictly increasing on [0,00), it follows that
Px () Px (u)
w( ; ><w( . ) (3.11)
By (3.9), (3.10) and (3.11), we have
pL, (u) pLz(”)
W( H ) - V/( B )

Since y is strictly increasing on [0, o), it follows that

PL, (”) > PL, (u) )

n 15
Thus,
PL, (u) > t_l > 1,
PL, (u) " n

and it means that L; D L,. However, this is a contradiction with the condition. [

We will show that the Orlicz radial sum for concave functions is closely related
with the raidal sum.
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LEMMA 3.8. Let K,L€ /. For 0< A <1,if y € V", then
(1—=A)-K+yA-LC (1 —A)KFAL. (3.12)

If y is strictly concave, equality holds if and only if K and L are dilates.
Proof. Let K; = (1—2)-K+yA-L. By Lemma 3.1 and concavity of y, we have

w(l) =(1 —k)w(ppk’i(f'u))) MW(&%)

(1 =2A)pk(u) +Apr(u)
<w( :Kl(u) =)

B <P(1—A)K$AL(“)>
Pk;, (I/L)
Since  is strictly increasing on [0, o), then, for Vu € S"~! we have

P, () < Py _pyxgar )

Thus, N
K, C(1—-A)K+AL.

From the equality condition in Jensen’s inequality (2.7), if y is strictly convex, then
equation holds in (3.12) if and only if K and L are dilates. [

4. Dual Orlicz mixed volume for concave functions

DEFINITION 4.1. Let K,Le .} and y € ¥ ", for 0<i<n—1land 0<p <n—

i, the dual Orlicz mixed quermassintegral VT/W-(K ,L) for concave functions is defined
by

Wy.i(K,L) = % /S o l//( Sz((z)))p}}"(u)ds(u). (4.1)

REMARK 4.1. The case w(r) =t (0 < p < 1) of the dual Orlicz mixed quer-
massintegral VT/W-(K ,L) is the dual L, mixed quermassintegral W, ;(K,L).

We denote the left derivative of a real-valued function f by f. . For w € ¥,
there is W’ (1) > 0 because v is concave and strictly increasing.

LEMMA 4.1. Let K,L € S/ and y € ¥ . Then

- Prgyer() —Px()  py(u) oy (u)
lim, — - 15(1)"’<L ):

e—0" €

uniformly for all u € S"1.
Proof. Suppose € >0, K,L €., and u € §"!. Let

le = PKJ?WeL(”)-
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Then, by Lemma 3.6, we have

te — px(u) ase — 0. (4.3)
By Lemma 3.1, we have
o(2E) eu (42
Then
Py - (242)
Let
s=y! (wi—ew(22)), (44)

Since the inverse y~! of y is strictly increasing on [0,c), we have that s — 1~ as

e — 07. Thus
e px(e) _ g px(e) (43)
fe le

Combining (4.3), (4.5) and (4.4), we obtain

i Py eL(t) = Px(u) iy T 1o Px()
e—0t € -0t € Ie
te—pk (1)
— lim g (P E
v Y e —evEm) »
= u- pL(u) - lim 71—s
=t w(5505) - im S
_ px(u) pr(u)
=i (ora)

Then the pointwise limit (4.2) has been proved.
Moreover, the convergence is uniform for any u € §"~!. Indeed, by (4.4) and
(4.6), it suffices to recall that by Lemma 3.6,

lim s, e () = pr(u), (47)
uniformly for u € S"~'. O

We are ready to derive the variational formula of volume for the Orlicz radial sum.
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THEOREM 4.1. Let K,L € /), 0<i<n—1and y € ¥*. Then

W(KTyel) - WiK)  n—i pu(w)
m, e ~ oy (1) /SH "’(

)P s ).

Proof. Suppose € >0, K,L € Yéq, and u € S" 1. By Lemma 4.1 and (4.3), it
follows that

pn:i ' (u)_pn—i(u) ' - .
lim —vet N = p" ! (W)lemy- lim Py (1) — P (1)

e—07F € pK'T'WS'L e—0F €

_(n —&P(;’S’(u) l//( pr(u) ) ’

uniformly on §"~!.

Hence
~ n—i n—i
Wi(K+ye-L)—Wi(K 1 Per o (W) —pgt(u)
lim WiKHvE D)= WilK) (‘/ e dS(u)>
e—0t S e—0t \n Jsn—1 £
n—i n—i
1 P . () —pg(u)
= —/ lim —vet dS(u)
n Sn—lg_>()+ E

— o fo v (B ok ast

We complete the proof of Theorem 4.1. [J

From the definition (4.1) and the variational formula of volume in Theorem 4.1,

we have
i~ Wi(KTye-L) —Wi(K
A KoL) = tim YK TvE L) 7 WilK)
yi(1) " e=0+ 3

(4.8)

An immediate consequence of Lemma 3.3 and (4.8) is the invariance of the dual
Orlicz mixed quermassintegral under simultaneous orthogonal transforms.

COROLLARY 4.1. Let K, L€ ./}, 0<i<n—1and y € ¥V*. Then for A €
Oo(n),

Wy.i(AK,AL) = Wy ;(K,L).
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Proof. From Lemma 3.3 and (4.8), we have, for A € O(n),

~ vo(1) . Wi(AK+ye-AL) — Wi(AK)
Wk aL) = S50 tim SEECE

VA | WHAKTye-L) ~ Wi(K)

n—i e—0t €

i

Vi) o WK Tye L) - ()

5. Dual Orlicz-Brunn-Minkowski inequality for concave functions

For K € ./, since

1 n—i (17

o o PRG0S ) = W), 5.1
n—i(, das(-

the measure M is a probability measure on §"~!.
nWi(K)

THEOREM 5.1. Let K, L€ ., 0<i<n—1and w € V™. Then

Wyi(K,L) SW(K)W((‘;T/((II;)))I) (5.2)

with equality if and only if K and L are dilates.

Proof. By (4.1), (2.7), (2.5) and the fact that y is concave and increasing on
[0,00), we obtain

= i o v B s
V(i o TOLACED)
(i)
\Mimﬁésm%)
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This gives the desired inequality. Since Wy is strictly increasing, from the equality
conditions of the dual Minkowski inequality (2.5), we have that the equality in (5.2)
holds if and only if K and L are dilates.

Conversely, when L = AK, by (4.1), we have

i

WK 1) = K)win) = Tw( (L)), o

The following uniqueness is a direct consequence of Theorem 5.1.

COROLLARY 5.1. Suppose y € ¥, 0<i<n—1 and # C S such that
K.Le #.If

Wyi(M,K) =Wy, :(M,L), forallM ¢ 4, (5:3)
or ~ ~
Wy (K M) _ Wyi(L,M) forallM € A, (5.4)
Wi(K) Wi(L)
then K = L.

Proof. Suppose (5.3) holds. If we take K for M, then from (4.1), we obtain

W(DVVI(K) = W‘Vvi(K7K) - W‘I’vi(K7L)'

Hence, from the dual Orlicz-Minkowski inequality (5.2), we have

v < (38

with equality if and only if K and L are dilates. Since v is strictly increasing on [0, o),
we have

Wi(L) = Wi(K),

with equality if and only if K and L are dilates. If we take L for M, we similarly
have W;(L) < Wi(K). Hence, W;(K) = W;(L) and from the equality conditions we can
conclude that K and L are dilates. However, since they have the same volume they
must be equal.

Next, suppose (5.4) holds. If we take K for M, then from (4.1), we obtain

 Wyi(K,K) Wy (LK)

YO="0w W

Then, from the dual Orlicz-Minkowski inequality (5.2), we have

w(l) < w((%ﬁf)))ﬁ)
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with equality if and only if K and L are dilates. Since v is strictly increasing on [0, o),
we have

Wi(K) = Wi(L),

with equality if and only if K and L are dilates. If we take L for M, we similarly
have W;(K) < W;(L). Hence, W;(K) = W;(L) and from the equality conditions we can
conclude that K and L are dilates. However, since they have the same volume they
must be equal. [

We define the dual Orlicz mixed surface area S, v.i(K) of K € ./ is defined by
- Wi(K¥ye-B) —Wi(K
Syi(K) = lim (K+ye-B) - Wilk)

e—0" €

(5.5)

An immediate consequence of Theorem 5.1 is the following dual Orlicz isoperi-
metric inequality.

THEOREM 5.2. Let K € ), 0<i<n—1 and yw € ¥*. If Wi(K) = Wi(B),
then
Syi(K) < Sy,i(B),

with equality if and only if K is a ball (centered at the origin).
Proof. By (5.5), (4.8), (5.2) and W;(K) = W;(B), it follows that

L

Sy,(K) = iy k) < 2L (T2

v (1) w (1) Wi(K)
= u’}[(l‘) Y(1)Wi(B) = Sy.:(B),

and equality holds if and only if K is a ball (centered at the origin). [

Taking i = 0 in Theorem 5.2, one can obtain

COROLLARY 5.2. Let K € S and y € V. If V(K) =V (B), then
Sy(K) < 5y(B),

with equality if and only if K is a ball (centered at the origin).

From the dual Orlicz-Minkowski inequality, we will prove the following dual
Orlicz-Brunn-Minkowski inequality which is more general than Theorem 1.1.

THEOREM 5.3. Let K,L€ .}, 0<i<n—1and a,b>0.1If y € V", then

L

v <v((Gram) ) (Gnes) ) 60
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with equality if and only if K and L are dilates.
Proof. Let Ky =a- K—T—l,,b -L. From (2.4), Lemma 3.1 and (5.2), it follows that

W) = s Jo VPR 0eS(0
i o (B oy (220 i st

tei o (2 ok st

_ b -
——— Wy i(Ky, K) + =——Wy,i(Ky, L)
Wi(Ky) Wi(Ky )

or( (L)) (L))

From the equality conditions of the dual Orlicz-Minkowski inequality (5.2), we have
that equality in (5.6) holds if and only if K and L are dilates. [

REMARK 5.1. The case i = 0 of Theorem 5.3 was established by Gardner, Hug,
Weil and Ye [3].

COROLLARY 5.3. Let K,Le ./}, 0<i<n—1and 0<A<1.If y€ V" and
Wi(K) = Wi(L), then - - B
Wi((1=2) - KFyA L) < Wi(K),

with equality if and only if K = L.
Proof. By Lemma 3.8, (2.6) and WI(K) = VT/,-(L), we have
Wi((1=2)-KFyA L) <Wi((1=A)-KFA-L)w

L

< (1= M)Wi(K) 77 + AWH(L)7

~ 1
— Wi(K)7.

The equality condition can be obtained from equality condition of the dual Brunn-
Minkowski inequality (2.6). [

Indeed, we also can prove the dual Orlicz-Minkowski inequality by the dual Orlicz-
Brunn-Minkowski inequality.
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Proof. For € >0, let K, = K—Nh,,s-L. From Lemma 3.6, we have
Ke —K,ase —07. (5.7)

By the dual Orlicz-Brunn-Minkowski inequality, the following function

oo =w((grs) ) rev(() ) v 69

is non-negative. Obviously, G(0) = 0. Thus
lim ¢&)=60) > 0. (5.9)

e—0t €

On the other hand, by (5.8) and (5.7), we have

Wi (K) \ L Wi(L) \ "7\ _
o Ge-co) V(R )““’((W,(Ks)) ) - v
£—0t & e—0t &
W 1
I V() )~ (D) Wi(L) \ 5
T ook £ +W<<~,(K)> )
(5.10)
W 1 W 1
V() ) —v) ()T -1
= lim . lim ——=
e—0t (EV,(K) )ﬁ -1 e—0t )
Wi(Ke)
~ 1
W) | 7
+((#)")
- N
Let s = <Y/l (K) )"7' and note that s — 1~ as € — 0. Consequently,
Wi(Ke)
Wi(K) \ L
v((==5)7) —y(l) _
lim —ike) i YOV gy s
-0t (!V:K))%_l s—1— s—1
Wi(Ke)
By (5.7) and (4.8), we have
W 1
(es)™ = 1) WK — WK
fim WK Wik T = WHEOTT k)
e—0T € e—0T € e—0t
— Limos im Wi(Ke) — Wi(K) WK (5:12)
n e—01 )
1 WyiK,L)
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From (5.10), (5.11) and (5.12), it follows that

. G(e)=G(0)  Wy(K,L) (L) 7
gll{(r)lJr € Wi(K) +W<<V~Vi(1<)> ) (5-13)
Combing (5.9) and (5.13), we have
—7W“/~’i(K’L)+W<<$(([l;))>ﬁ) >0 (5.14)

Wi(K)

Therefore, the equality holds in (5.14) if and only if G(g) = G(0) = 0, this implies that
K and L are dilates. [
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