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INEQUALITIES OF THE JENSEN AND EDMUNDSON-LAH-RIBARIC
TYPE FOR 3-CONVEX FUNCTIONS WITH APPLICATIONS

ROZARIIA MIKIC, DILDA PECARIC AND JOSIP PECARIC

(Communicated by M. Krni¢)

Abstract. In this paper we derive some Jensen and Edmundson-Lah-Ribari¢ type inequalities for
positive linear functionals and 3-convex functions. Obtained results are then applied to general-
ized means and power means, as well as to the generalized f-divergence functional. Examples
with Zipf-Mandelbrot law are given.

1. Introduction

The Jensen inequality is perhaps the most important, and certainly the most famous
inequality in modern mathematics, and it has many applications in various branches of
mathematics.

In this paper we refer to a general form of the Jensen inequality for positive linear
functionals. In order to present our result, we first need to introduce the appropriate
setting.

Let E be a nonempty set and let L be a vector space of real-valued functions
f: E — R having the properties:

(L1) f,ge€L= (af+bg)eL forall a,beR;
(L2) 1€L,ie.,if f(r) =1 forevery r € E, then f € L.
We also consider positive linear functionals A: L — R. That is, we assume that:
(A1) A(af+bg)=aA(f)+DbA(g) for f,g € L and a,b € R;
(A2) feL, f(t) >0 forevery r € E = A(f) > 0 (A is positive).

Since it was proved, the famous Jensen inequality and its converses have been ex-
tensively studied by many authors and have been generalized in numerous directions.
Jessen [17] gave the following generalization of Jensen’s inequality for convex func-
tions (see also [25, p. 47]):

Mathematics subject classification (2010): 26A16, 60E05, 60E15.
Keywords and phrases: Jensen inequality, Edmundson-Lah-Ribari¢ inequality, 3-convex functions, f-
divergence, Zipf-Mandelbrot law.

© depay, Zagreb 677

Paper IMI-12-52


http://dx.doi.org/10.7153/jmi-2018-12-52

678 R. MIKIC, D. PECARIC AND J. PECARIC

THEOREM 1. ([17]) Ler L satisfy properties (L1) and (L2) on a nonempty set
E, and assume that ¢ is a continous convex function on an interval I CR. If A is a
positive linear functional with A(1) = 1, then for all f € L such that ¢(f) € L we have
A(f) €l and

¢(A(S)) <A(9(f))- (1)

The following result is one of the most famous converses of the Jensen inequality
known as the Edmundson-Lah-Ribari¢ inequality, and it was proved in [2] by Beesack
and Pecari¢ (see also [25, p. 98]):

THEOREM 2. ([2]) Let ¢ be convex on the interval I = [m,M] such that —oo <
m < M < eo. Let L satisfy conditions (L1) and (L2) on E and let A be any positive
linear functional on L with A(1) = 1. Then for every f € L such that ¢(f) € L (so
that m < f(t) <M forall t € E), we have

_ M-A()

A@() < S om)+ 1= g (). @

For some recent results on the converses of the Jensen inequality, the reader is
referred to [6], [12], [13], [14], [15], [16], [19], [20] and [26].

Unlike the results from the above mentioned papers, which require convexity of
the involved functions, the main objective of this paper is to derive a class of inequalities
of the Jensen and Edmundson-Lah-Ribari¢ type that hold for 3-convex functions.

Definition of the n-convex function is characterized by nth-order divided differ-
ence. The nth-order divided difference of a function f: [a,b] — R at mutually distinct
points 7g,t,...,t, € |a,b] is defined recursively by

[6)f = f@), i=0,...n,
[t0s-- - tnf = [tl""’tn]f—[to,...,tn_l]f.

h—1Ip

The value [tg,...,t,]f is independent of the order of the points 7y, ... ,#,. This definition
may be extended to include the case in which some or all the points coincide (see [25,
p. 14]).

A function f: [a,b] — R is said to be n-convex (n > 0) if and only if for all
choices of (n+ 1) distinct points #y,?1,...,t, € [a,b], we have [f,...,5]f = 0.

This paper is organized in the following manner: main results, that are inequalities
of the Jensen and Edmundson-Lah-Ribaric¢ type for 3-convex functions, are given in
Section 2; application of the main results to the generalized means, with examples to the
power means, are given in Section 3; application of the main results to the generalized
f-divergence functional is given in Section 4, and finally in section 5 the results from
the previous section are applied to the Zipf-Mandelbrot law.
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2. Results

Throughout this paper, whenever mentioning the interval [m,M], we assume that
—oco < m < M < o holds.

THEOREM 3. Let L satisfy conditions (L1) and (L2) on a non-empty set E and let
A be any positive linear functional on L with A(1) = 1. Let ¢ be a 3-convex function
on an interval of real numbers 1 whose interior contains the interval [m,M|. Then

AlM1—f)(f —ml)] <¢(M) —¢(m) ¢/+(m)>

M—m M—m
A oy 2D 1) a9(p) ®
AL =) =m)] (1 01 OO0~ 6(m)
ST Mem ("’—W)‘W)

holds for any f € L such that o f € L and m < f(t) <M for t € E. If the function
—¢ is 3-convex, then the inequalities are reversed.
Proof. We start with a scalar identity for 7 € [m,M]:

M —t t—m

Blm) + 10 (M)~ 9(0)

= (0(m) — 9(0)) + 3 — (9(M) ~ (1))

M—m
M-

M — —m
_M—1)—m) <¢(M)—¢(t) B <P(t)—¢(m))
M—m M—t t—m
=(M—1)(t —m)[m,t,M]o.
It follows that
M—t t—m M (M M 4
T o(m) (M) = () = (M=) —m)me Mo (&)

holds for every ¢ € [m,M].

Since the function ¢ is 3-convex, we have [fo,71,%2,73]¢ > 0 for every choice of
the points fg,#1,t2,13 € [m,M]. Let to =m, t3 = M and t; < , . From the definition and
main properties of the divided differences we get the following relation:

[m7M7t2]¢ - [tlava](P
h—1

0< [m7t17t27M]¢ = [tl’m’M’tz}(z) =
 [m,02, M) — [m,1,,M]¢

- )

h—1

so we have obtained that

[m’t2aMN) - [m’fl,M]q) =0
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holds for any 7, < 1, that is, the function [m,z,M]¢ is non-decreasing on [m,M]. It
follows that the function [m,#,M]¢ attains its minimal and maximal value in the points
m and M respectively. We can calculate those bounds:

oo = o (L0 g )

M—m M—m

1

[m7M7M]¢ =37 (‘P/(M) -

M—m )

Now, from (4) and (5) we have

i (t"”‘ﬁ ol —<z>’+(m>>

e m<z><m>+M ——0 (M)~ 9(1)
M —0)—m) <¢,(M)_ ¢<M>—¢(m>> ©

= M—m M—m

<

for any r € [m,M]. The function f satisfies the bounds
m< f(t) <M,

so we can replace ¢+ with f(¢) in (6) and obtain:

(M= FO)F0) ~m) ()~ o(m) _,
M—m ( M—m —(Z)+(m)>

MO gy 4 LD 500) (110

(M= FO)FW) =m) (3 1 9O~ 9(m)

s M—m ( - (M) - M—m )

Functional A is linear and positive, and such that A(1) = 1, so when we apply it to the
previous inequalities we get the following:

A[M1—f)(f —ml)] <¢(M) —¢(m) ¢/+(m)>

M—-m M—-m
MAD gy AD A(¢(f))
AMAG=) (4 ) #0600

which concludes the proof. [

Theorem 3 can be utilized for obtaining Jensen-type inequalities for 3-convex
functions.
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THEOREM 4. Let L satisfy conditions (L1) and (L2) on a non-empty set E and let
A be any positive linear functional on L with A(1) = 1. Let ¢ be a 3-convex function
on an interval of real numbers I whose interior contains the interval [m,M]. Then

(M —A(f)A(f) —m) (‘P(M) )
M—m M—m

A[M1—f)(f —ml)] (M) —p(m)

L (¢_<M> ks )
<A<¢<f>>—¢<A<f>><(M‘A({}“ﬁf” ") (¢’<M> =)

_A[M1—f)(f —m1)] <¢(M) )

M—m M—m
holds for any f € L such that o f € L and m < f(t) < M for t € E. If the function

—¢ is 3-convex, then the inequalities are reversed.

Proof. Function ¢ o f belongs to L, which means that the function f satisfies the
bounds m < f(t) < M. It follows that m < A(f) < M, so we can replace ¢ with A(f)
in the relation (6) and obtain

(M —A(N)AY) —m) ((P(M) —¢(m) ¢'+(M)>

M—m M—m
M-A() A(f)—m
S 0+ 5= (M) = ¢ (A(f)) )
M —A(S ))( (f)—m) ([, (M) — ¢(m)

When we multiply the relation (3) from Theorem 3 by —1 we get
_A[ML - f)(f —ml)] ¢(M)—¢(m))
M—-m M—-m
_M-A()

9" (M) —

A(f)

e P g m) - EE o () 4 0(£) ©)

<P
<Al G 1}(1‘;¢ )i (m).

Inequalities (7) follow by adding (8) to (9). U

3. Applications to generalized means

Let I = (a,b), —o < a<b< oo, andlet y: I — R be continuous and strictly
monotonic. Suppose that L and A satisfy the conditions L1, L2 and Al, A2 with
A(1) =1 onanon-empty set E, and that y(f) € L for some f € L. Generalized mean
for f € L with respect to the operator A and the function y is defined by

My (f.A) =y (A(w(f))). (10)
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Some inequalities regarding the generalized mean and its special cases can be
found in [1], [4], [16], [19] and [21].

The following results give us inequalities of the Edmundson-Lah-Ribari¢ and Jensen
type respectively for the generalized means.

THEOREM 5. Let I C R be such that its interior contains the interval [m,M), and
let y,y: I — R be continuous and strictly monotonic. Suppose that L and A satisfy
the conditions L1, L2 and A1, A2 with A(1) =1 on a non-empty set E, and let f € L
be such that w(f),x(f) € L. Let us assume that the function ¢ = y oy~ is 3-convex.
Then

AUMWP—WUMW03—me)(xwﬂ—xwﬁ
(M) —

My —my (M) — y(m)
yM)—AW(S)) o AW) — wim) _
I )+ S S () — 2 (M (£.4) (11
A(MA =y Ny =myd]) (4 _XM) — x(m)
< Ml// —my ([% v ]7(MW) W(M) B W(m))

forevery f € L suchthat m < f(t) <M for t € [m,M], where [my,My] = y([m,M]).
If —¢ is 3-convex, then the inequalities in (11) are reversed.

Proof. Function y is strictly monotonic. If y is increasing, then my = y/(m)
and My = y(M), and if y is decreasing, then my = (M) and My, = y(m). Since
m < f(r) <M for t € [m,M], we have my < y(f(r)) < My forevery t € [m,M]. We
see that the conditions of Theorem 3 are satisfied, so we can obtain (11) by making
substitutions

m=my, M=My, $ =xoy ' and f=yof
in(3). O

THEOREM 6. Let I C R be such that its interior contains the interval [m,M), and
let y,x: 1 — R be continuous and strictly monotonic. Suppose that L and A satisfy
the conditions L1, L2 and A1, A2 with A(1) =1 on a non-empty set E, and let f € L
be such that w(f),x(f) € L. Let us assume that the function ¢ = y oy~ is 3-convex.
Then

My —A(Y(N) AW () —my) ( x M) — x(m)

—MOW”LWWO

My —my, V(M) —y(m)
Ay D) - m D] (M)~ ()
My —my (“‘ VoI () W(M)—V/(m>
<Ry (F.A)) — 2(My (1.4)) (12)
(My — A EDAW) ~my) (o (M) = x(m)
< My —my (“‘ VoI () W(M)—V/(m)>
A YD) ) (D=l
My —my (e e o)
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forevery f € L such that m < f(t) <M for t € [m,M], where [my,My] = y([m,M]).
If —¢ is 3-convex, then the inequalities in (12) are reversed.

Proof. The inequalities (12) are obtained by making the same substitutions in the
relation (7) from Theorem 4 as in the proof of the previous theorem. [J

REMARK 1. With notations as in Theorems 5 and 6, suppose that the function
x 0w~ ! is differentiable in points v, and . In this case, expressions ¥, and wy
can respectively be replaced by w(m) and (M), due to the symmetry. In addition,
utilizing the chain rule, the expressions

[xow 'V (w(M)) and [yoy ', (w(m))

can be rewritten in a more suitable form, that is,

X (M) 1y _ X(m)
V//(M) and (XO‘I/ 1)+(W(m))_ V//(m)

xov ' (w(M)) =

Examples with power means

Suppose that L and A satisfy the conditions L1, L2 and Al, A2 with A(1) =1,
on a non-empty set £. The power mean of a function f € L with respect to the operator
A is a special case of the generalized mean, and it is defined for r € R with:

der - [N r£0
M = { S e 20 =

where f(1) >0 forr € E, f"€L and logf € L.

Following two results are simple consequences of Theorem 5 and Theorem 6, that
is, the series of inequalities in (11) and (12) with particular choices of functions ¥ and
y respectively. The first result is a Edmundson-Lah-Ribaric¢ type inequality for power
means.

COROLLARY 1. Let I C R be such that its interior contains the interval [m,M].
Suppose that L and A satisfy the conditions L1, L2 and Al, A2 with A(1) =1 ona
non-empty set E, and let f € L be suchthat 0 <m < f(t) <M fort €E, f',f* €L
for ,seR and logf € L.

o [fany of the relations 0 < s <ror 0<2r<sorr<0<sor2r<s<r<0

hold, then
AL t) (e
Mr _mr Mr — mr
r__ aglrl r [r] o r
<M M (]?A) ms + M (va) m M _M[S] (f,A)S (14)

M"—m M" —m"
<A ((My 1 —y()]ly(f) —myl]) (M_yr A —mx) .

= M —m" M —m"
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Ifr<s<0ors<2r<0ors<0<ror0<r<s<2r, then the inequalities
in (14) are reversed.

o Ifr#0, then

A(IM"1 = [T —m'1)) <logM—logm 1 )

M —m" M —m" rm’

MM AT loght —log(£.4)]  (15)

A= —rt)) (1 logM —logn
h Mr—m’ rM” M —mr )

g+ HALAY ot

e [fs>0, then

A ([logM1 — log f][log f — logm1]) M —m? o
logM —logm logM —logm

logM —logMY(f,4)] loglM(f,A)] —logm

M —MY(f,A)  (16)

logM —logm " logM —logm
<A([long —log f][log f —logm1]) I M —m'
= logM — logm logM — logm

and if s < 0, the inequality signs in (16) are reversed.

Proof. Letus set x(t) =¢° and y(t) =t", where s and r are mutually different
real parameters not equal to zero. Then the function ( xXoy~ ) (1) = 17 is 3-convex on
Ry if0< 3 <1 or 7 >2. Itis possible in each of the following four cases: O <s<ror

r<s<0or0< 2r<s or s < 2r < 0. We calculate (xoq/ )/(t) = t = . Since the
function y(r) =" is increasing for r > 0 we have my = y(m) and Ml,, =y (M). Now,
considering (11) with the above functions )y and y on the interval [m,M], we obtain
(14). For r <0 the function y(r) =" is decreasing, which means that my = y(M)
and My, = y(m), so those inequalities are reversed.

On the other hand, the function — (y o y~!) (t) = —¢7 is 3-convex on R if 0 <
2 <0 or 1< <2, which is possible in any of the following cases: r < 0 < s or
s<0<ror0<r<s<2ror2r<s<r<0.Again,if r > 0 the function y(t) =1"
is increasing, so we get the inequalities (14) with the reversed sign of inequality by
setting y(#) =¢° and w(¢) =" in the reversed inequalities (11), and if r < 0, we get
exactly inequalities (14).

It remains to consider the cases when one of the parameters r and s is equal to
zero. If s = 0, then setting x(¢) = log? and y(z) =", it follows that (yoy ') (1) =
%logt. Clearly, this function is 3-convex for r > 0, while —y o y~! is 3-convex for

r < 0. Moreover, since (o v (1) = L, after a straightforward computation and
taking into account that the function y(z) =" is increasing for r > 0 and decreasing
for r < 0, we obtain (15).
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Finally, if » =0, then setting y (1) =¢* and y(r) = logt, it follows that the func-
tion (y oy ') (r) = exp(st) is 3-convex for s > 0. The function y(r) = log is in-
creasing, so after calculating (y o 14/‘1)/ (t) = sexp(st), from (11) we get (16). [

Next result is a Jensen type inequality for power means, and it is obtained from
Theorem 6 in an analogue way as described in the proof of the previous corollary.

COROLLARY 2. Let I C R be such that its interior contains the interval [m,M].
Suppose that L and A satisfy the conditions L1, L2 and Al, A2 with A(1) =1 ona
non-empty set E, and let f € L be suchthat 0 <m < f(t) <M fort €E, f',f* €L
for ,seR and logf € L.

o [fany of the relations 0 < s <ror 0<2r<sorr<0<sor2r<s<r<0
hold, then

(M7 =M (£ A (MY (£ A =) (M= s
M" —m" (M’—m’ r )

AL ) ("~ ) (;Ms_,_Mf—ms>

M —m" M —m"
<MUI(f,A) — MVl(f,A)° (17)
- (M" =MV (F,A)") (MU (f,A) —m") Sapsr_ M —m’
= M —m" r M —m"

AlML=f)(f =) (M= s
M" —m" Mr—m" r
Ifr<s<0ors<2r<0ors<0<ror0<r<s<2r, then the inequalities
in (17) are reversed.
o [fr+#0, then
(M= MV(f,A)) (MY (f,A)" —m") (logM —logm 1
M" —m" Mr—m" rm”
A(ML—f[f"=m"1]) (1 logM —logm
M" —m" rM’” M" —m"
<log[M"l(f,4)] ~ log[M"(£.A)] (18)
(M"—=MVI(f,A)") (M (f,A) —m") (1 logM —logm
M" —m" rM’” M" —m"
AQIL P 1) (loglt logm LY,

<

Mr—m" M —m" rm’
e [fs>0, then
(logM — log[Ml(f,4))(log[M")(.4) ~logm) ( M*—m’ |
logM —logm logM —logm

_ A([logM1 —log f][log f — logm1]) S M —m’
logM —logm logM —logm
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<MP\(f,4) —MOl(f.A7 (19)
_ (logM —log[M"(f,A))(log[M"I(f,A) —logm) ( ., M’ —m’
b logM —logm . logM —logm
~ A([logM1 —log f][log f — logm1]) M —m? —
logM —logm logM —logm

and if s < 0, the inequality signs in (19) are reversed.

4. Applications to Csiszar f-divergence

Let us denote the set of all probability distributions by P, that is we say p =
(P1,--pn) EPif p;c0,1] fori=1,...,n and 37 pi=1.

Many theoretic divergence measures between two probability distributions (such
as Kullback-Leibler divergence, Hellinger divergence, Renyi divergence, Bhattacharyya
divergence, harmonic divergence, Jeffreys divergence, triangular divergence etc.) have
been introduced and extensively studied.

The applications of these measures can be found in the analysis of contingency
tables [1 1], in approximation of probability distributions [7], [22], in signal processing
[18], and in pattern recognition [3], [5].

Csiszar [8]-[9] introduced the f—divergence functional as

Ds(p.q) = X aif (g) , (20)

i=1 !

where f: [0,4-o0) is a convex function, and it represent a “distance function” on the set
of probability distributions P.

All of the mentioned divergences are special cases of Csiszar f-divergence for
different choices of the function f.

As in Csiszdr [9], we interpret undefined expressions by

£(0) = tim £(0), O-f(g) o,

t—0+
01 (5) = i s (§) =o im0

In this paper we will study a generalization of the f-divergence functional for
a different class of functions. Throughout this section, when mentioning the interval
[m,M], we assume that [m,M] C R;. For a 3-convex function f: [m,M] — R we
define generalized f-divergence functional

Di(p.g) =Y aif (§> . 1)
i=1 l

As an application of Theorem 3 we get an Edmundson-Lah-Ribaric¢ type inequality
for the above defined generalized f-divergence functional.
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THEOREM 7. Let [m,M] C R be an interval such that m <1 <M andlet f: [m,M)]
— R be a 3-convex function. Let p = (p1,...,pn) and p = (q1,...,q,) be probability
distributions such that p;/q; € [m,M] for every i=1,...,n. Then we have

e () (5 -m) (B - o)
<1]\‘44:,}1f(m) Ff( )~ Ds(p.q) 22)
it (0-2) (3-0) (-5

Proof. Let x = (x1,...,x,) such that x; € [m,M] for i = 1,...,n. For a 3-convex

function ¢, in the relation (3) we can replace
f<—x, and A(x 2 DiXi.

In that way we get

Y piM —xi)(xi—m) (9(M)—¢(m)
1 M—m ( M—m —(Z)+(m)>

M—x X

<G9S0 00 = S pi0()
ng pl(]yw__)i;l)(xl_m) ((Z)/(M)— ¢(A]4V3:f:l(m)> ,

where X = Y| pix;. Since the function f is 3-convex, in the previous relation we can

set
Pi

¢=f, pi=gi and x; = —,
and after calculating
_ n p[ n
x:ZCIiEZZPi=1
we get (22). O
In a similar way, as an application of Theorem 4, an inequality of the Jensen type

for the generalized f-divergence functional follows.

THEOREM 8. Let [m,M] C R be an interval suchthat m <1 <M andlet f: [m,M]
— R be a 3-convex function. Let p = (p1,...,pn) and p = (qi,...,q,) be probability
distributions such that p;/q; € [m,M] for every i=1,...,n. Then we have

M-D(A=m) (fM)—f(m)
M—m < M—m —f+(m))

e E) (o) (ron )

qi qi
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) M- —m) [, f(M) — f(m)
M—m (f_(M)_ M—m )

i (o5 (G (= )

Proof. As in the proof of the previous theorem, let x = (xy,...,x,) such that
x; € [myM] for i =1,...,n. For a 3-convex function ¢, in the relation (7) we can
replace

fe—x, and A(x Zp,x,

and obtain the following discrete sequence of mequahtles:
M—x)(x—m) (¢M)—¢(m)
M—m MmO

_ 2 piM —xi)(xi —m) 0
M—m

g O04) — o)

Lo - 000 )

<3 o) — o) < WA (o o) - L0
N zy:lpi(M_xi)(xi_m) <¢(M) B (Z)(m) _(PJ/r(m)) )

M—m M—m

The function f is 3-convex, so in the previous relation we can set

0=f pi=qi and x =2,
qi
and after calculating

)E:

-
M-

pPi
qi— pi=1
1 49

i 1

1

we get (23). U

EXAMPLE 1. Let p = (p1,...,pn) and p = (q1,...,q,) be probability distribu-
tions and let [m,M] C R be an interval such that m < 1 < M and p;/q; € [m,M] for
everyi=1,...,n

> Kullback-Leibler divergence of the probability distributions p and g is defined
as

Dki(p,q) = z‘b 10g
and the corresponding generating function is f (t) =tlogt, t > 0. We can cal-
culate f"'(r) = —tlz < 0, so the function —f(r) = —tlogs is 3-convex. Now it

is obvious that for the Kullback-Leibler divergence the inequalities (22) and (23)
hold with reversed signs of inequality, with

fi.(m) =logm+1 and f'(M)=1logM+1.
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> Hellinger divergence of the probability distributions p and q is defined as
1 n
Du(p.q) =5 2 (Vai— V),
i=1
and the corresponding generating function is f(t) = $(1—+/7)%, ¢ > 0. We see
that [ (1) = —%t’% <0, so the function —f(¢) = —1(1—/)? is 3-convex. It
is clear that for the Hellinger divergence the inequalities (22) and (23) hold with
reversed signs of inequality, with
1 1 1 1
! =———+-and /(M) = ——+=+=.

> Renyi divergence of the probability distributions p and q is defined as
Da(p.q) =Y, 4" 'pf, 2 €R,
i=1

and the corresponding generating functionis f(¢) =%, r > 0. We calculate that
F"(t) = a(a—1)(0r—2)t*~3 and see that the function f(z) =t* is 3-convex for
O0<o<land a>2,and —f(t) = —1% is 3-convex for « <O and 1 < ¢ < 2,
and we have

fi(m)=am® " and f (M)=oM*"'
As regards the Renyi divergence, the inequalities (22) and (23) holdfor 0 < o < 1
and o > 2, and if oo <0 or 1 < & < 2 the signs of inequality are reversed.

> Harmonic divergence of the probability distributions p and q is defined as

< 2Pidi
Dya(p,q) = ;
«(P.4) ,:21 Di+qi
and the corresponding generating function is f(r) = f—lt We can calculate
) = ﬁ > 0, so the function f is 3-convex. Now it is obvious that for
the harmonic divergence the inequalities (22) and (23) hold with
2
/ /
= —- and M)=——3.
f+(m) (1_|_m)2 an f,( ) (1+M)2

> Jeffreys divergence of the probability distributions p and q is defined as

n

Dip.a) =5 3 g~ plog .,
i1 Pi

and the corresponding generating function is f(t) = (1 —t)log 1, t > 0. We see
that (1) = —}2 — t% < 0, so the function —f(¢) = (1 —¢)logs is 3-convex.
Instantly we get that for the Jeffreys divergence the inequalities (22) and (23)
hold with reversed signs of inequality, with

1 1
! =logM——+1 and (M) =1 —— +1.
Fim) =logM — -+ 1 and f/(M) =logm——+
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5. Applications to Zipf-Mandelbrot law

Benoit Mandelbrot in 1966 gave improvement of Zipf law for the count of the low-
rank words. Various scientific fields use this law for different purposes, for example in-
formation sciences use it for indexing [10, 27], ecological field studies in predictability
of ecosystem [24], in music is used to determine aesthetically pleasing music [23].

Zipf-Mandelbrot law is a discrete probability distribution with parameters N € N,
q,s € R such that ¢ > 0 and s > 0, possible values {1,2,...,N} and probability mass
function

1 & 1
M’ where HN,q,S‘ 2

i;N,q, = - .
f( d,S ) HN7q7 = (l+q)s

(24)

Let p and g be Zipf-Mandelbrot laws with parameters N € N, ¢g;,¢g» > 0 and
51,52 > 0 respectively and let us denote

H . K
Mp q —mm{p’ } = 7N””7S2min{7(l_+q2)' }
qi Hy g, s, (i+q1)

; H . K
My q :max{p } N2y max{i(l,—i_qz) } (25)
qi Hy g, 5, (i+q1)

The results from the previous section can be utilized in obtaining different in-
equalities for the Zipf-Mandelbrot law. The first result that follows is a special case of
Theorem 7, and it gives us Edmundson-Lah-Ribari€ type inequality for the generalized
f-divergence of the Zipf-Mandelbrot law.

COROLLARY 3. Let p and q be Zipf-Mandelbrot laws with parameters N € N,
q1,q2 = 0 and s1,52 > 0 respectively, and let mp 4 and My 4 be defined in (25). Let
f:[mp.g,Mp gl — R be a 3-convex function. Then we have

1 JMpq) — f(mpgq) — ' (m
Mpq—mpq( fil p7q>>

Mpq—mpq
(i+ ‘IZ)SZHNﬂMz (i+ ‘IZ)SZHNﬂsz

Z 2H pq 7 SIH N SUH —Mpgq

- l+q2 N.g2.52 (i+q1)* Hy g s, ) \(i+q1)"" Hy g5,

M —1 1— -
TPI f(mpg) + L f(Myq) —Dy(p,q) 26)

Mpg—mpgq Mpq—mpq
1 J(Mpq)— f(mp4)
S e G e
p.q Mpgq p.q Mpgq

X S 1 (M g (i+q2)52HN7qz,s2) <(i+q2>S2HN7q27S2 _mp.,q>.

& (i+q2)2Hy g5 (i+q1)""Hy g5, ) \(i+q1)*"Hy g 5,

n

<

Our next result follows directly from Theorem 8, and it represents a Jensen type
inequality for the generalized f-divergence of the Zipf-Mandelbrot law.
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COROLLARY 4. Let p and q be Zipf-Mandelbrot laws with parameters N € N,
q1,q2 = 0 and s1,s2 > 0 respectively, and let mp 4 and My 4 be defined in (25). Let
[ [mp.g,Mp gl — R be a 3-convex function. Then we have

(Mpg—1)(1—mpgq) (f(Mp,q) — [(mpq) 7 (m, q))

+

Mpg—mpg4 Mpg—mpq
M 1m (f/ (Mp.q) — f(l‘]l‘;7q) — i(mpg))
pa Mpgq pa Mpgq
« i 1 ( _ (i+q2)Hy g, 5, ) ( (i+4q2)Hy g, 5, —m )
i=1 (i+q2)S2HN71127-\'2 ! (i+q1)S1HN71117-\'1 (i""Il)SIHNJiMl e
<Dy(p.q)— f(1) 27
<(Mp7q_1)(1_mp7q) (f/ M )_f(an)—f(mpﬂ))
h Mpg—mpg4 S Mp.g—mpq
— 1m (f(ﬂjz7q)_£(mp7q) _fjr(mp,q))
pa Mpgq pa Mpgq
« i 1 < _ (i+q2)Hy g, 5, ) ( (i+4q2)Hy g, 5, —m )
i=1 (i+612)52HN-!12~,52 g (i+611)51HN~!11~,51 (i+‘11)S1HN=1117S1 -

REMARK 2. Corollary 3 and Corollary 4 can easily be applied to Kullback-Leibler
divergence, Hellinger divergence, Renyi divergence, harmonic divergence or Jeffreys
divergence considering Example 1.
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