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ON WEIGHTED HARDY INEQUALITIES
FOR NON-INCREASING SEQUENCES

PENG GAO

(Communicated by M. Mursaleen)

Abstract. A result of Bennett and Grosse-Erdmann characterizes the weights for which the cor-
responding weighted Hardy inequality holds on the cone of non-negative, non-increasing se-
quences and a bound for the best constant is given. In this paper, we improve the bound for
1<p<2.

1. Introduction

Throughout this paper, we let p > 1. For p # 1 we let ¢ be defined by % + é =1

and we set 1/g =0 when p = 1. Consider the following weighted Hardy inequality on
the cone of non-negative, non-increasing sequences X = (X );>1 :

n

oo p oo
Sh | XE) <U, Y bt (1.1)
= n=1

n=1 =1 "

where (b,)n>1 is a non-negative sequence, U, > 0 a constant independent of x. In
[2, Theorem 1], Bennett and Grosse-Erdmann gave a complete characterization on the
sequence (by),>1 such that U, exists. They showed that this is the case if and only if
there exists a constant UI’, > 0 such that forall n > 1,

oobk U;)n
— < — ) by

Moreover, if the constants U, U, 1’, are chosen best possible, then
U, <U, <pP(U,+1)". (1.2)

Integral inequalities analogous to (1.1) for non-increasing functions have been
studied by Arifio and Muckenhoupt in [1]. They showed that if p > 1 and v is a
non-negative measurable function on (0,c) then there is a constant V), > 0 such that

/OOQV(X) (;lc/oxﬂt)dt)pdx < Vp/()wv(x)fp(x)dx
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holds for all non-negative non-increasing functions f(x) if and only if there is a con-
stant VIQ > 0 such that for all x > 0,

oo V’ X
/ %dr < x—l’j v(t)dt.
X 0

The argument of Bennett and Grosse-Erdmann also works for the integral case and it
implies that [2, (17)] if the constants V), VIQ are chosen best possible, then

V, <V, <(V,+1)P.

Comparing the above two results, we see that in the discrete case, the correspond-
ing bounds for the best constants are not as good as what is given in the integral case.
It is then natural to seek for an improvement on the bounds given in (1.2), which is the
goal of this paper. Our result in this paper is the following generalization of the above
mentioned result of Bennett and Grosse-Erdmann:

THEOREM 1.1. Let p > 1 be fixed. Let (by)n>1 be a non-negative sequence and
let (An)n>1 be a non-negative, non-increasing sequence with Ay > 0. Let Ay =3} A.
Then there is a constant U, > 0 such that

3. b

n=1

n P )
(2 Aj’;”) <U, Y bul (1.3)
n n=1

k=1

holds for all non-negative, non-increasing sequences (xn),>1 if and only if there is a
constant Uzla > 0 such that forall n > 1,

oo bk U/ n

— <=5 Y by (1.4)
AT A

N

k=n

Moreover, if U, and UI’, are chosen best-possible then we have

pU,+1)7, 1< p<2;
U,’,<Up<{(p " )p (15)
pP(U,+1)P, p>2.

The case A, = 1 of Theorem 1.1 gives back the result of Bennett and Grosse-
Erdmann except that instead of (1.5), the upper bound given for U, in [2, Theorem
1] is given as in (1.2) for all p > 1. Theorem 1.1 therefore improves upon the result
of Bennett and Grosse-Erdmann for 1 < p < 2 in this sense. We point out here that
this improvement comes from our refinement (see Lemma 2.5) on the so called “Power
Rule” (Lemma 2.1 below), a key lemma used in the proof of [2, Theorem 1] by Bennett
and Grosse-Erdmann.
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2. Lemmas

LEMMA 2.1. ([2, Lemma 3]) Let p > 1. Then for all non-negative sequences
(a)i=1, any integer n > 1,

LEMMA 2.2. ([2, Lemma 2]) Let (un)n>1,(Va)n>1 be two non-negative sequences
satisfying for any integer n > 1,

n
2 1< 2 viy
i=1 i=1
then for all non-negative, non-increasing sequences (an)y>1,
n n
Z u;a; < Z vid;.
i=1

i=1

LEMMA 2.3.([3, Lemma 3.1]) Let (B,)n>1 and (Cy)n=1 be strictly increasing
positive sequences with By /B, < C/Cy. If for any integer n > 1,

Bui1— By, P Cir1—Cy
Bui2—Buy1i  Cpi2—Cpya

Then B, /B,+1 < C,/Cyt1 for any integer n > 1.

LEMMA 2.4. Let 1 < p<2andlet n>1 be afixed integer. Let & = (A)1<k<n be
a non-negative, non-increasing sequence with Ay > 0. For 1 <k < n, let Ay = Zi-‘zl Ai
and
Ay

Copp= —k
RS Y VI o

Then the sequence (Cy., 5, )1<k<n 1S increasing with respect to k.

Proof. The assertion holds trivially when p = 1, so we may assume p > 1. We
may assume n > 2 and A; > 0 for all 1 < k <n. We extend the sequence A to be
indexed by all positive integers by defining A; = A4,,/i for i > n+ 1. We define similarly
Ag; Gy pa for k> n. It therefore suffices to show that Gy , 3 < Gy forall k =
1. Applying Lemma 2.3 with By = AL, G, = X5 | LAY ~!, ones checks directly that
B1/By < C1/Cy. Thus, it remains to show for that all £ > 1,

Afﬂ - Af < A£+2 — Afﬂ
MM deaAlL,
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When we regard A, as a variable with 0 < A5 < A4y, then it is easy to see that the
right-hand side expression above is a decreasing function of A;,, and hence it suffices
to show that the above inequality holds with A, , = A;y;. In this case, on setting
M1 = x, Ay =y with y > x, we can recast the above inequality as

x= (x4 2)P 24y Py (x4y) 7P 2 0.
We further set z = x/y to recast the above inequality as
2= (1+2)P(14+22)' P+ (1+2)" "7 >0.

Upon dividing 1+ z on both sides of the above inequality and setting r = z/(1 +z), we
see that it suffices to show for 0 <7 < 1/2,

glt):=t—(1+0)"" P+ (1—-1)">0.

It’s easy to see that g(0) =¢’(0) =0 and g"(t) =p(p—1)((1—1)P 2= (1+1) P~ 1) >0
when 1 < p < 2. This implies that g(¢) is an increasing function of 0 <7 < 1/2 which
completes the proof. [

LEMMA 2.5. Let p > 1, A = (M4)k>1 a non-negative, non-increasing sequence
with Ay > 0. Then for all non-negative, non-increasing sequences (ag)i=1, any integer
n>1,

p—1

n P n k
<2 lkak> <Cupa 2 Ay (z A«jﬂi) , 2.1
k=1 k=1 i=1

where C, , ; is defined as in Lemma 2.4 when 1 < p <2 and C, , ; = p when p > 2.
Moreover, when 1 < p < 2, the constant C, j, ; is best possible and equality in (2.1)
holds when 1 < p <2 ifandonlyifay=ay;=...=a,.

Proof. As inequality (2.1) follows from Lemma 2.1 when p > 2 and the assertion
of the lemma follows trivially for p = 1, we only need to consider the case 1 < p < 2.
We define

p—1

n P n k
Su(x1,x2, 0 x0) = (Z /lkxk> —Cupi D, Mk (Z M@')
k=1 k=1 i=1

By homogeneity, it suffices to show f,, <0 on the compact set {(xy,...,x,)|1 = x; >
X2 = ... 2 x, > 0}. We may assume A; > 0 for all £ here as discarding the zero terms
and relabeling will not change the expression.

As f1 = 0 holds trivially, we may assume n > 2 here. Assume the maximum of
fn is attained at some Xo = ((X0),(X0),,---,(X0),) With (X0); = (X0), = ... > (Xo),-
If (x9),,,, =0 forsome 1 <m <n,thenas C, ,; <C,,, by Lemma 2.4, itis easy
to see that we are reduced to the consideration of f,,, < 0. Thus, we may further assume
(X0),, > 0 here.
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Suppose (xo),, > (X0),,,.; > 0 for some 1 < m < n. In this case we must have
9 fu/9xm(Xo) = 0 since df,,/Ixm(Xo) < 0 means decreasing the value of (xXo),, will in-
crease the value of f;,, a contradiction. Similar argument implies that 0 f;, / dxy+1(X0) <
0. Therefore, we conclude that we have

1 df, 1 dfy
< — _
0 b ;Lm axm (XO) Am-‘,—l axm-‘,—l (XO)

m+1 p=1 p-l
=Cipa (Z Ai (Xo)i> - ( Ai (XO)i>
i1

m p=2
—( —1 (2% X() )
i=1

> Am (X0),,» a contradiction. If 1 < p <2, by

M=

1

If p =2, this would imply A+ (Xo)
the Mean Value Theorem, we have

m+1 p=1 m p-1
(2 Ai (Xo),-> - (Z Ai (Xo),->
i=1 i=1

p—2
:(P—1)7L111+1(X0)m+151772 <(p—DA (21 X0 ) ,

m+1

as Y7, A (x0); < & < X1 A (x0),. This again leads to a contradiction. Thus we must
have (x0); = (X0), = ... = (Xo),,» which implies that f;,(xo) = 0 and the assertion of
the lemma follows for 1 < p <2. O

In what follows we make two remarks about Lemma 2.5. Throughout our remarks,
welet 1 < p<2, A =1 forall k with the function f, being defined as in the proof of
Lemma 2.5 and C, ), ; being defined as in Lemma 2.4.

REMARK 1. Forany given Xx=(x1,X2,...,X;), We let X'=(x1,X2, .., Xit1,Xi---,%)
by permuting two adjacent coordinates x;,x;+; of x for some 1 <i < n, then we have

Fo(X) = fu(X) = =Cp p 2 (xila+x:)P " + i1 (a+ xi+x151)7 !

—xit1(a+xi)’ ! = xila+xi+xi0)" ),

where we set (with empty sum being 0) a = 2k lxk

It is easy to check that the function S,(x,y) = (x" —y")/(x—y) is an increasing
(respectively, decreasing) function of 0 < y < x for fixed x when r > 1 (respectively,
0 <r<1). Apply this with r=p—1, x = a—l—x,—|—xl+1, y=a+x;, y’ =a+xi11,
we see immediately that f,(x) > f,(x’) when x;11 > x; >0 and 1 < p <2 or when

Xi 2 X1 20and p>2.

It follows that when p =2 and A; = 1 for all k, the maximum of f, on all
non-negative sequences is the same as the maximum of f, on all non-negative, non-
increasing sequences. Thus, when p =2 A, = 1 for all k, the assertion of Lemma 2.5
holds for all non-negative sequences.
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REMARK 2. Note that when p > 2, n> 2,

afn
dx,

((1,1,...,1)) =n"2(np—Cpps (n+p—1)) <0, (2.2)

where the last inequality is equivalent to

ikp‘l <

k=1

P!

(n+p—1), n=2,

which in turn can be easily established by induction.

Inequality (2.2) implies that in this case 0= f, ((1,1,...,1)) < f, ((1,1,...,1 —¢))
for some € > 0 small enough and this shows that inequality (2.1) does not hold for all
non-negative, non-increasing sequences when p > 2.

3. Proof of Theorem 1.1

We now proceed to the proof of Theorem 1.1. Our approach here follows that
of Bennett and Grosse-Erdmann in their proof of [2, Theorem 1]. By considering the
sequences (1,...,1,0,0,...), we see first that (1.4) is a necessary condition for the
validity of inequality (1.3) and that UI’, < Up. Conversely, assume that condition (1.4)
holds. Note first that it follows from Lemma 2.1 and 2.5 that C, , ; < p where G, , 3
is defined as in Lemma 2.5. Further note that for any integer n > 1,

b; d b; bi

1 1 1
EAkAP ZCMAP ZAkAp ECMA,,JFEIA,{AP ZCMAP 3.1)
= = -
- 1 1w bi
<2Csz pEAkAp +p2)LAp 2 p
i=1 A k= A
1 1
ZCW}LAPZA”‘AP + pU —lekAp Zb
=1 i k=1 An i3
<3
i=1
where U/ = pU, +1, 1< p<2, U/ =pU,+p, p>2 andwehaveused(14) in

the third inequality above and the bound Y}_, AL <32 AL = AL in the last
inequality above.
Now by Lemma 2.5, we have, for any non-negative, non-increasing sequences

(xn)n2l )

’gbn<2kx"> ZCW APZAM<2M,>N

k=1 k=1

(i) 8

Mx

k
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p—1
& 8 b K Qi
=3 | ALY lzcn AR A D e
=1 =AY 8 M
-1
& ko dixi ’
" 1V
<UP Zbkxk 2 Ak

k=1 i=1
—1
oo k p
o I/p_ ,1/q Aixi
=U, 2 by " xiby 2 A )
k=1 i=1 1k

where the second inequality above follows from Lemma 2.2 and (3.1), the sequence

p—1
. ilixi
= A
k=1
being non-negative, non-increasing.
By Holder’s inequality, we then have
P 1/p p\ /g
oo n A«x oo o k A‘X‘
So(SA) <op(Sn) (Sa(xE))
n=1 k=1 n=1 k=1 i=1 Dk

which implies (1.3) with U, being replaced by UI’,’ P and this completes the proof of
Theorem 1.1. [
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