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ON THE MATRIX HARMONIC MEAN

MOHAMMAD SABABHEH

(Communicated by M. Krni¢)

Abstract. The main goal of this article is to present new types of inequalities refining and re-
versing inequalities of the harmonic mean of scalars and matrices. Furthermore, implementing
the spectral decomposition of positive matrices, we present a new type of inequalities treating
certain harmonic matrix perturbation.

1. Introduction and motivation
For two positive numbers a,b and 0 <7 < 1, the Heinz means are defined by

alftbt _|_atb17t

Ht (a7b) = 3

These means attracted researchers working in the field of matrix inequalities, where
the matrix versions of these means have their role. In the setting of matrices, M,, will
denote the algebra of all complex n x n matrices, M will denote the cone of posi-
tive semi-definite matrices in M, while M+ will denote the cone of strictly positive
matrices in M,,. A possible matrix version of the Heinz means is

AlftBt _|_AtBlft
— A,Be M.
Using the notation ||| ||| for an arbitrary unitarily invariant norm on M, , the quantity

1
§|||A1‘tXBt +A'XB7|||, A,BEM), XM,

happens to be among the most natural possible matrix versions of the numerical Heinz
means.

Numerous researchers have investigated these means and their inequalities. For
0<t<1,ABeM and X € M,,, the inequality

2]|ASXBE || < [l XB + AXB' | < |||AX + XB]|
Mathematics subject classification (2010): 15A39, 15B48, 47A30, 47A63.

Keywords and phrases: Positive matrices, matrix means, norm inequalities, harmonic means, Heinz
means.

© M, Zagreb 901

Paper JIMI-12-68


http://dx.doi.org/10.7153/jmi-2018-12-68

902 M. SABABHEH

is well known by the Heinz inequality [3]. Refining, reversing and obtaining variants
of this inequality received a considerable attention in the literature that the interested
reader can see in [2, 6, 10, 12, 13, 16, 17, 18], for example.
Going back to the numerical version of the Heinz means H;(a,b), we have the

known inequality
a+b

2 )
This inequality is usually interpreted by saying that the Heinz means interpolate be-
tween the geometric and arithmetic means. In fact, the Heinz means can be thought of
an average of certain geometric means. Recall that for a,b >0, 0 <7 < 1, the weighted
geometric mean is defined by a#,b = a'~'b’. Therefore, H,(a,b) = w and
(1.1) can be simply written as

Vab < Hy(a,b) <

0<r<1. (1.1)

a#tb < H;(a,b) < aVb,

where a#tb = a# b is the geometric mean and aVb = aV b is the arithmetic mean
2 2
computed via the formula aV:b = (1 —1)a+1b.
Among the most interesting inequalities of the Heinz means is its comparison with
the Heron means, defined for a,b >0 and 0 <7 < 1 by

K, (a,b) = (1 —t)(a#b) +1(aVDh).
This comparison was shown in [5] as follows
Hy(a,b) < Ky (a,b) where a(t) = (1—21)% (1.2)

Then this inequality was further explored in [8], for example.

Our motivation of the current work begins with (1.2). It is a main goal of this
paper to prove versions of (1.2) for the harmonic mean. Recall that for a,b > 0 and
0 <t < 1, the weighted harmonic mean is defined by a!;b = ((1 —t)a~' +tb~)~'. In
particular a! 1 b will be simply denoted by a!b.

For two positive numbers a,b and 0 <7 < 1, we define the harmonic Heinz means
by

Wb+aly_b
!,(a,b):m#.

Since al;b < a#,b < aV,b, [15], we have !, (a,b) < H,(a,b) < #, for 0 <t < 1. Also,
direct computations show that a!b <!;(a,b).
In this paper, we also define the Heron-harmonic means by

Fi(a,b) = (1—1)(ald)+1(aVD), a,b>0

similar to the definition of K;(a,b) above.
We shall prove that

Li(a,b) < Fyy(ab), aft)=(1-21)
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an inequality similar to (1.1). However, the method of proof is a result of a new ap-
proach to tickle these inequalities.

This new approach is dealing with the geometric meaning of these inequalities.
More precisely, we will see that the quadratic polynomial defined by Fy ;) (a,b) is
the quadratic polynomial interpolating !;(a,b) at t = 0, %, 1. Then the comparison
't(a,b) < Fy()(a,b) comes as a special case of a more general statement.

Notice that the inequality !;(a,b) < Fy()(a,b) can be simply written as

l,(a,b) +4t(1 —1)(aVb — alb) < aVb, (1.3)

which is a refinement of the inequality !,(a,b) < aVb. However, this inequality is an
interesting refinement as it presents a quadratic refining term in #. This last inequality
is similar to the recent refinement of the Heinz inequality

Hi(a,b)+4t(1—1)(aVb — a#b) < aVb,

shown in [13]. This inequality of [13] follows from (1.2).

Observe that the refining term in (1.3) is 47(1 —¢)(aVb — a!b), which is added to
!;(a,b). Once we establish these inequalities, we present multiplicative versions; where
the refining term is multiplied by !;(a,b).

Then following the same guideline, we prove quadratic refinements and reverses of
the arithmetic-harmonic and geometric-harmonic inequalities. The geometric meaning
of these refinements will be similar to that of the Harmonic-Heinz means, and will not
be emphasized further.

We emphasize that the technique we use to prove these inequalities is new and is
different from the techniques used in all references treating this topic. However, this
idea is motivated by our recent work in [9], where the Heinz means themselves were
explored.

Once the above numerical inequalities are proved, we prove their matrix versions.
For example, we show that

t(1—1)
! - —! < .
((A,B)+ =7 [AVB—!:(A,B)] < AVB
1 L t(l—1) 1
det(AVB)# > det(!;(A,B))" + ——= det(AVB—!(A,B)) ",

(1 —1)

(AB1 +BA 1421

4t(1—1)
: ) (A, B) < AVB,

for certain parameters and A,B € M ™. More results treating the matrix arithmetic-
harmonic and geometric-harmonic means will be presented too.

Then, we introduce a new type of inequalities treating the matrix harmonic means.
For example, we show that

IX[3 111 —0)A™'X +eXB Y3 < || (1 —1)AX +1XB|»
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for A,BE M, X € M, and 0 <1 < 1. See Theorem 3.12 for the details. The idea
of this inequality is new and it extends similar matrix versions of the geometric mean
to the context of harmonic mean. The proof of this new inequality is based on convex
functions.

For the used notation, if 0 < 7 < 1, we will use the functions

r(7) :=min{7,1 — 7} and R(7):=max{7,1—1}.

2. Main results

In this part of the paper, we present some new scalar inequalities for the harmonic
mean a!;b and the harmonic-Heinz mean !;(a,b). These inequalities will be needed
later to prove the corresponding matrix versions.

2.1. The harmonic-Heinz means

PROPOSITION 2.1. For ¢ >0, let

_Ite—(1he+ 11 40)
f(t)_ l(l—l) .

Then f is decreasing on (O, %) and is increasing on (%, 1) .

Proof. Notice first that if ¢ = 1, then f = 0 and there is nothing to prove. So,
without loss of generality, ¢ # 1. Observe that f(r) = g(¢) + g(1 — ), where

thC — l!tC
)= ——7-—"
Direct computations show that
2(c—1)*
g//(t) — (C )

(1=t)c+1)3

Since 0 <t < 1 and ¢ > 0, it follows that g” > 0 and g is convex on (0,1). Since g
is convex and f(¢) = g(r) +g(1 —1), it follows that f is convex on (0,1). But then,
either f is monotone on (0,1) or f is decreasing on (0,7y) and increasing on (79, 1)
for some 7y € (0,1). We assert that 7 = 1. Notice first that f’ (1) = 0. Therefore, if
t € (0,1) then, for some & between ¢ and %,

()P L)

Since f is convex, it follows that f” > 0 and hence f(1) > f (%) . This proves that
1
lo == 3. ‘:l

I+c—(1Ye+11_c)
t(1—t)
fcll’ld fio)y=r (%) . This entails the following arithmetic-harmonic Heinz-type inequal-

1ty.

1

In particular, the function f(¢) = attains its minimum at 7o = 5
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COROLLARY 2.2. Let a,b>0 and 0 <t < 1. Then

alb+ali_;b

2 +4t(1—1)(aVb—alb) < aVb.

Notice that Corollary 2.2 can be read simply as
'(a,b) < Fy(y(a,b) where a(t) =1—4t(1—1).
A full description of the interpolation of the Heinz harmonic mean is as follows.

COROLLARY 2.3. Let a,b >0 and fix T € (0,1). Then

aVb—r(a,b) o aVb—\(a,b)
(1—-17) = t(1—-1)

SJor t < r(t) ort = R(t). On the other hand, if r(t) <t < R(7), the inequality is
reversed.

Observe that the above inequality can be written as

1—
ly(a,b) <aVb—+ ACl)

m[!f(a,b)—aVb], (21)

when ¢ < r(7) or ¢t > R(7), while the inequality is reversed when r(7) <t < R(7).
Notice that the right hand side of (2.1) is a quadratic polynomial in 7, which coincides
with !; at t =0, 7, 1. Therefore,

t(1—1)
(1 —1)

O+(t;a,b) == aVb+ ['¢(a,b) —aVD]

is the quadratic polynomial interpolating !,(a,b) at t =0, 1, 1.

Adopting the notation Q; as above, we have !;(a,b) < Q:(t;a,b) when t < r(7)
or ¢ > R(7), while the inequality is reversed when r(7) <t < R(7). This provides a
geometric meaning of these refinements.

Our next target is to present multiplicative refinements and reverses.

PROPOSITION 2.4. For ¢ >0, let

1
I+c 1=
t)=| 77— .
f() (1!,64—1!1_;6)

Then f is decreasing on (O, %) and is increasing on (%, 1) .

Proof. Consider the function

2(t) = log f(1) = log(1+c¢) —t(l(l)g_(lt;tc+ 1!171C).
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Then (26— Dh(t)
, t—1)h(t
1) = -"S5—"5-
g () 2(1—1)2 7’
where
(c—1)2(t—1) ¢ c
h(t) = log(1 —1 .
) (1—t—|—ct)(c+t—ct)+0g( He)—log 1—t—|—ct+c+t—ct
Moreover,

(c—1)*(1—1)(1—21)

(1—t+ct)?(c—ct+1)*

Clearly, /(1) >0 when t < § and h'(1) <0 when ¢ > 3. Since h(0) = h(1) =0, it
follows that h(t) > 0. But then, g/(t) <0 when t < J and g'(t) >0 when 7 > 1. This
completes the proof. [

W(t) =

1
In particular, the function f(¢) = <ﬁ) " attains its minimum at 7o =

%. This entails the following multiplicative refinement of the Heinz-type inequality
Y (a,b) < aVb.

COROLLARY 2.5. Let a,b >0 and 0 <t < 1. Then

Vb 4t(1—1)
(%) ! (a,b) < aVb. 2.2)

Notice that (2.2) is a refinement of !,(a,b) < aVb because % > 1. Furthermore,

the constant (%) is known as the Kantorovich constant, and has appeared in many

recent refinements of some mean inequalities. The reader is referred to [19] as a sample
of these studies.
A full multiplicative comparison is then given as follows.

COROLLARY 2.6. Let a,b>0and 0 <t,7 < 1.Ift <r(7) ort > R(7), then

t(1—1)
aVb o(1-1)
(a,b) | ——— <aVb.
@ )<!r(“»b)> ¢
On the other hand, if r(t) <t < R(7), the inequality is reversed.

Letting a = 1 in Corollaries 2.3 and 2.6, we obtain the inequalities

1Vb—!(1,b) (1 —1)
VoL (Lp) < Py @3)
and log 1Vb — log!¢(1, ) (1—1)
0g1Vb —1log!;(1, (l—1
log1Vb —log!;(1,b) (2) t(1—1)" @4
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Inequalities (2.3) and (2.4) motivate the question about the relation between the quo-

tients
LVb—!:(1,b) d log 1Vb —1log!+(1,D)

Vo 1,(1,6) ™ Tog1Vb —logh(1,b)"
First of all, notice that the function f(¢) =!,(1,b) is decreasing on [0, ], increas-
ing on [%, 1] and is symmetric about ¢ = % Therefore, if 7,7 € [0,1], then

L,(1,b) <!'2(1,b), when r(t) <t < R(1), (2.5)
while we have the reversed inequality if # < r(7) or z > R(7).

PROPOSITION 2.7. Let a,b >0 and 0 < 7,t < 1. If t < r(t) or t > R(7), then

aVb—(a,b) . logaVb —log!:(a,b)
aVb—,(a,b) ~ logaVb—log!;(a,b)’

On the other hand, if r(t) <t < R(7), the inequality is reversed.

Proof. Without loss of generality, we may assume that @ = 1. We begin with the
case r(7) <t < R(7). In this case, we have !;(1,b) <!7(1,b) from (2.5). Dividing by
1Vb implies !’I(IT’;’) < !Tl(é’:). Since the function g(x) = 1% is decreasing on (0, o), it

x—1
follows that 1(1.5) W (1.b)
-T ) < ;[ ) )
& ( Vb ) & ( Vb
Simplifying this inequality gives the desired inequality in the case r(7) <7 < R(7). On

the other hand, if r < r(t) or 7 > R(7), then !tl(lvf) > !Tl(éf). In this case,

which implies the desired inequality when 7 < r(7) or t > R(t). O

2.2. The arithmetic-harmonic mean inequality

In this part of the paper, we present quadratic refinements and reverses of the
arithmetic-harmonic mean inequality a!;b < aV,b, 0 <t < 1.
The proof of the following result is an immediate calculus application, where one

step computation shows that the function f(¢) = lvtﬁ%tl)"‘ is increasing when ¢ > 1 and
is decreasing when ¢ < 1.

PROPOSITION 2.8. If (b—a)(t—V) >0, then
T(1—=1)(aVyb—alyb) < V(1 —Vv)(aVib —al:b).
On the other hand, if (b—a)(t—Vv) <0 then
(1 =1)(aVyb—alyb) = v(l —v)(aVib —al:b).



908 M. SABABHEH

This is a quadratic refinement (reverse) of the arithmetic-harmonic mean inequal-
ity a!;b < aV;b. On the other hand, multiplicative versions can be proved as follows.

LEMMA 2.9. For ¢ >0, define f:(0,1) — [0,00) by

1
- thC 1(1-1)
f(t) - ( 1![C ) .

Then f is decreasing on (O, %) and is increasing on (%, 1) .

Proof. Let F(t) =logf(t). Thatis
~log (1 —t+1e)(1—t41c7"))

F) t(1—1)
Then 21
F'(r) = mé’(c)7
where 2 |
c— t— 1)t
8le)= (1 —(I—HC))((C—H)—IC) +log ((1=r1e7) (1 = 1410)).
Now

, (c—1)*c+1)(1—1)%?

8§ = =i tioleti—iop
If ¢ < 1 then g’(c) < 0 and g is decreasing. Thatis g(c) > g(1) =0 when ¢ < 1. But
since F'(t) = %g(c) it follows that F' <0 when ¢ < 1 and F' >0 when ¢ > 1.
This proves the case ¢ < 1. A similar argument implies the case ¢ > 1. [

For the following result, we use the notation K(a,b) to denote the Kantorovich

2
constant defined by K(a,b) = % = (%) . This constant has bees used recently as
a refining factor in these inequalities. See [15, 19] for example.

COROLLARY 2.10. Let a,b > 0. Then for 0 <t < 1,
(a'b)K (a,b)* ") < aV,b.

_ b
Proof. Let ¢ =7 in

By Lemma 2.9, f attains its minimum at ¢
the desired inequality. [J

. That is f(z) > f(1/2). This proves

I
rl—

The above inequality refines the known inequality [15]
(a!;b)K(a,b)*" < aV;b,r =min{t,1—1}

because K(a,b) > 1 and 4¢(1 —¢) > 2min{z,1 —¢} when 0 <7 < 1.
On the other hand, square versions are as follows.
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LEMMA 2.11. For ¢ > 1, define f:(0,1) — [0,0) by

(1V,c)* — (11,¢)?
t(1—1) '

1. If c< 1, then f is decreasing on (0,1) and

ft) =

2. if ¢ > 1, then f is increasing on (0,1).

Proof. For the given f,

(1—¢)? 2
)3g(t), where g(t) = —c(3+c¢)+(—14c)t.

FO= T ners

Then g'(t) = ¢®> — 1, which is negative when ¢ < 1. Thus, if ¢ < 1, g(t) < g(0) <0
and hence f’(¢) < 0. Thatis, f is decreasing when ¢ < 1. A similar argument implies
the other case. [J

COROLLARY 2.12. Let a,b>0and 0 <v,t < 1. If (t—V)(b—a) >0, then

(aVyb)? — (a!yb)? . (aV:b)? — (a!:b)?
v(l—v) h (1 —1) ’

The inequality is reversed if (t—Vv)(b—a) <O0.

REMARK 2.13. Having introduced our numerical quadratic refinements and re-
verses, we compare these results with the linear inequalities. We have seen that, for
a,b>0and 0 <7 <1, one has [15]

2r(t)(aVb —alb) < aV;b —alb < 2R(t)(aVb — a'b), (2.6)

where r(t) = min{z,1 —¢} and R(z) = max{z,1 —7}. On the other hand, under certain
ordering conditions, we have the quadratic refinement or reverse

aVib—alb < (2)4t(1 —1)(aVb — alb).

It is natural to ask about the advantage of introducing a quadratic refinement or reverse
over the linear ones.

Direct calculations show that, for 0 <7 < 1, one has r(r) < 2¢(1 —¢) and R(¢) >
2¢(1 —1t). Therefore, when (b —a)(2t — 1) > 0, we have

alib+2r(t)(aVb—a'b) < alyb+4t(1 —1)(aVb —alb) < aV,b,

which is a refinement of the first inequality in (2.6). On the other hand, if (b —a)(2r —
1) <0, we have

alyb+2R(t)(aVb—a'b) > al/b+4t(1 —1)(aVb —alb) = aV,b,

which is a refinement of the second inequality in (2.6). Therefore, introducing quadratic
refinements serves as introducing one-term refinements of the already existing linear
refinements.

A similar argument applies for the multiplicative versions.
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2.3. The geometric-harmonic mean inequality

We conclude the numerical versions by presenting some refinements and reverses
of the geometric-harmonic mean inequality a!;b < a#b, 0 <t < 1.

LEMMA 2.14. For ¢ > 1, define f:(0,1) — [0,0) by

l#tc —1 !tC

0=

Then f is increasing on (0,1).

Proof. Notice first that f(¢) = F(¢)G(t) where

(1—t)d T 4t —c 1
t(1—1) and G(r) = (I—t)c+t

Clearly, G is decreasing if ¢ < 1 and is increasing if ¢ > 1. The main calculations are
for F'. Notice that

F(r)=

HEO)

F'(1) = m7

where

gle)=c—2ct+(—c(—14+1)> + 12+ (c(—1+1) —1)(—1+1)tlogc).

(c—2ct+c (—c(=1+1)> + 12+ (=1 +1)t(—c+ (=1 +c)t*)logc))

and
g"(c) = c 2 (=141)%>h(r) where h(t) = —1+c+ (c+ (—14¢)1r)loge.
)

—1+4+c+cloge >

Moreover, h'(t) = (c —1)logc > 0. Since h'(t) >0, h(t) > =
=0 and g(c) = g(1) = 0.

0 when ¢ > 1. Consequently, g”(c) >0, g'(c) > (1)
Therefore, F'(t) > 0 and F is increasing.
This completes the proof. [

h(0
0a

Now Lemma 2.14 entails the following comparison between the geometric and
harmonic means.

COROLLARY 2.15. Let a,b >0 and 0 <v,7 < 1. If (1—V)(b—a) >0 then

attyb—alyb  a#t:b—alb

v(l—v) S (1 —1)
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LEMMA 2.16. For ¢ > 0, define f: (0,1) — [0,0) by
1
l#tc 1(1-1)
1) = .
0= (1)

1. f isdecreasing on (0,1) if ¢ < 1 and

Then

2. f isincreasing on (0,1) if ¢ > 1.

Proof. Let F(t) =logf(t). Then

 tloge+log(l—t+1ct)

F(r) . ,
and ©
N 8g\¢
F) T (I—t)e+1
where

gle)=t(—1+c+t—ct)+(c(—1+1)—1) [Ploge+ (=1 +2t)log(1 + (=1 +c Hr)].

Now
r—1

gc)= Th(0)7

where

h(c) = (—1+c)(=1+1)t+ct*loge+c(—1+2t)log(1+ (—1+c D).

Moreover,
H(c)=1r*logc+ (2t —1) % +log(l—t+1c7h
and 5
B (c) = & k(c)=((1 —t)c+t)2+ 1—2s.

(I =t)c+1)

Now k'(c) =2(1 —1)((1—t)c+1) > 0 and k is increasing in ¢ > 0. The following
table summarizes the conclusion.

c<1 c>1
k(c) > k(0)=(—1)>>0. (c)>k(1)=2-2t>0
=h'(c)20=H(c)<H(1)=0 | =h"(c)=20=H(c)=M(1)=0
=h(c)2h(1)=0=¢(c) <0 | =h(c)=2h(1)=0=¢(c) <0
=g(c)=2g(l)=0=F'(t1)<0 | =glc)<g(l)=0=F'(t)>0

= f is decreasing. = f is increasing.
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This completes the proof. [

COROLLARY 2.17. Let a,b>0and 0 < v, 1 < 1. If (b—a)(t—vVv) >0, then

T(1-1)

#,b\ vI-V)
atteb>alb [ LY
alyb

On the other hand, if (b—a)(t—vVv) <0, then

o
H#,b\ v(I-v)

atteb < aleh [ LY .
alyb

3. Applications in M,

Our matrix results fall into two sections. The first section presents results that
we obtain from the above numerical results. Then we present the other type, which is
independent from the above numerical results.

3.1. Quadratic results
3.1.1. Heinz-type inequalities

Following our matrix notations from the introduction, we define the weighted har-
monic and arithmetic means for A,B € M as follows

AYB=((1-0) A" +B """ and AV,B=(1-1)A+1B, 0<r <1,

with the convention that A!B = A! ! B and AVB = AV ! B. Moreover, we define the
harmonic Heinz matrix means by

1 (A,B) = W’ ABeEMT 0<r<1.

Among the strongest comparisons between Hermitian matrices is the so called
Lowener partial ordering <, where we write A < B when B— A € M\, Recall that
this partial ordering is preserved under conjugation. That is, if A and B are Hermitian
such that A < B, then CAC* < CBC* for any C € M,.

As mentioned earlier, the Heinz-type inequality

b
a!bg!,(a,b)g%, ab>0, 0<r<1 3.1)

can be easily proved. This entails the following matrix version, in which the notation
D(A;) will mean the diagonal matrix whose diagonal entries are {A;}. The proof is
based on a standard functional calculus argument, that we present for completeness.
Moreover, all forthcoming results about Lowener partial ordering results are proved
similarly. Hence, we present these results without proofs.
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PROPOSITION 3.1. Let A,B€ M, andlet 0 <t < 1. Then

AIB <!;(A,B) < AVB.

Proof. We present the proof of the second inequality. Let X = A=3BA~7. Then
X € Mt If we denote the eigenvalues of X by {A;}, we have A; > 0, since A €
M. Since A; > 0, (3.1) implies !;(1,4;) < 1VA; for each 1 < j < n. But then

D(Y(1,4))) < D(1VA)). (3.2)

Now since X € M/, it follows that X = UD(A;)U* for some unitary matrix U. Con-
jugating (3.2) with U implies !,(I,X) < IVX, where [ is the identity matrix in M.
Then conjugating this last inequality with e implies the desired inequality. [

A quadratic refinement of the above inequality maybe obtained using the same
argument of Proposition 3.1 applied to Corollary 2.3 as follows.

THEOREM 3.2. Let A,B € M™ andlet 0 < 7,t < 1. Then

t(1—1)

!t(A,B)+T(1_T)

[AVB—!1:(A,B)] <AVB

when t < r(t) or t 2 R(T). On the other hand, if r(t) <t < R(7), the inequality is
reversed.

In particular, when 7 = %, we obtain the following simpler form.

COROLLARY 3.3. Let A,Be Mt andlet 0 <t < 1. Then
1(A,B)+4t(1—1)[AVB —A!B] < AVB.
Determinants inequalities can be obtained as well, recalling two facts

o If A€ M, has eigenvalues {A;(A)}, then

detA = [T A:(A). (3.3)

n
i=1

e Minkowski inequality which states that when {q;} and {b;} are two sets of pos-
itive numbers, we have

(ﬁa,-> "y (Hb> < (ﬁ(ai+bi>> - (3.4)
i=1 i=1 i=1

THEOREM 3.4. Let A,B € M;/" and let 0 < 7,0 < 1. If t < r(1) or t > R(7),

then
t(1—1)

(1 —1)

I—

det(AVB)# > det(l, (A, B))7 + det(AVB—1¢(A,B)).
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Proof. For A,B€ M/ let X = A=IBA~%. Now, using Corollary 2.3 then (3.4),
we obtain

1
n

det(1VX)n = [JA(1VX)"
i=1

- ﬁluwxw

2{ﬁ(MLh@»+ig:%UVMxyh@%@»O}

1

i=1
1

> (ﬁzt(hai(X))) n+ égi:?) (ﬁ(lV/li(X)—!T(l,/li(X)))>

(T g t(1=1) (4, "
= ZZI/L(!:(LX)) e (Hm(zvx-z&z,x»)
= det(!,(1.X)) " + ig :?) det (IVX—1+(1,X))" .

Now multiplying both sides of the last inequality with detA and using basic properties
of the determinant imply the desired inequality. [J

PROPOSITION 3.5. Let A,B € M, have positive traces, andlet 0 < T,t < 1. Then

I (rA, rB) + ;8 :;)) (tr(AVB)—!;(trA,trB)) < tr(AVB)

when t < r(t) or t > R(T). The inequality is reversed if r(1) <t < R(7).
Proof. The result follows immediately from Corollary 2.3, on letting a = trA,
b = trB and noting that the trace functional is additive. [J

On the other hand, Corollary 2.5 can be used to prove some multiplicative matrix
versions as follows. In the following computations, we have used the fact that when
A,B € M/ commute, then powers of A and B also commute.

THEOREM 3.6. Let A,B € M " be commuting and let 0 <t < 1. Then

AB~! 4 BA~! 4o\ #170)
( +4 + ) (A, B) < AVB.

Proof. Simplifying the inequality of Corollary 2.5, we obtain

ab Y +ba 142
4

4t(1—1)
) l(a,b) < aVb.
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Lettinga=1, X = A“3BA~7 and applying the standard functional calculus argument
as above, we obtain

_ 4t(1-r1)
X 14Xx+21

(%) L(1,X) <IVX. (3.5)
We simplify the terms appearing in the above inequality, as follows

[ )

1 1 -1 -1 4r(1—1)
(ABAz +ATBAT +21>

4

(X—l +X+21>4’“’>
4

-1 1 41(1—1)
_ AZI(AB +BA +21)A4

4
L (AB 4 BA 4o\ MU
AT (A B ) A (3.6)
4
[ ]
W(LX) = (A=)I+tX D+ @I+ (1—)xH!
AT 2
 (1=0I+1A2B A7) 4 (11 + (1 —1)A2B'AD) !
- 2
_ 43 ((1—Z)A_l-l—lB_l)_l—;(lA_l-f—(l—Z)B_l)_lA_—zl
— AT L (A,B)AT . (3.7)

Now using (3.6) and (3.7), (3.5) becomes

e <A31+BA1+21
4

4t(1—r1) »
) (A,B)A? <IVX.

Conjugating both sides with A? implies the result. [J

3.1.2. The arithmetic-harmonic mean inequality

The proof of the following proposition follows the same steps as that of Proposi-
tion 3.1, using the numerical versions in Proposition 2.8.

PROPOSITION 3.7. Let A,B € Mt and 0 < v,T < 1 be such that (T —V)(B—
A) > 0. Then

7(1-1)(AV,B—A!,B) < v(1 —Vv)(AV:B—A!/B).

If (t—Vv)(B—A) <0 then the inequality is reversed.
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On the other hand, using Proposition 2.8 and Corollary 2.12, determinant versions
maybe obtained in a similar way to Theorem 3.4.

PROPOSITION 3.8. Let A,B € MJ" and 0 < v,T < | be such that (t—V)(B—
A) = 0. Then

S

1 —
det(Al;B)7 + % det(AV,B —Al,B)7 < det(AV:B)

_ v)
and .
det(Al:B)7 + H det(AVyB— Al,B)7 < det(AV.B)r.

Further, Corollary 2.10 implies the following interesting refinement of the arithmetic-
harmonic mean inequality for matrices.

THEOREM 3.9. Let A,B be commuting matrices in M\ ™ and let 0 <t < 1. Then

(BA—1 +AB 1421,
4

4t(1—r1)
) (AB) <AV,B.
3.1.3. The geometric-harmonic mean inequality

Following the same logic of Theorem 3.1 with the aid of Corollary 2.15, we obtain
the following matrix version.

PROPOSITION 3.10. Let AL BEM T and 0<v,7< 1. If (1—V)(B—A) >0,
then
7(1—7)(A#,B — A!,B) < v(1 — v)(A#:B — A!;B),

t
where A#,B = A% (A’%BA’%> A% is the matrix geometric mean.

Again, applying the logic of Theorem 3.4, with the aid of Corollary 2.15, we obtain
the determinant version.

PROPOSITION 3.11. Let AABEMt and 0<v,7< 1. If (1—V)(B—A) >0,

then |
M det(A#yB— Al B)t < det(A#:B)7.

det(Al:B)F + =)

3.2. Young-type inequality

As mentioned in the introduction, the inequality
atb <aVib, a,b>0, 0<r<1

is well known. This inequality is usually referred to as Young’s inequality.
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Matrix versions of this inequality have different forms. For example, applying
the functional calculus argument of the above section implies the well known matrix
version

A#B<AV,B, A,BeM/t 0<r<l.

The other matrix version of Young’s inequality is a unitarily invariant norm version
stating, for 0 <7 < 1,

A" XB(|| < (1 =0)[[[AX]|| +¢[||XB]|, ABeMS*, XeM, (3.8

for any unitarily invariant norm ||| |||, [7]. Recall that these are norms satisfying
[NlUXV]|| = |||X]||| for any X € M\ and any unitary matrices U,V. The proof of (3.8)
is based on two inequalities; the first is the Holder matrix inequality [1 1], stating for
ABEM! X €M, and 0 <1 < 1,

AT XBYI| < [AX|| |l X B[, (3.9)

then applying the Young inequality.
However, a stronger version of (3.8) can be shown for the Hilbert-Shmidt norm as
follows [4, 14],
AT XB |2 < ||(1 —1)AX +1XB], (3.10)

where || || is the Hilbert-Schmidt norm defined, for A = [g;;] € M, by

1

2
IA]l2 = (Zai,z’|2> :
LJ

It is well known that || |2 is unitarily invariant.
A stronger version was shown in [1] for the singular values as follows

sj(A"'B") <sj((1—1)A+1B),

where s; is the j—th singular value, when written in a decreasing order. This last in-
equality implies ||[A'"B’||| <|||(1 —¢)A +¢B||| for any unitarily invariant norm. How-
ever, this inequality is not valid when an arbitrary X is included. That is, the inequality
[|A''XB||| < |||(1 —#)AX +tXB||| is not necessarily valid for norms other than the
| || norm, [4].

Our next result is a harmonic-mean version of (3.10). We remark that such versions
have never been seen in the literature. We claim that introducing such a result will
attract researchers in the field and will open the door for more results.

Before stating our result, we remind the reader that a function f : (0,0) — R is
said to be convex if

f (Z Oc,-x,-) < ouf (x),
i=1 i=1

for {x;} C (0,) and {0;} is a convex sequence. Thatis, o >0 and Y, 04 = 1.
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THEOREM 3.12. Let A, BE Mt X € M, and 0 <t < 1. If (1—-1)A"'X +
tXB~' #0 and (1 —1t)AX +tXB # 0, then

IXI3 [[(1=0)A7'X +2XB~ "l < (1= 1)AX +2XB]|2. (3.11)

Proof. Clearly, X # 0. Suppose first that ||X || = 1. Since || |2 is a unitarily
invariant norm, we have |[U*XV|, = 1 for any unitary matrices U*,V. Therefore, if
we let Y =U*XV, then

Shil*=1Y3=x]3=1. (3.12)
2.

Consequently, if f: (0,00) — R is a convex function, we have

f (Z |yij2xi> < XDy Pf (), (3.13)
ij ij
for any set {x;} C (0,e0).
Now since A,B € M7, there are unitary matrices U,V such that
A=UD(A;)U" and B=VD(u;)V*
Adopting these notations, it is trivial to see that
(1=0)AX+tXB=U ([(1 —t)Ai+tu;]oly]) V",

where o stands for the Schur product of two matrices. That is, the entry wise multipli-
cation.
Let f(x) =x"', x> 0. Then f is convex, and

(H(l—t)AX—HXBH%) = f(|I(1 —1)AX +tXB|3)
LU (=) A+ tg] o [yig]) VFI[3)

=/ Z\yul l—tl+tuj)>

Zyu\ FI((1=1)Ai+1p)*) (by (3.13))

Z|yll‘ f (L =1)Ai+rtpy)
Ew (1 =1/ () + 1/ ()
= bl (002 )

= (1 —=0)A'X +1xB7!|3.
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This proves that
[(1=)AT'X +exB |3 < ||(1—1)AX +1X B2, (3.14)

when || X||2 = 1. On the other hand, if ||X||2 # 1, replace X by ﬁ in (3.14) to get
the desired inequality. [J

In particular, when X = I, the identity, we get the following.
COROLLARY 3.13. Ler A,B € M/ ". Then,
nl|(1=0)A™ + B~ < (1= 1)A+1B]|2.

Observe that the above corollary is sharp in many cases. For example, when n =1
we have the equality attained. Moreover, when A = B = I, both sides are equal to /7.

We emphasize that, for 0 < < 1, the inequality A!,B < AV,B follows imme-
diately from the scalar inequality a!;b < aV,b. Then, the inequality |||((1—#)A~" +
tB~H)7Y|| < |||(1 —¢)A +¢BJ|| follows for any unitarily invariant norm ||| |||. Notice
that Theorem 3.12 presents a variant of this inequality for the 2-norm including X .
Furthermore, if C € M, T, one can easily show that n[C||;' < ||C!||2. Indeed, if
f(x) =x"" and C = UD(A;)U* is the spectral decomposition of C, then

Iclly? = £ (;%2)

()

1
<Y = f(nA?) (b ity of
;nf(n #) (by convexity of f)
1, -
= n—2||C -
That is, n||C||;' < ||C™!|2. Letting C = (1 —#)A~!+B~", we obtain

nl|(1=nA~ + B~ < (1 =0)A™ +B71) 2.

Therefore, Corollary 3.13 follows from this observation.

A stronger version of Theorem 3.12 maybe obtained noting log-convexity of the
function f(x) = x~!, x > 0. The proof of the next result follows the same logic of
Theorem 3.12, noting that log-convexity of f(x) = x~! implies f((1 —#)A+1u;) <
£ 0 ().

THEOREM 3.14. Let ABEM,T, X €M, and 0 <t < 1. If (1—-1)A"'X +
tXB~'#£0 and A''XB' #0, then

IXIZ (1 =A™ X +1XB Y|, ' < AT XB 2.
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