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NECESSARY AND SUFFICIENT CONDITIONS FOR THE
VALIDITY OF HILBERT TYPE INTEGRAL INEQUALITIES
WITH A CLASS OF QUASI-HOMOGENEOUS KERNELS
AND ITS APPLICATION IN OPERATOR THEORY

YONG HONG, BING HE* AND BICHENG YANG

(Communicated by M. Krni¢)

Abstract. By using real analysis technique and the method of weight functions, the necessary
and sufficient conditions for the validity of Hilbert type integral inequalities with a class of
quasi-homogeneous kernels and the best constant factors are obtained, and its applications in
operator theory are discussed.

1. Introduction and preliminary knowledge

Let r > 1, and o be a constant. Set

Yoo 1/r
:(/0 x“mx)dx) <+w}.

Ly (0, +20) = {f(X) Z0:|f]

If 1%4—% = 1(p > 1), M is a nonnegative constant, K(x,y) > 0, f(x) € L5(0,+c0),
gly) e L’é 0, +o), then the Hilbert type integral inequality is of the form
Hoo prteo
| [ Ko se)asdy <Ml pallelp: (n
Define the singular integral operator 7 by
~+oo
TN = | Kxy)fx)d f(x) € L5 (0, +<0). 2)
Then (1) can be equivalently written as
o0
| 0o <M fllpalellep @)
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An operator T is called the bounded operator from Lf, (0,4-e0) to LY(0,4-c0), if [|T(f)]| .y
< M||f||p,e - At this point, the operator norm of 7 is defined by

reth04«) |Ifllp.o

In particular, T is called a bounded operator in L}, (0, +co), if the bounded operator T
is from L (0,+eo) to itself. For the sake of convenience, denote by ||f]],.0 = ||f]]p.
L5 (0,4-00) = LP(0, +-o0).

One can know from (3) that, the boundedness of the operator is closely related
to the Hilbert type inequality. Although the study of Hilbert type inequality has made
many achievements (cf. [1]-[16]), but most of them are discussed for a specific integral
kernel. In this paper, we will study the necessary and sufficient conditions for the va-
lidity of Hilbert type inequality with a class of quasi-homogeneous kernels, and discuss
its applications in operator theory.

DEFINITION 1. A function K(x,y) is said to be quasi-homogeneous of order
(A1,A2) if for £ >0,

_h _h
K(tx,y) =t"K(x,t 2y), K(x,ry) =12K( *1x,y),

where A; and A, are nonzero constants. When A; = 4, = A, K(x,y) becomes a ho-
mogeneous function of order A.

LEMMA 1. Let T be as in (2). Suppose that p > 1,
Y= B(1—p). Then Hilbert type inequality (1) is equivalent to

T

+.=1 0a BeR,
IT(Nlpy <M fllp.a-

Proof. Necessity. If (1) holds, set

then

1Tl = [ anmrar= [ [ ke swaeay

o 1/q
=M||fl]p.a (/0 yﬁgq(y)dy)

o 1/q
=Ml ([T O0N &) =Ml TN

< M| fllp,

If ||T(f)||p,y =0, theninequality ||T(f)|| .,y < M||f]|p,e is naturally valid; if ||T(f)]],.y
= oo, then inequality ||7'(f)||p,y < M||f]|p.oc is impossible. Thus, in view of the above
results, we have ||T(f)|py < M||f]|p.o-

Sufficiency. If ||T(f)||p,y < M||f]|p,«» then it is not difficult to derive (1), whence
(1) and the inequality ||T(f)||p,y < M||f||p,a are equivalent. [
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LEMMA 2. Assume that p > 1, 11—7—|— Ll] =1, 4A >0, o, B R, M‘XT;M—F

# = M2, K(x,y) is a quasi-homogeneous non-negative measurable function of
order (A1,Az), set

o+1

teo Byl oo gy
W1=/ u 9 K(l,u)du,sz/ u 7 K(u,1)du,
0 0

then MWy = AWy, and

Proof. Since K(x,y) is a quasi-homogeneous function of order (A;,1;), and
+ @ = A4 > 0, we have

_ﬂ (Az—w> _ 1 (Allz_llﬁq—z,z_ll—Flz)

1206711
p

A q 2 q
1 (}Ll)Lz+)LZO‘ )Ll_)Ll)L M)
A p q
o Al A+ o+1 M
==+ - +1+5,
p Pk gk A

and

/) 2 K(r,1)dr
o (r,1)
k1/+°° _ ol A
= — t 7 K(t,1)dt = —W,,
A2 Jo 1) Al

_M
it follows that ;W) = A;W,. Substituting x %y = u, then

_B+1 4

tee M
o) = [y KL By

12—1—2(“—“—1
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2. Main results

THEOREM 1. Suppose that p > 1, %—l—i =1, LA >0, a, B R, K(x,y)

is a quasi-homogeneous non-negative measurable function of order (A1,2;), K(1,u)
(K(u,1)) >0 a.e. in (0,1) ((1,0)), and

too Bl Tt gl
W) :/ u K(l7u)du7W2:/ u 7 K(u,1)du
0 0

are both convergent. Then
(i) there exists a constant M, for any f € L5(0,+), g € Lg (0,4-o0), the neces-
sary and sufficient conditions for Hilbert type inequality

oo oo
| [ K@ @)y <mllpallellp @
to be true is that @ + # =M
(ii) if (4) holds, then its best possible constant factor is M = W where
1 2

W =|M|Ws = [A2|W.

Proof. (1) Necessity. Assume that there exists a constant M, such that (4) holds.
Set ¢ = MO‘TTM + # — M A, . First consider the case of 41 >0, 1, >0.If ¢ >0,
for sufficiently small £ >0 (¢ < 7). take

(—a—1+Mi€)/p_ <1

o X 5 <X < )
flx) = { 0, x> 1,

<) = yB-lthe)/a o<y <,
0, y>1.

Then
! 1+A1€ Y ! 1+e e 1
lpallellg = ([ 75e0) " ([se) = o ©)

Hoo oo

| [ K@y swetdy

/lx(fafu/hs)/p (/1 K(x,y)y(ﬁwzlze)/qdy) dx
0 0

_ /1x11+(—a—1+xls)/p (/lK(l’x—h/ﬂtzy)y(—ﬁ—1+Azs)/qdy) dx
0 0

I e x M/
_ / ¥ l+l|£ X /
0 0

1 c 1
2/ x*l‘FllE*de/ K(l7t)l(_l3_1+2’2£)/th. (6)
0

K(Lt)t(‘ﬁ‘l”ﬁ)/th) dx



HILBERT TYPE INTEGRAL INEQUALITIES 781

It follows from (4), (5) and (6) that

Lot [ (~B-1+42¢)/q M

Since ¢ >0, 2, >0, 41€ — £ <0 and Iy x T gy diverges to +oo. Whence it
is a contradiction of (7). In other words, it is not Valid for ¢ > 0.
If ¢ <0, for sufficiently small € >0 (€ < VS ;L ), take

(~o-1-8)/p 4>
_ X , X=21,
f(x)_{ 0, 0<x<l1,

(=B—1-X¢)/q >1
g(y) = {y 0 ’Oi ’
, y<l1.
We get
too 1/p oo 1/q 1
. —1-A1€ —1-Ae .
1 £11p, B = (/1 x dx) (/1 Y dy) e P
oo oo
| [ Kensmst)asy
/ ﬁwze/q</ ny)(awm/pdx)dy
/ et (-p-1-78)/q ( / Ky~ 2/4 1)pl-a-1- Ale)/pdx)
= y TRE /+m K(t, 1)o7 1=Me)/pgy ) dy
20 /M ’
~+oo
/ —1-Ae— )ley/ Ktl)(alllé‘/pdt
Therefore

RRR B PR /+°° o1 M
rd )P Y A L T G —

Since ¢ <0, A1 >0, —Ae— 7%1 >0 and [; myflflzgfﬁdy diverges to +co, which
contradicts the above inquality. Hence it does not hold for ¢ < 0.
To sum up, when A; >0, A, >0, we have ¢ =0, that is % + @ =1 .
Now let us consider the case of 4; <0, A, < 0. If ¢ > 0, for sufficiently small
e>0 (e< ﬁ),take

(—a—1+)l,18)/p > 1
_ )X , X=z21,
f(x)_{ 0, 0<x<l1,
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(=B-1+A¢)/q >1
g(y)—{y 01T

0, O<y<l1.
Then
Foo Up / 4o 1/q
Hf||p7 B = ([ x—1+7Ll£dx) (/1 y—l+7Lz£dy>
_ 1
Ce(=A)r (=) e
too oo
L[ ks
_ [ it aithe)/p ( / - K(l,xll/lzy)y(ﬁ1+7Lz€)/f1dy) dx
1 1
/+ 7l+11€** /+oo K(l t)t(fﬁflﬁ*lzé‘)/th dx
1 —21/% ’
/+ —14+Ae— 7L dx/+ooK 1 t) ( B—14+1¢) /th
1
Therefore
ke /*“’ (-B-1+1e)/ M
2 dx K(1,0)t 28)/4dr .
J = , KLY e(~a) P () VA
Since ¢ >0, A2 <0, L1e— £ >0and [| xR gy diverges to +oo. Thus it is

also a contradiction of the above inequality. That is, it does not hold for ¢ > 0.
If ¢ <0, for sufficiently small € >0 (e < ﬁ), take

xmol=he)/p g« x <1,
0, x> 1,

<) = yB-1-he)/a 0 <y <1,
0, y> 1.

Similarly, one can get

bt /1 ol M
dy [ K(t, 1) 1-he)/pgp < .
A y Ldy 0 (7 ) 8(_%4)1/17(_&2)1/11

Since ¢ <0, 41 <0, e — 7%1 <0 and fol yil*hg*ﬂdy diverges to oo, which con-

tradicts the above inequality. It does not hold for ¢ < 0.

1205711 + llﬁflz —
P

To sum up, when A; <0, A, <0, we also get ¢ = 0, that is 7

MAs.
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Sufficiency. If MO‘T%I + # =MAy, leta= % + i , b= % + i By Holder’s
inequality and Lemma 2, we obtain

Foo oo
/ K(x,y)f(x)g(y)dxdy
0 0

Foo pfoo a b
- pw%}kwﬁhwwmw
too xar 1/p
()
Foo  pfoo th 1/a
( / 810) g K, y)dxdy)
+oo g1 l/p Feo Bt 1/q
(quﬂwmmm) ([ ee0me)
1/p
= ( fp(x)Wldx>
o +1 o+l 1/
y </+ yﬁTMz 2 (et 1>gq(y)W2dy) q
0
0

too | Mo—A A B 1/q
y (/ yﬂ(llﬁfgp L s 2+Mb)gq(y)dy)
0

Foo I/p Foo 1/q
w!rwo ([ ﬂﬂww> (["rew)

1
=w""w, |1l

+oox +1+7Ll h(ﬁﬂ )

S—

thus (4) holds when taking any constant M > Wll/ P Wzl/ 7.

(ii) Suppose that (4) holds. If the constant factor is not the best, then

W
|A1|1/a|22]1/P
there exists a constant My < W, for f(x) € L5(0,4<0), g(y) € L% (0,4-20),
such that

foo oo
L[ K@@ty <mlisll, ®)

For sufficiently small € >0 and § > 0, take

x(_a_1—\kl\8)/p’ x>0,
O, O<x< 57

(-B-1-hle)/a s |
— y ) y = b
g(y)_{ 0, 0<y<l.
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Then
te Up g e 1/q
Il = ([ ea) (7o)
1 1 1/p
- g|)Ll|1/P|)Lz‘l/q (5118) : ©)]
In view of % + # = ALy, we have

Foo oo
/ K(x,y)f(x)g(y)dxdy

ﬁ+1+\12\e oo ol e
/ (/ K(x,y)x z dx) dy
13
tee ﬁ+1+M le a+l+VL le
o ([

1
oo Ay ﬁ+1+MQ\£ AQ a+1+we+@ o0 _otltAe
/ y K(t, 1)t pdr)dy
1 Sy~R/M
oo Ma-i A B-X Mlie  [hlr
/+ % P Ll W 1ﬁq 2, 1\,)28_\ 2\ql€>

1
a+1+\kl\s
X ( K(t e~ dt) dy

a+1+\l le
—/ y = Mledy/ K(t, 1)t T dr

+°°K 1 +1+Ml\ed 10
r [7

it follows from (8), (9) and (10) that

oo _atltAle MO
K(r A
|7Lz|/ |AL[V/P|Ap| e

consequently,
oo _ o+l MO

Kt 1 dr—
|7Lz| DS A

as € — 0. Let § — 0T, we get

W +oo _ o+l MO
Kit, )i »dt < —————+
[l ~ le A [V/P|2a| Ve

thus W < M), this is a contradiction. Hence the constant factor
1 2
the best possible. [

_w
PGSR
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3. Applications in operator theory

By using Lemma 1 and Theorem 1, we have

THEOREM 2. Suppose that p > 1, %—!—é =1, LA >0, a, B R, K(x,y)

is a quasi-homogeneous non-negative measurable function of order (A1,2;), K(1,u)
(K(u,1)) >0 a.e. in (0,1) ((1,00)). Let the operator T be as in (2), and

o+1

teo Byl oo gy
W1=/ u 9 K(l,u)du,sz/ u 7 K(u,1)du,
0 0

are both convergent. Then
(i) the necessary and sufficient conditions for the operator T : L5(0,+e0) —
Lg(l_p)(O, +o0) to be bounded is @ + # =M,
(i) if T is bounded from Lk, (0,+e0) to Lg(l_p)(07—|—<x>)7 then the operator norm

of T is ||T|| = W, where W = |11 |[Ws = |Ao|W;.

We get the following results by taking o = 8 = 0.

COROLLARY 1. Assume that p > 1, ;—)—Fé =1, 41 <0, <0, K(x,y) isa

quasi-homogeneous non-negative measurable function of order (A1,A2), K(1,u) (K(u,1))
>0 a.e. in (0,1) ((1,)). Let the operator T be as in (2), Wy and W be as in Theo-
rem 2. Then

(i) the necessary and sufficient conditions for the operator T in LP(0,+e0) to be
bounded is % + % + A4, =0.

(ii) if T is bounded in LP(0,+o0), then the operatornorm of T is ||T|| = W7
1 2

where W = Mz\fgmu*flfK(l,u)du.

COROLLARY 2. Suppose that p > 1, Il—7+$ =1,A,>0, 1, >0, ﬁ < 1, define
the singular integral operator T by

10 = [ W

XM 4y

Then
(i) T is bounded in LP(0,+e0) if and only if % + % =M.
(i) if T is boundedin LP(0,+oo), then the operatornormof T is ||T|| =

_ 1 m
M Vap,/p sin an .
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Proof. Assume that K(x,y) = ﬁ, then K(x,y) is a quasi-homogeneous non-
Aty

negative measurable function of order (—A;,—A;). Since

T 1 e 1 1
/ u qK(l,u)du:/ u adu
0 0o l+uk

1 pt= 1 L
= — —thr dt
’12/0 1+t

(11
TR\ k" Ap

1 =

%2 sin -2’
2 sin 5
then according to Corollary 1, we know that Corollary 2 holds. [

COROLLARY 3. Supposethat p > 1,
the singular integral operator T by

+1=1,2,>0 24 >0, Flp<l,deﬁne

1.1
P g
oo 1

T(NH) = flx)dx

o max{xt yh}
Then
(i) T is bounded in LP(0,+e) if and only if % + % =M.

(ii) if T is bounded in LP(0,+e), then the operatornormof T is ||T|| = %.
1 2

Proof. Set K(x,y) = m ,then K(x,y) is a quasi-homogeneous non-negative

measurable function of order (—A;,—A,). Since A, > 0 and ﬁ < 1, then

/+°° BT GRS T — ~id
u iK(1,u)du = — u 4du
0 o max{l,u*}

1 e 1
_  _thw ldt
% Jo o max{1,}

1

| . |
=% Otﬂ’ dt+Z/1 t*2P o dt
1 1 1 1
P~ T (TP LT
2 oy -1 2 — 7
1
= 7, (p+hig).
It follows from Corollary 1 that Corollary 3 holds. O

COROLLARY 4. Suppose that p > 1, %—l—é =1,A,>0, 1 >0, ﬁ < 1, define
the singular integral operator T by

+o° InxM — InyM
xll — yAZ

() = | X)dr.
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Then
(i) T is bounded in LP(0,+e) if and only if % + % =M.
(ii) if T is bounded in LP(0,4oo), then the operator norm of T is

2
_ 1 T
1711 = 3am,7 <—m) :

_ Inx* —Iny* . . .
Proof. Set K(x,y) = =5 —7— . then K(x,y) is a quasi-homogeneous non-negative
xM—y

2
measurable function of order (—A;,—A;). Notice that f;™ tlf—’lt%dt = (Sin’ft /r> (r>1)
(cf. [17]), we find

+o0 1 +oc_1 lz 1
/ u aK(1,u)du / —ne- u adu
0 0o 1—um

+oo 1
_ 1/ Int 7o ldt
0

X r—1
1/t~ Inr L
:/T/ ——thade
2 Jo t—1

2
1 T
21\ qin &
smm

According to Corollary 1, we can see that Corollary 4 holds. [
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