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FABER POLYNOMIAL COEFFICIENTS FOR GENERALIZED
BI-SUBORDINATE FUNCTIONS OF COMPLEX ORDER

ERHAN DENIZ, JAY M. JAHANGIRI, SAMANEH G. HAMIDI AND SIBEL K. KINA

(Communicated by J. Pecaric)

Abstract. In this paper, we obtain the upper bounds for the n-th (n > 3) coefficients for gen-
eralized bi-subordinate functions of complex order by using Faber polynomial expansions. The
results, which are presented in this paper, would generalize those in related works of several
earlier authors.

1. Introduction

Let & be the class of analytic functions in the open unitdisk D= {z€ C: |z| < 1}
and let . be the class of function f that are univalentin D and are of the form

fl@)=z+ iakzk.
k=2

A function f € o is said to be subordinate to a function g € </, denoted by
f < g, if there exists a function w € & with w(0) =0 and |w(z)| < 1 satisfying
f(z) = g(w(z)). We let .7* consist of starlike functions f € <7, thatis Rezf’/f >0
in D and € consist of convex functions f € <7, thatis 1+ Rezf”,/f' >0 in D. In
terms of subordination, these conditions are, respectively, equivalent to

. 2f'(z) 1+z }
S = €. < —
{f ) 1=z
and "9
2f"(z 1+z
€ = cd 1+ < —>.
g o <1
A generalization of the above two classes, according to Ma and Minda [20], are
f'(2)
(o) = { fed: & <0(z
(@) Q) ¢(2)
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and

(@) = {fed: 1+ZJ’:,H($> < (p(z)}

where @ is a positive real part function normalized by @(0) =1, ¢’(0) >0 and ¢
maps D onto a region starlike with respect to 1 and symmetric with respect to the real
axis. Obvious extensions of the above two classes (see [21]) are

zf'(2)
(@)

f*(y;w)z{feﬂrlﬂﬁ/( —1><<P(Z); YefC\{O}}

and

o) = o L (") :
E(v,0) = {fe%. 1+y ( 70 ) <0(z); ve (C\{O}}.
In literature, the functions belonging to these classes are called Ma-Minda starlike and
convex of complex order y (y € C\{0}), respectively.

Some of the special cases of the above two classes S*(v; @) and C(v;¢) are

(1) *(1,(14+Az) /(1+Bz))=-7|A,B] and € (1,(1+Az) /(1+Bz)) =%|A,B],
(=1 < B < A<1) are classes of Janowski starlike and convex functions, respectively,

2) Z*(1—B)e®cosd,(1+z),/(1—z))=.7%5,8] and €((1—B)e " cos 3,
(1+z2)/(1-2))=%][8,B], (|6| <m,2,0< B <1) are classes of 0 -spirallike and
0 -Robertson univalent functions of order 3, respectively,

(3) (1, (14 (1-2B)2) /(1 - 2)) = -7*(B) and % (1,(1+ (1 —2B)2)) /(1 -
2)) =% (B) (0< B < 1) are classes of starlike and convex functions of order 3, re-

spectively,
4) 7+ (1, (}—fi)ﬁ> =S5 and € (1, (}—fz)ﬁ> = %} are class of strongly starlike
and convex functions of order 3, respectively,

i 2
& S (1LV1+z) == {fe%: (Zf(z)> — l’ < l} is class of lemniscate

f@)
starlike functions,

(©) (v, (1+2),/(1=2)) = [yl and € (7, (1+2),/(1-2)) =€[y] (v € C\{0})
are classes of starlike and convex functions of complex order, respectively,

N S*(Lqi(2)) =k— S = {fe o : Re (Zﬁg)) >k Z;;S) — 1’} is class of

k-parabolik starlike functions,

®) % (La(@) =k~ 2%V ={feos:Re (1+ ) >k

2f"(2)
(2) !

()

} is class of

k-uniformly convex functions.
Here, for 0 < k < eo the function gz : D — {w=u+ive C: u*>&* ((u—1)>+1?),
u> 0} has the form gi(z) = 14+ Q1z+ 022> +..., (z €D) where

B2 PB+2 .
28 0<k<1, EHoy; 0<k<I,
2 . _
01=14 k=1, , =1 591 k=1,

n? . [4.42(0) (2 +6r+1)-m2]
v K> v 2 k>

(1.1)
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with & = %arccosk and .# (¢) is the complete elliptic integral of first kind (see [18]).

A function f € o/ is said to be bi-univalent in D if both f and its inverse map
1 are univalent in ID. Let ¢ be the class of functions f € .7 that are bi-univalent
in . For a brief history and interesting examples of functions which are in (or are
not in) the class o, including various properties of such functions we refer the reader
to the work of Srivastava et al. [22] and references therein. Bounds for the first few
coefficients of various subclasses of bi-univalent functions were obtained by a variety
of authors including ([4, 5, 6, 7], [10], [19], [23, 24, 25, 26, 27]). Not much was
known about the bounds of the general coefficients a,;n > 4 of subclasses of ¢ up until
the publication of the article [14] by Jahangiri and Hamidi and followed by a number
of related publications (see [11]-[17]). In this paper, we apply the Faber polynomial
expansions to certain subclasses of bi-univalent functions and obtain bounds for their
n—th;(n > 3) coefficients subject to a given gap series condition.

2. Coefficient estimates

In the sequel, it is assumed that ¢ is an analytic function with positive real part in
the unit disk D), satisfying ¢(0) = 1, ¢’(0) > 0, and ¢ (D) is symmetric with respect
to the real axis. Such a function is known to be typically real with the series expansion
¢(z) = 1 +Biz+ Byz> + B3z’ +... and By > 0. Motivated by a class of functions
defined by the first author [7], we define the following comprehensive class of analytic
functions

1 ( 2f'(2) + A2 f"(2)
(

f()t,y;(p)z{fedzl—kq—/ l—?L)f(z)—l—?sz’(z)_l)<(p(z);

0<A<I, yeC\{O}}

A function f € &7 is said the be generalized bi-subordinate of complex order y
and type A if both f and its inverse map g = f~! arein .7(A,y;@). As special cases
of the class .7 (A,7;¢) wehave .Z(0,7v;0)= ./ (v;¢) and .7 (1,7,0) = € (v:9).

In the following theorem we use the Faber polynomials introduced by Faber [9] to
obtain a bound for the general coefficients of the bi-univalent functions in .(4,7; @)
subject to a gap series condition.

THEOREM 2.1. Ler 0 < A < 1 and y € C\{0}. If both functions f(z) = z+
2::2 pud" and its inverse map g = f~! are in (A y;0) and pp=0; 2<m<n—1

then
Y1 B1
n=1)(1+A(n-1))

|pnl <

Proof. 1f we write A(f(z)) = Azf"(z) + (1 — 1) f(z) then

_ 1 (2N(f(z)
feshye) < 1+y< AQ) 1) <0(z2)
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wA'(g(w))
Ag(w))
We observe that a, = (L +A(n—1))p, for A(f(z)) =z+ 2:22 a,7". Now, an appli-

cation of Faber polynomial expansion to the power series . (A,7;¢) (e.g. see [2] or
[3, equation (1.6)]) yields

o= eI (hre) o 1+§( —1) < o(w).

H—Jl/ (% B 1) =1- %;Fn_l (a2,a3,a4,...,a,) " 2.1

where

_ . ; iy iy In—1
Fn—l (aZaa37"'aan)_ 2 A(llal2a"'7ln—l) ((1203 .an~ >
i14+2ip+...4+(n—1)i,_1=n—1

and

R (il 4+ir+ . +in1— Dl (n—1)

Alinizs- - bioy) = (i) (@2!) . (in1?)

The first few terms of F,_; (az,as,...,a,) are

F = —a2, F, = a2 2asz, F3 = —a% + 3azaz — 3ay,
Fy = a2 4a2a3 +4aras + 2a3 4as,
Fs = —a2 + 5a2a3 + 5a2a4 -5 (a% — a5) ar + Sazaq — Sag.

By the same token, the coefficients of the inverse map g = f~/ may be expressed by

gw)=f"(w) W+Z K (a2,a3,....ap) W' =w+ Y, 7w

n=2
where
—n (—I’l)' n—1 (—I’l)' n—3
L Bl G v Ty s R BB Y Sy 1y e TR
(—n)! n—4 (=n)! ar 5 2
(_zn+3)z(n—4)!“2 G s st (et 2)a]
(_n)‘ n—j
+ “Slag+ (—2n+5)azas)+ Y. a7V,
(—2n+5)!'(n— 6) 5‘7 2
and V; for 7 < j < n is a homogeneous polynomial in the variables a3,as,...,a;.
Obv1ously,
1 (wA' (g(w)) S -1
I+ ———%—1)=1—=) F, 1(by,b3,bs,...,by)W" 2.2
+y<A(g(w)) yn§2 1(b2,b3,by n) W (2.2)

where b, = (14 A(n—1))7,. Since, both functions f and its inverse map g = f~! are
in Z(A4,7;0), by the definition of subordination, there exist two Schwarz functions
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u(z) =ciz+ e +... e+, [u(z)| <1, z€D and v(w) =diw+daw* + ...+
dw" + ..., [v(w)] <1, we D, so that

1—|—,)l/ (% — 1) = (P(M(Z)) =1 _ni’lBlKnl (CI,CQ,...,Cn,Bl,BQ,...,Bn)Zn
(2.3)
and
1+ )1/ (% — 1) =o(v(w)) =1 —nilBlKnl (di,ds,...,dy,B1,Bs,...,B))W".

2.4)
In general (e.g., see [ 1] and [2, equation (1.6)]), the coefficients K} := K,f(kl koo kg,
B1,By,...,B,) are given by

= @—pir!z)!n!k}f%Jr(p—n+11))!!(n—2)!k'1172k23;;1
+ (p—n—|—12))!! (n—4)!ll{r1[73]€3 B;IQ
+(p—n+l3))!! (n—4)!k}1174 [kd'B;IB i p_;+3k%3212]
+(p_n+i)!! (n__,)_)!k’f*5 [kSBI’;“ + (p—n+4)k2k3Bl’;3] +j>26k’f‘ij
where X; is a homogeneous polynomial of degree j in the variables k», k3, ..., k.

For the coefficients of the Schwarz functions « (z) and v (w) we have |¢,| < land
|dy| <1 (e.g., see [8]). Comparing the corresponding coefficients of (2.1) and (2.3)
yields

1 _
a1 (a2,a3,...,a,) = BiK, ' (c1,¢2,...,¢n,B1,Ba, ..., By) (2.5)
which under the assumption @, =0; 2<m < n—1 we get
1 1
- )—/(n— Da, = —)—/(n— D(l+A(n—1))p,=—Bicy_1. (2.6)

Similarly, comparing the corresponding coefficients of (2.2) and (2.4) gives
1 _
,)_/Fn—l (b27b3a e abn) - BlKn_ll (d17d27 s adn—l7Bl7BZ7 s aBn) (27)
which by the hypothesis, we obtain
1
—?—/(n — l)bn = —Bldnfl.

Note that, for a,, = 0; 2 <m <n—1 we have b, = —a, and therefore

%(n—l)an:)l/(n—l)(l—f—?t(n—l))pn:—Bldn,l. (2.8)
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Taking the absolute values of either of the equations (2.6) or (2.8) we obtain the required
bound. [J

To prove our next theorem, we shall need the following well-known lemma (see

[8D.

LEMMA 2.1. ([8]) Let the function p(z) =1+, _, pa2" be so that Re (p(z)) >
0 for z€ D. Then for —oo < 0 < oo,

’ OCp1’ { 2— O‘\PI‘Q

Let ¢ (z) =Y, | @u2" be a Schwarz function so that |¢ (z)| < 1, z€D. Set p(z) =
1 +0¢(z2)]/[1—¢(z)] where p(z) =1+, paz" is so that Re (p(z)) >0 for z €
D. Comparing the corresponding coefficients of powers of z yields p; = 2¢; and
=2 (> + ¢7) . Now, substituting for p; and p, and letting 1 =1 —2a in (2.9) we
obtain

1
21’ . (2.9)
2

L= (1=m)le:f*sn >0,
lo2+nof| < , ) (2.10)
I=(1+n)le* n<0
The following theorem gives bounds for the coefficient body (p»,p3) of the gen-
eralized bi-subordinate functions of complex order ¥ and type A .

THEOREM 2.2. Let 0 < A < 1 and y € C\{0}. If both functions f(z) = z+
2;;2 pnd" and its inverse map g = f~' are in .7 (A,y, @) then
VB
2| < (1+27L) . B1 2By,

lps—p3
B Bi<|Bal

Proof. For n=2,(2.5) and (2.7) imply

YBicy YB1d,
= dp,=— . 2.11
Pr="177 P2 1D
For n = 3, the equations (2.5) and (2.7), respectively, imply

1+24)p3—(1+A

201+ )p3y( +A)7p — Bicsr + Bol? (2.12)
and . .

—2(1+2 34+6A—

(1+24)p5+ (3 + P2 _ By + Bac?, (2.13)

Y
Considering (2.11) we get ¢; = —d. Also, from (2.12), (2.13) and By > 0 we find that

2 7B By 5\ By »
p3 p2 - 4(1_’_2%) |:<02+B1c1) <d2+Bldl>:| . (214)
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Taking the absolute values of both sides of (2.14) gives

B B,
|P3 ’ 1+2/1) [ 2+B—1€1

If B, <0, then for n = B,/By apply (2.10) to (2.15) to get

2 ly| B B +B; ) B+ B; )
el gl [1- (P57 ) e 1= (P15l - 20

If B+ By >0 then (2.16) yields [ps — p2| < 515

If By + By < 0 then for the maximum values |c;| = |d;| = 1 the inequality (2.16)

yields
2 1B _(Bi+B _ B .
s =2l < g 2 B, 2(1+27)

If B, > 0, then for n = B, /B apply (2.10) to (2.15) to get

2 171B1 By —B; 2 By —B; 2
PB—Pzgm{[l—< B )Cl }4‘ {1_<T1) |di| }} (2.17)

If B — B, > 0 then (2.17) yields |p3 — oip2| < 2(‘{'&)

If By — B, < 0 then for the maximum values |c¢;| = |d;| = 1 the inequality (2.17)

yields
e 1B _ (Bi—B _ |vBe
1p3 p2|<4(1+zx){2[1 ( B, )”‘z(uu)'

This concludes the proof of Theorem 2.2. [

dr+ 2d%
1

} . (2.15)

For different values of A and y, Theorems 2.2 and 2.1 yield the following inter-
esting corollaries.

COROLLARY 2.3. Ifboth functions f and its inverse map g = f~' arein 7*(y, ),

then
17| By

<
‘p"| ~ (n_ 1)7

Taking ¢(z) = (14+Az),/(14+Bz) =14 (A—B)z—B(A—B)z>+... in Corollary
2.3, we obtain the result of Hamidi and Jahangiri (see [13]).

pm=0; 2<m<n—1.

COROLLARY 2.4. Ifboth functions f and its inversemap g = [~ arein € (y; @),
then 1B
YIb1
nl X 7\ m=0; 2<m<n—1.
|Pn] e m<n
COROLLARY 2.5. Ifbothfunctions f and its inverse map g = f~ are in .7*[8, 3]
and €0, B], respectively, then

2(1 —B)|cosd| 2(1—B)|cos 3|

nlx — /1~ nlx 7. 1\ mZO; Zg < —1.
o < T and | < 2 LS m<n
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COROLLARY 2.6. Ifboth functions f and its inverse map g = f~' arein k— .7
and k— U €V , respectively, then for py, =0; 2 <m <n—1 we have

1’”,”;; 0<k<1,
\pnl<%7 lps—p3| < ﬂii; k=1,
se Vi k>
and P
0 > 3('1;;{2); I
\pnlsm, lp3—p3| < o k=1,
sE w1

where Qg is given by (1.1).

Proof. Let f and its inverse map g = f~! be in k—.#5. We will show that
> |Q,| for k> 0. First suppose 0 < k < 1. Since 0 < arccosk < % we have

19| _ #242 < 1. For k=1 it is clear that @:%<1. Finally, for k > 1 we get

01 3 01

2 2
‘QZ‘ _ o &Ei:j;; O ~] < 1. A similar argument can be used to justify the case for
k w %”// O

Determination of extremal functions for bi-univalent functions (in general) and for
bi-subordinate functions (in particular) remains a challenge.
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