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CONVERSE JENSEN INEQUALITY FOR
STRONGLY CONVEX SET-VALUED MAPS

MILICA KLARICIC BAKULA AND KAZIMIERZ NIKODEM

(Communicated by A. Gildanyi)

Abstract. Integral and discrete counterparts of the converse Jensen inequality for strongly convex
set-valued maps are presented.

1. Introduction

Let I C R be an interval. Following Polyak [12] a function f:1 — R is called
strongly convex with modulus ¢ > 0 if

F(px1+ (1= p)x2) < pfx1) + (1= p)f(x2) — ep(1 = p) (x1 — x2)* (1)

forall x;,x, €1 and p € [0,1].

Many properties and applications of strongly convex functions can be found in the
literature (see, for instance, [7], [8], [9], [1 1], [13], [14], [15]). It is known, in particular,
thatif f:1 — R is strongly convex with modulus c, then the following stronger version
of the classical Jensen inequality holds (see [7]):

n

(Zplxl) sz Xi) Czpi(xi_f)za (2)
i=1

i=1

forall x1,...,x, €I, p1,...,pn >0 with p1+---+p,=1 and X =px;1+---+ ppx.
Recently, a counterpart of the converse Jensen inequality for strongly convex func-
tions was also proved (see [4]):

sz f(xi) —CEPz Xi—X

forall xy,...,x, € [m,M|] CI, pi,...,p, >0 with pj+---+p,=1 and x =px;+

X—m
M—m

P < S )+ 2 ) — (M= D) (5= m), G)

X
m

o+ DX
In 2010 H. Huang [3], extended the definition (1) of strongly convex function to
set-valued maps in the following way. Let (Y,| -||) be a Banach space. Suppose B
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is a closed unit ball in ¥ and 7 C R is an interval. Denote by n(Y) the family of all
nonempty subsets of ¥ and by c¢l/(Y) the family of all closed nonempty subsets of Y.
A set-valued map F : I — n(Y) is called strongly convex with modulus ¢ > 0 if

pF(x1)+ (1 —=p)F(x2) 4+ cp(l—p)(x —xz)zB CF(px1+(1—p)x) 4

forall x;,x, €1 and p € [0,1].

Clearly, the above definition of strongly convex set-valued maps is motivated by
that of strongly convex functions (1). Note also that the usual notion of convex set-
valued maps corresponds to relation (4) with ¢ = 0.

Strongly convex set-valued maps were used by Huang [3] to investigate error
bounds for some inclusion problems with set constraints. Some further properties of
such maps can be found in [5], [10]. In particular, the following integral and discrete
counterparts of the Jensen-type inequality (2) for strongly convex set-valued maps are
proved in [10] (see also [6] where similar results for convex set-valued maps are given).

THEOREM 1. Let (T,X,P) be a probability measure space and I C R an open
interval. If F : 1 — cl(Y) is strongly convex with modulus c, then for each square-
integrable function ¢ : T — 1

/F dP+c/T(qo(t)—;,L)2dPBCF(/qu(t)dP),

where L = [, @(t)dP

THEOREM 2. Let I C R be an open interval. If F : I — cl(Y) is strongly convex
with modulus c, then

Ep, Xi +02p, ,—szCF(Eplx,>,

i=1

forall neN, x1,....x, €1, p1,...,pn >0 with p1+---+p, =1 and x = p1x; +
o+ PnXp.

The aim of this paper is to present integral and discrete versions of the converse

Jensen inequality (3) for strongly convex set-valued maps.

2. Results

The next theorem gives an integral counterpart of the converse Jensen inequality
for set-valued maps. Throughout this paper the integral of a set-valued map F : T —
n(Y) is understood in the sense of Aumann, i.e. it is the set of integrals of all integrable
(in the sense of Bochner) selections of this map (cf. [1]):

/F(t)dP: {/f(t)dP : f:T — Y isintegrable and f(¢) € F(¢), t € T}.
T T
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THEOREM 3. Let (T,X,P) be a probability measure space. Suppose I is an in-
terval containing [m,M] and @ : T — [m,M]| is a Lebesgue integrable function. If a
set-valued map F : 1 — n(Y) is strongly convex with modulus c, then

M— .U u—

e+ EE F ) e [ 01— 0000 ~map B [ Fo)ar. )

where L = [, @(t)dP

Proof. Take an integrable function ¢ : T — [m,M] and denote u = [, @(t)dP
Fix arbitrary points y; € F(m), y, € F(M), b € B and put

= i+ B e [ (M- 9(0) (00) - m)dP b,

M—-m
To prove that z € [ F(¢(r))dP, we will show that there exists an integrable selec-
tion g of F o ¢ such that z= [} g(t)dP. Define
M —x x—m

T = = M—m

y2+c¢(M—x)(x—m)b, x € [m,M].

By the definition of strong convexity (4), we have

Flx) € ;‘Z =5 )+ 2= F (M) (M~ ) (x—m)B
c F(AA;I__:;m—i— ;I__';M) — F(v),

which shows that f is a selection of F'. Consequently, g = fo ¢ is a selection of Fo .
Since

M—u nw—m 2
< — oo
] 8)1dP < =5 |+ = ol + (01— m? o] <

g is Bochner integrable (see [2], Theorem 2, p. 45) and

[ swar= [ f((P(t))dP

_/ it (pA(;) mmY2 +c(M—o@)) (o )—m)b)dP
“V_m y1+ y2+c</T (p(t)—m)dp>bzz,

This finishes the proof. [J
Consider now the set-valued map Q : [m,M]| — n(Y) defined by

M —x X —
F
)+

mF(M)+c(M—x)(x—m)B, X € [m,M]. (6)

0x) = —

Combining Theorem 3 with the Jensen-type inclusion for strongly convex set-
valued maps formulated in Theorem 1, we obtain the following result.
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COROLLARY 4. Let (T,X,P) be a probability measure space. Suppose I is an
open interval containing [m,M|, ¢ : T — [m,M] is a Lebesgue integrable function and
w= [r(t)dP. If a set-valued map F : 1 — cl(Y) is strongly convex with modulus c,
then

2
C/TF( dP+/ 1)2dPB C F(y). 7

Proof. To prove the first inclusion note that the term [;-(M — @ (1)) (¢ (1) — m)dP
in (5) can be written in the form

[ 0= o))~ map= 1 —p)a-m)~ [ (o) -pPap.  ®
T T

From here (M —p)(1 —m) — [7(@(t) — 1)?dP > 0. Therefore, by the convexity of B,
we have

(M=) (=)= [ (9(0)=PdP)B+ [ (9(1)=)2aPB = (M —p)(u=m)B. ©)

Now, substituting equality (8) in (5), adding the term ¢ [;(¢@(¢) — 1)*dPB to both
sides of (5) and using (9), we obtain the first inclusion in (7). The second inclusion
follows by Theorem 1 (the assumptions that / is an open interval and F has closed
values are needed here). [

As a consequence of Theorem 3, we get also the following discrete version of the
converse Jensen inequality for strongly convex set-valued maps.

THEOREM 5. If a set-valued map F : I — n(Y) is strongly convex with modulus
c, then
M—x xX—m

P —F(M) +ci:21pi(M—x,-)(xi—m>B - ;piF(xi), (10)

forallneN, xi,...,.xys € [m,M| C1, p1,...,pn >0 with py+---+p, =1 and x =
piX1+ -+ PuXn.

Proof. Assumethat T =1, ¢(x) =x forx €1, and xy,...,x, € [m,M] are distinct
points. Moreover, assume that P is a probability measure on / concentrate at xi,...,X,,
thatis P(x;) =p; >0,i=1,...,nand p;+---+ p, = 1. Then

u= /pr(x)dP = ;Pm,
¥ 9 (@)~ m)ap = 3 pi( i) (i~ m)

1 i=1

and

[Flotar= _"zlp,-F(x».
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Now, using Theorem 3, we get (10). O

Using the set-valued map Q defined by (6) and combining the above Theorem 5
with Theorem 2 we obtain the following result.

COROLLARY 6. Let I CR be anopeninterval. If F : 1 — cl(Y) is strongly convex
with modulus c, then

0(5) € 3 piF () +¢ 3 pili— £°B € F (%),
i=1 i=1

forall neN, x1,....xp, €1, p1,...,pn >0 with p1+---+p, =1 and x = p1x1 +
...+pnxn'

Proof. To prove the first inclusion add the term ¢¥! | pi(xi — X )2B to both sides
of (10) and use the equality

n

;pi(M_xi)(Xi—m)+épi()€i—f)2 =(M—x)(x —m).

The second inclusion is given in Theorem 2. [
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