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POINTWISE APPROXIMATION BY BEZIER VARIANT OF
AN OPERATOR BASED ON LAGUERRE POLYNOMIALS
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(Communicated by V. Gupta)

Abstract. In 2013, Oksiizer et al. [Math. Meth. Appl. Sci., Doi: 10.1002/mma.3705] defined
the Bézier variant of an operator involving Laguerre polynomials of degree k and studied the
rate of convergence of these operators. In the present paper, our aim is to study the degree of ap-
proximation of these operators by means of the first order Ditzian-Totik modulus of smoothness
and also obtain a quantitative Voronovskaja type theorem and the error in the approximation of
functions having derivatives of bounded variation.

1. Introduction

Following [ 18], the generating function of the associated Laguerre polynomials is
given by

—Xt

S 20 (k= L
IZZ)Lk (1)x* = N exp(1

—x)’ 0<x<1,nezZt, (1.1)

where 7 < 0, is a fixed parameter and L,E") is a Laguerre polynomial of degree k defined

as
k J
(n) (k+n\t
0= Y1 (;")5 e

K ZE) k—j)j!

where n is a non-negative integer.
Cheney and Sharma [1 1] introduced a sequence of linear positive operators based

on the Laguerre polynomials as follows:

k+n
(Paf(s))(1,2) = f(1). (1.2)

In particular, for + = 0, the operator given by (1.2), includes Meyer-Konig and Zeller
operator [16].

(R )) = (1= enp () 5 (5 ) 0

Mathematics subject classification (2010): 41A36, 41A25.
Keywords and phrases: Laguerre polynomials, Bézier variant of an operator, modulus of smoothness,
Voronovskaja type theorem.

© depay, Zagreb 693

Paper IMI-12-53


http://dx.doi.org/10.7153/jmi-2018-12-53

694 S. DESHWAL, A. M. ACU AND P. N. AGRAWAL

In [18], Oksiizer et al. defined the Bézier variant of the operator (1.2) as:

Pl )0 = 37 ot 0<x<n. Ay
(Buad ()1, = £(1),

where o0 > 1, Q% (x,1) = (S x(x,1))* = (Jp g1 (x,2)) %, Jnx(x,7) Zmnj x,t) fork =
: et
0,1---,n, are the Bézier basis functions and

Xt

Mg (x,1) = (1—x)"exp <I——x> L), (0<x<1),

and estimated the rate of pointwise convergence of P, o, by using the Chanturia modulus
of variation, at those points x € (0,1) at which the one-sided limits exist. Oksiizer
et al. [19] also studied the rate of convergence of operators given by (1.3) for the
functions of bounded variation. Bojanic and Cheng [9], pioneered the study of the
rate of convergence of Bernstein polynomials for functions with derivative of bounded
variation. After that authors [10], discussed degree of approximation of Hermite-Fejér
polynomials for the functions with derivatives of bounded variation. In 2003, Gupta
et. al [15], discussed rate of convergence of summation integral type operators with
derivatives of bounded variation. In 2005, Gupta et. al [14], studied same results for
Beta operators of second kind. Subsequently, many researchers have contributed to this
area of approximation theory (cf. [6], [8], [17] etc.) and the references therein.

The purpose of this paper is to determine the degree of approximation of the op-
erators given by (1.3) in terms of first order Ditzian-Totik modulus of smoothness and
a quantitative Voronovskaja type theorem. Also, we obtain the rate of convergence of
these operators for functions with derivatives of bounded variation.

Throughout this paper, C denotes a positive constant not necessarily the same at
each occurrence.

2. Preliminaries

Denote
AEJ‘.}) EAEJ‘.})(mx,t) = (1—x)""Hexp <1tjx> ki) (k+nl+j) kn+l (t)x*,i,j,v €N.
LEMMA 1. For the functions Al(j )7 we have
0<AV < L
Yo (nt )Y

Consequently, lim AE}‘.’) —0.
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Proof. Since L") (1) >0, ¥ n e NU{0} and 1 <0, itfollows that A} >0, Vi, j,v €
N.
It is clear that

(v) 1 1 X\ N g () o
A;’ < (n—l—j)"(l_x) exp(l_x> N L ()x".

Using the following identity (see [20])

(1—x)"exp <1x__tx> iL;({n)(f)xk =1,

we have

Hence, lim Ag}/) =0. O
n—o0

LEMMA 2. Let ¢;(x) =x', i=0,1,2.... Then for each x € [0,1), t <0, we have
i) (Pueo)(x,1) =1,

.. Xt
ii) (Pyer) (x,t) =x— —A(lll),

I—x
2.2
1 2tx? °x 2 tx 2
iii) (Pye2) (x,1) :xz—sz(()z) T A(lz)—I— Aél)—I— = x)zAéz)— 1 xA51)7

iv) (Pe3) (x,1)

)~ A - 2R+ s a (af) A - 1A
— 1 (1 1XA522) 0 ! X)ZAS)) 0 (1 -3y +24f) - Al + ﬁAﬁ))
o (A - Al - A Al ) s (- ).
v) (Pues)(x,2) ,
—af) Al +7 (4 - A - AR ) - 15 (4 - )
<6Ag; — 14A[) +4A5) — lliAQ + %A@ + %AQ)
- (a2 - A )
+at (1 +11A5) — 6Al — 64 — liA(m) 13_t Al

312 Ot 3¢ 13
n A @) 3 <3>>

(1 —x)2 I—x ¥ (1— )2A24 - WA%

( 54)—3A§4)_1—A§4)+2A§4+—Ag4 x2A§4)— —x A ).

Cl—x 1
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Proof. Using the following identity (see [20])
; o
1— n+1 A L(") -1
( ) exp<1_x g k (t)xk 9

we get (Pyep) (x,7) = 1.
In order to obtain the m”-order moment of the operators based on the Laguerre
polynomials we consider the known recurence formula (see [20])

w0 = (om0 kL) @D

Therefore, we get

(Paer) (1) = (1 —x)" L exp (%) ;g - j‘_ 11
—O-ten (F5) 3 {<k+n>L< 10 -3
—(=ae () 3 (10 - o 0
— (1—x)"exp (x—_tx) {;)L]({M(,)xkﬂ _gﬁq{nﬂ)@xkﬂ}
—x— 2l

) 2
(Baa) () = (1= s (22) 3 () 2o
= (e () 3 (et o)
S {0 i

X
1
_ nt1 i\ J kL (D)1 (nr1) k1
_(1 x) + exXp —>2{ Lk (Z)—ml% (l) )C+

k
— (1 —x)"“exp Xt i L(”) (t)xk'H _ i 1 L(”) (t)xk'H
1—x k=l Sktn+171

NI G VN(SVNIE SR S O PR s
—t L L@
,Zlk+n+1 k-1 ¥ +k26k+n+l e (0

o1
—t
,Zflk+n+1 &

n+2
( x"+1+t22 mlﬂij )(t)xk+l
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PR 1 (1) )y k1
DN v

21x2

t°x A(z) Ix

“‘(12)+ A(()l) 1222 1=

2 24(1) 2)
=x"—x A(()2 xAgl.

In a similar way can be proved the next relations. [

LEMMA 3. Fort € [b,0], b <0, the operators based on the Laguerre polynomials
(1.2) verify:

i) limn(P(s—x)) (x,1) < — 2,
n—soo 1—x
ii) lim n (Py(s —x)z) (x,1) <x,
n—oo
2
iii) lim n? (Pn(s—x)4) (x,1) < 1= (—12xt 4+ 13x(1 —x) +3(1 —x3)).

Consequently, for sufficiently large n we have

Cx

(Pa(s =2)?) (6:1) < =, (2.2)
where C is a positive constant.
Proof. Using Lemma 2 we obtain
lim n(Pa(s =) (1) = lim — == Al = -2
r}grolon (Pu(s —x)2) (x,1)
= im {25 el o)+ A - a2
< timn {safy + 5 - )}

1252 tx

<1 - = A,
nﬂ‘o‘o{”u—x)zn <1—x>n} *

lim n? (Pa(s— x)4) (x,1)

n—oo

. onx ) 4 (4) L) > ROIING
:}ﬂm{m (+2)(1—x)* (4 — ) +62(1—x)* (af) - a))

Faxi(1 =) (Al —al) #1201 -0 (4 — A1) — 421 - 0)*af])
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Fx(12x+7)(1—x)*Al) — 22 (4x+7) (1 — x)*ALY + 2402 (1 — x)°A)

— 602 (2x+ 3)(1—x)°A'%) — 12253 (1 — x)24%) + 1203 (1 — x)34')

+6203 (1= x)2A% + 113 (1 —x) AL + 6263 (1 — x)2A2) — 61:2(1 — x)3Aﬁ>}
.X2
<
1—x

(—12xt+ 13x(1 —x) +3(1—x)). O

LEMMA 4. Let f € C[0,1]. Then the Bézier variant of the operators based on the
Laguerre polynomials (1.3) verify:
i) [Bnall <1,
ii) (Poaf(s)) (x,1) < o (B.f(s))(x,1), where f >0 on [0,1].
Proof. 1) Since
(Paao) Zan (1) = 3 { s~ Pgen (0]

k=0

o
= [Jno(x,2)]* <2mn,xt> =1,

k
f(k—i—n)

b) Using the inequality |a® —b%*| < a|a—b|, where 0 < a,b < 1 and o > 1, we
get

it follows

=

| (Prof(s) (x,0)] <

k=0

O ) < ALY 0% (o) = 111
k=0

0< [ ke (X, t)] — I:Jn7k+1(x,t)j|a S oS (x,1) = Ty g1 (x,2)) = oumy, i (x,1).

Hence, in view of the definition of P, , and the positivity of f, we get (P,,¢.f(s)) (x,7) <

o (Puf(s)) (x,2). O

3. Rate of convergence
In this section, we recall the definitions of the Ditzian-Totik first order modulus of

smoothness and the K -functional [12]. Let ¢ (x) := /x and f € C[0, 1]. The first order
modulus of smoothness is given by

w¢(f;t)=0s<tll12[{‘f< hq’z(x))—f(x—h"’z(’“))’,x h¢2(x)e[0,1]}.

Further, the appropriate K -functional is defined by

Ky(f31) = e‘}Vn[f {I1f =gl +lleg'l|+21g'll} (> 0),
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where W [0,1] = {g: g € ACo[0,1], [|9g'|| < o=}, g € ACjc[0,1] denotes the class of
all locally absolutely continuous function and ||.|| is the sup norm on C[0, 1]. It is well
known [12, p.11] that there exists a constant C > 0 such that

C ™l ay (f30)Ky (f31) < Cay(f31).
THEOREM 1. Let f € C[0,1] and ¢(x) = \/x. For every x € [0,1), t € [b,0],
b < 0 and sufficiently large n, we have

[(Paaf(5)) (1) = £ ()] < Cay (f; %) .

Proof. By definition of Ky (f,z), for fixed n,x, we can choose g = g, € W;[0,1]
such that

IR B 1
sl o+ 11 < 00 (7,72 ). 6.

|(Paaf () (6,2) = f ()| < [(Pro(f = 8)(8)) ()| + 1 f — 8+ [(Pr.og(s) (x,7) — g ()]

<

SCIS =gl + [(Prog(s) (x,1) — g(x)]- 3.2)
Now, to estimate the second term in the above relation, we will split the domain into
two parts, i.e x € I, = [0,1] and x € I = (1,1). Using the representation g(s) =
gx)+ [ ¢ (u)du, we get

(Poag(s))(x,1) — g(x)] < ‘ (pw ( / g/(u)du>> (x,1)|. (3.3)
Letxelf = (1,1), we have
[ < S| =210l IV5 - v
2H¢g|\ls—X\ 2[¢g'l|]s — x|
S — . 4
ST 5(x) G
Now, combining (3.3) and (3.4), we get
(Prag(s) (1) —g(0)] < ZL,"(’g)'K Prals—x)(e.0)] < ZL'jfg)'K( 2(s—2)2) )
< Aeelve, jo ~ 2vEaliog L <
X) n n
Again, for x € I, = [0, l], using Lemma 4(ii) and (2.2) we have
|(Pa,g(s))(x,1) — g(x)| < ||g" || (P, x[)(x,1)]
< (Paa(s — )2 (x,0)[V2 < ]| {(Po,a(s —x)?) (x,2)}1/2

IIgI\/_\/7 —H Il
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Therefore,

(&ﬂg@x&g_g@”<C<L%%y+

el s

n

Collecting (3.1), (3.2), (3.5), the proof of theorem is immediate. [

4. Voronovskaja type theorem

In this section we prove a quantitative Voronovskaja type theorem for the Bézier
variant of the operators based on the Laguerre polynomials (1.3) in terms of the first
order Ditzian-Totik modulus of smoothness. For some other researches in this direction
we refer the reader to ([1]-[5], [7]) and the references therein.

THEOREM 2. Let f € C?[0,1], x € [0,1), t € [b,0], b < 0. For sufficiently large
n, the following inequalities hold

i) |n [<Pn,af<s>> () — ) — 2 0) £ () — S <x,r>f”<x>}
<Cay (f",0(x)n'1?),
i || P69 ) = 109~ ) 0~ 08200070
<Co(x)wy (7,0 12),
where

1" (x,8) = (Po(s —x)™) (x,£), m € N.
Proof. Let f € C?[0,1] be given and s,x € [0,1]. Using Taylor’s expansion
16) = £ = =270+ [ (5= wf" e
we get
16) =10 = =0 @) = 352280 = [ 5= "~ [ (5= s x)d
= [ =l )= £

Applying P, o to both sides of the above relation, we obtain

(Puaf (5)) (5,1) = £(x) = o Ce, 1) £ () = =i (e, 1) " ()

[ ls=ullf" @)~ £ @)

<aﬂ< m>. @.1)
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The following estimation can be obtained (see [13, p. 337])

10 = £ @)l uldu] <2177 gll (s =0+ 208 N~ s — P, (42)

where g € W,
Using the relations (4.1)—(4.2), Lemma 3, Lemma 4 and the Cauchy-Schwarz
inequality, we get

\m,af(s)) () = £5) — () () = 31 t) ()
<2 = gl (Pracls —20%) (e.0) +2010816 7 (x) (Prale =) (x.0)
<2Hf”—g||a(Pn(s x)?) (x.t) + 201980 () { (Bals —x)?) (1)}

< {(Bats =) o0}
<20 gl (Bals = ?) () + 20 9| {(Bals — ) ()} 2

<c{ T8y g+ 18 gy}

C
<= {o* @I —gll+nollog I}

12

The constant C > 0 is not the same at each occurrence. Since ¢2(x) < ¢(x) < 1,
x €1[0,1), we obtain

(Puaf(s)) (x,0) = F(x) = o (1) (%) —

Crypm - '
< {1 =gl +n o wllog'

Also, the following inequality can be obtained

Poaf(s)) (x,1) — £(x) — o (x,0) £ (x) —

S

(
< Sow {1 el +n 021}

Taking the infimum on the right hand side of the above relations over g € W, , we get

0 [P 90) () = £0) ~ A0 ) - 30|

_ [ CKo (f"0(x)n=12),
S C¢(X>K¢ (f//;n71/2)'
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5. Approximation of functions with a derivative of bounded variation

Let DBV|0,1] be the space of all absolutely continuous functions f defined on
[0,1] and having a derivative f’ equivalent with a function of bounded variation on
[0,1]. For f € DBV|0,1] we may write,

) = [ s+ £(0).
We can rewrite the operator given by (1.3) as
1 9 "
(Puaf 0)1) = [ £00) o {012 (50,0 v,
where

Mg(x,w,t):{zﬁ OQ ) (x, ),0<w§1.
w =

LEMMA 5. Let x € [0,1), then for sufficiently large n, we have

(i) Vn,a(X,S,f)=/()S;—W{M,f‘(x,w,t)}dw< n(f%y 0<s<x,
(ii) l—v,,ﬂ(x,z,t):/ZI;—W{M,?‘(x,w,t)}dwén(f%)z, x<z<l.
Proof. (i) Using Lemma 3, we have
V(% 5,1) / M (e, Y < / <x_w>2i{M,f‘(x,w,t)}dw
0o \x—s /) ow
- (x_s)2<Pm<x—w>2><x,w> < %

The proof of (ii) is similar, hence it is omitted. [

THEOREM 3. Let f € DBV[0,1]. Then,

(P (5)) (1) = £ )] < F Fe ) ' +2W

SE (V)

X
X1

2

x-‘rlﬁiC
2V

f'et) —f’(x—)'

X

v (99)
e 5 (V)
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where

0, =, (5.1)

f@)=f(x=), 0<r<x
filt) =
f1@)—f(x+) x<t <eo.

Proof. Forany f € DBV|[0,1], we may write

(7o) + 0 )+ 50w = 1 ) (senls -0+ )

F(s) = fils)+ o+ 1

a+1
+8:(s)[f'(5) — %(f’(er) +f/(x-))], (5.2)

where

Again, we have

(Poaf(s))(x:1) = f(X)

—/ {Ma(x s,1)}ds
_/ {M"‘(xst }ds+/ @) 5 {M“(xst)}ds

- ( / I Mdu)a{Mg(xJJ jas+ [ ( [ u>du);{M,?<x7m>}ds
= —K{(n,x,t) + K5 (n,x,1) (say). (5.3)

Now, from equation (5.2), we have

K®(n,x,1) = f/(”)a*f{/( )/Ox(x—s)%{M,f‘(x,s,t)}ds

[ ( A f;<u>du) 2 (g ) )ds

_ ailf(”);f(x_) /Ox(x—s)%{M,f‘(x,s,t)}ds. (5.4)
Similarly,
K (n,x,1) = f/(”)a*f‘{/(’“_)/l(s ) (Mg (5,0} ds

+/ (/f du) (M (x,5,1)}ds

azjcl foct) - . fx=) /xl(s _x)x{M,‘f(x,s,t)}ds. (5.5)
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Using (5.4)—(5.5), from (5.2), we get

(Pmocf(s))(xJ) _f(x)

Ft) +of (=) ! d, o 2 fit) —f')
_ a+l /O(s x) 5 AM (x50 }ds + o= 3

< [ 93 O (M (rs0))dst = (f/(”);f/(x_))/xl( ) M x50

/(/f du) {M“xst}ds+/ (/f du) {M?(x,s,1) }ds.

Hence

|(Paaef (5)) (x,7) = £ (%)

<’(f(x+)a++a{( DBy als =6 ) + 1 (4) = £ | Pl = 31) )

'/ (/f d”) (M (x,5,1) Y| + /(/f du) (M (x,5,1)}ds) .

Applying Cauchy-Schwarz inequality, we get

|(Paaef () (x,1) = (%)

< f;(ﬁ);f{ (P als—7) e0)) 242

’/ (/f ) {M?(x,s,1) }ds| +
Now, using Lemma 2 and then integration by parts, we get

([ swan) § o sanas= [ [ ) 5 natrsas
/Ofx $)Vn,a(x,5,1)ds.

((Pra(s=x)) (1)) /2

/(/f du> (M (x,5,1)}ds] .

(5.6)

S o) —f"(x—)
2

Therefore,

/O" (/Sxf;(“)d“) %{Mﬁ‘ (x,5,1) bs

/Ox‘ Fi($) vna(x,s,1)ds
</Ox} (5 v a(xstds—i—/ 1 (5) v (. 5,1)ds.

N
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Using f}(x) =0 and v, o(x,s,7) < 1, we get

[ 1hmatesnds = [ 170 = £0lnalesnds
v vn

X

/__\/fxdsé \/f;/ \/fxds_% \X/Lf’é
vn

X

= xX—

< Cox

Again, using vy o(x,s,1) < pr— and putting s =x— <, we get

R C n
| 1RO nates.nds < = / \/ i
0 n Ji o

Ca[\f
eV
Hence,
Ca Y L ox N\,
/(/ fi(u ) M%(x,s,1)}ds| < 7k=1x\_/]%fx+ﬁx_\{%fx. (5.7)

Again,

(/ filu ) M (x,5,1)}ds
. ( [ fé(u)du) 5-(1 = Vnalx.5.0))ds
+f 1 ( / Sf;(u)du) 2 (1 males.))ds
N (/xzf;(u)du)(l_v"’a(x’zvt))_/xzf;(s)(l—Vn,a(x7s7t))ds
- (/:f;(“)d“)“ ~Vnal(x.z.1)) —/Zlf;(s>(1 —Val(s,0))ds

—| [ £ (1 = vmalo,s,0))ds + 1f,é(s)(l —Vna(X,5,1))ds
J /
g/xz\s/fxd +%/ (\/fx> s —x)"2ds.

1—x
S—x°

Now, let z =x+ 1—\7; and then putting u = we get

| (/l\'f;(”)d’o i{1"1,2"(16,s,t)}ds

( Vv fx) Cox +7 (\/ f;) (5 —)~ds

X
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1— g N\ Cox [vn X+%, _
< ﬁx( V fx)+ a ( \/ fx)(l—x> 'du

n 1
Xt
[

1—x v , Cax i ,
<E(V AV ) o8

k=

Collecting estimates from (5.6-5.8), we get required result. [
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