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SOME NEW INEQUALITIES FOR K-FRAMES

ZHONG-QI XTANG

(Communicated by A. Meskhi)

Abstract. In this paper, we establish some inequalities for dual K -frames from the point of view
of operator theory. We also present a new inequality for Parseval K -frames associated with a
scalar A € [0,1], which is more general and covers one existing corresponding result recently
obtained by F. Arabyani Neyshaburi et al.

1. Introduction

Frames (classical frames), appeared first in the early 1950’s, offer us an important
tool in dozens of fields because of their flexibility and redundancy, see [4, 5, 6, 7, 8, 14,
15] for more information on frame theory and its applications.

The concept of K -frames was introduced by L. Gavruta in [10] to investigate the
atomic systems associated with a linear and bounded operator K. A K-frame is a
generalization of a frame, which allows an atomic decomposition of elements from the
range of K and, in general, the range may not be closed. When K is an orthogonal
projection, a K -frame turns to be an atom system for subspace which was proposed by
H. G. Feichtinger and T. Werther in [9]. It should be remarked that in many ways K -
frames behave completely differently from frames as shown in [1, 12, 16, 17], though
the definition of a K -frame is similar to a frame in form.

We need to recall some notations and basic definitions.

Throughout this paper, we use ¢, R, and J respectively to denote a separable
Hilbert space, the field of real numbers, and a countable index set. The notation B(5¢)
is reserved for the set of all linear bounded operators on 7.

DEFINITION 1.1. Suppose K € B(%). A sequence of vectors {f;} jey is said to
be a K-frame for .77, if there exist two constants 0 < C < D < oo such that

CIK* fI* < S NP DIfI? Vfesr. (1.1)
jel
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If only the right-hand inequality of (1.1) is satisfied, then we call {f;};c; a Bessel
sequence for 7. A K-frame {f;}jcy for  is said to be Parseval, if

IK*FI2 =Y [f )P, Yfest. (1.2)

jel

Let {fj} ey be a Parseval K -frame for 7. Then it is easy to check that

KK*f =Y (f.fi)fi, VfeH. (1.3)

jed

DEFINITION 1.2. Suppose K € B(#) and {fj};cy is a K-frame for 7. A
Bessel sequence {g;} jcy for 7 is called a dual K -frame of {f;} ey if

Kf=)Y.(f.gi)fj, VfEH. (1.4)

jel

Let {fj};er be a Bessel sequence for 7. For any I C J, we let I° = J\I and
define the operator Sy : 7 — 7 by

Suf =D (f fi)fis (1.5)

Jjel

which is positive, linear bounded and self-adjoint.

R. Balan et al. [3] found a surprising identity for Parseval frames when they de-
voted to the study of efficient algorithms for signal reconstruction. Moreover, in [3] the
following inequality was given:

THEOREM 1.3. If {f} jey is a Parseval frame for €, then for every 1 C J and
every f € 3, we have

3P+ —||fH2 (1.6)

jel

=Y [(f. f)]+

jele

IRV

jele

Y AL

jeI

Later on, P. Gavruta in [1 1] extended inequality (1.6) to general frames and dual frames.
Recently, F. Arabyani Neyshaburi et al. [2] obtained the following inequalities for
Parseval K -frames on the basis of the work in [3, 11].

THEOREM 1.4. Suppose K € B(€) and {f;} jey is a Parseval K -frame for 7 .
Then for every 1 C J and every f € €,

2

NS fi)fi

jel

Re( Y <f7fj><KK*7f7fj>> +

jele

2

3
S| = FIKK AR A

jele

=Re (Z(f,fﬁm) +

jel
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THEOREM 1.5. Suppose K € B(€) and {f;}jcy is a Parseval K -frame for 7 .
Then for every 1 C J and every f € J, we obtain

1 2 2
SIKK AP < |60+ D
2 jel jele
1
S2AKIPIK AP = S IKK £ (18)

In this paper, we establish some inequalities for dual K-frames from the point
of view of operator theory. We also present a new inequality for Parseval K -frames
associated with a scalar A € [0, 1] and show that Theorem 1.4 is a particular case of our
result when taking A = % . Finally, we point out that the upper bound condition of the
middle term in inequality (1.8) can be replaced with a better one under the condition
that Sy commutes with Sye.

2. Main results and their proofs
To prove the main results, we need the following lemmas.

LEMMA 2.1. (see [6]) Suppose that T € B(5) has closed range, then there
exists a unique operator I € B(J¥), called the pseudo-inverse of .7, satisfying

I 7=9, 77 =7" (=T

LEMMA 2.2. (see [13]) Suppose that U,V,7 € B(J), that U+V = 7, and
that 7 has closed range. Then we have

T T UV TV=v'TT+U*TU.
LEMMA 2.3. If U,V.K € B(¢) satisfy U+V =K, then
UU+5(V'K+KV)=VV 4 (UK +KU) > JK'K.
Proof. We have
1 1
UU+5(VK+KV)=UU+ 3 (K ~U)K+K(K~U))
* l * * *
=U'U -5 (UK+KU)+K'K
and
1 1
VYV S (UK +KU) = (K~ U)K ~U) + 5 (UK +KU)

1
=U'U~(K'U+U'K)+K'K+ 5 (UK +K'U)
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1
=U"U - (U K+K'U)+K'K

1 3
U——K U-=K)+>K'K
() (0393

>-K'K. O

-lku.)

LEMMA 2.4. If U,V,K € B(J) satisfy U+V = KK*, then for any A € [0,1] we
have
U'U+A(V'KK* +KK*V) =V*V 4 (1 — L) (U'KK* + KK*U) + (24 — 1)(KK*)?
> (24 — A?%)(KK*)2. (2.1)

Proof. Forany A € [0, 1] we obtain
U'U+A(V'KK*+KK*V) =U"U + A ((KK* —U*)KK* + KK*(KK* — U))
=U*U+A((KK*)* —U*KK* + (KK*)* —KK*U)
=U*U -~ A(U*KK* + KK*U) + 21 (KK*)*. (2.2)
We also have
V*V 4+ (1 - A)(U'KK* +KK*U) 4 (21 — 1)(KK*)?
= (KK* —U")(KK* —U)+ (1 - A)(U*KK* +K*KU) + (21 — 1)(KK*)?
=U'U — (U'KK* +KK*U)+ (1 — 1) (U*KK* + KK*U) 4+ 2A(KK*)*
=U*U — A(U'KK* +KK*U) +21(KK*)*
= (U~ AKK*)" (U — AKK*) + (24 — A?)(KK*)?
> (24 — A?)(KK*)2. (2.3)
Combination of (2.2) and (2.3) yields (2.1). O

We first establish some inequalities for dual K -frames.

THEOREM 2.5. Suppose K € B(€). Let {f;}jcy be a K-frame for € and
{gj}jey be a dual K-frame of {f;}jcy. Then for every I C I and every f € H, we
have

2

—HKfII2 <Re Y (f.g)(Kf.fi) +

jel

> (f.ei)fi

jele

S (f.8i)fi

2

=Re Z (f.8i)Kf,fi)+

jele

Jel
3|IK|)?+ || F — Fe|)?
< 2K L" Eyspe, (24)

where the operator Fy : A — JH is defined by Fy =¥, ;c1(f,8;) ;-
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Proof. For any I C J we have Fj+ Fjc = K. Noting that
(K*Fif,f) = (Fuf . Kf) = Y () (fin K ) = 20,8 ) (KT i)
jel jel
for each f € 7, by Lemma 2.3 we obtain
2

Re) (f,8;)(Kf.f;)+

jeI

> (f.ei)fi

jele

=S ((FFKf, f)+ (K*Ff, f)) + | Fie f|?

bJI — bJI —_

= S ((FEKf. f) + (K Fie £, f)) + [|Fif ||
2

> (f.8i)fi

Jjel

=Re Z(f,gj>m+

jele

3 2
> —|IK .
K]

We now prove the right-hand inequality of (2.4). For any f € 7 we get

2

S8 fi

jel
e(FiKf,f) + (Fif, Fif)
e(Kf,(K—F)f)+ (Fif,Fif)
e((Kf.Kf)—(Kf,Ff)) + (Fif,Fif)
= (Kf,Kf) —Re(Kf,Fif) + (Fi.f, Fi.f)
= (Kf,Kf) —Re(((K—Fi)f,Ff))
= (Kf,Kf)— R6<FH fFif)
)

KF.KF) ~ 3 (Ff Ficf) — 3 (Fef e f)

Re > (f.g/)(Kf,fi)+

jele

|
7 RAA

—~

o~ o~

—~

1 1 1
= JNKAIP + 3 Bf + Fef Fof + Fief) = 5 (Ff Fief) = 5 {Fief Fif )

E

w-hlw-hlw

+ %«FH — Fie) f, (Fi — Fie) f)

3||K 1> + || F1 — Fe|?
4

1
< ZIKIPIA + 117 = Fel P11 = IF11%

This completes the proof. [

Let {v;} ey be a bounded sequence of complex numbers. If in Lemma 2.3 we
take

Uf= ZUJ f?gj fis V= 2 (1-v fag/>f/7

Jjel jel

then we have
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THEOREM 2.6. Suppose K € B(J€). Let {f;}jcy be a K-frame for 7€ and
{gj}jey be a dual K-frame of {f;}jcy. Then for all bounded sequence {v;}jcy and
all f € 7, we have

2

Re Y vi(f,g;) (KF, fi)+ || 2 (L—v){f.8))fi
jel jel
2
=Re Y (1= ) (£,8) ) (K1) + | 3 v(F. 8005 —HKfII2
jel =

Proof. The result follows immediately from the left-hand inequality of (2.4) if we

take I C J and
v — 1, jel,
7710, jele. O

THEOREM 2.7. Suppose that K € B(JC) is positive and that it has closed range.
Let {fj}jey be a K-frame for 7 and {g;}jcy be a dual K -frame of {f;}cy. Then
forevery 1 C J and every f € 7€, we have

Re S {f.2,)(f; K'KF) + < S (e )K U g,->f,->

jel jele jele
Jjele Jel Jjele
> 21K, @3)

where KT denotes the pseudo-inverse of K.

Proof. Since K is positive, it is self-adjoint and thus by Lemma 2.1, (K)* =
(k*)" = KT. Hence, (K'Fif,Fif),(K'Fef,Fcf) € R for each f € .#. By Lemma
2.2 we get

Re Y (/g0 /5 KK /) + < S (F.e)K S <f,g,->f,->

jel Jel© Jjere
= Re(Ff,K'Kf) + (K" Fe f, Fe f)
= Re(KK'Fif, f) + (FiK Fe f, f)

=Re((KK'F + F:K Fie) f, f)
—Re((FiK' K+ FK'R)f,f)
=Re((FEKTKS,f) + (KRS, )
=Re((K'Kf,Fef) + (K'Fif , Fo f))

=Re(K'Kf,Fif) +Re(K'Fif, Fif)
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= Re(Fic f,KTKf) + (K'Fif, Fy f)

—Re S KTKSf) )0 ) + <Z<f7 KLY U, g,->f,->.

jele jel jele

Now, combining Lemmas 2.1 and 2.2 we have

Re Y (/g0 /5 KK /) + < S (F.e)K S <f,g,->f,->

jel jele jele
=Re((KK'F+ FiK Fi) £ f)
=Re((KK'(K — Fic) + FiK'Fe) £, f)
= (Kf,f) —Re(KK'Fic f, f) + (FiK " Fie f, f)
— (K3 f,K2f) ~Re(K K K Fef, f) + (K2KFie)* (K2 K Fe) f. )

3 1 1

= ZIK 1P+ <5Kif—l<51<*sﬂef, EKif—KiK*FHcf>
3 L2

> 2 |Kk?
21K 71

for every f € . This completes the proof. [

In the following we give an inequality for Parseval K -frames, where a scalar A €
[0,1] is involved.

THEOREM 2.8. Suppose K € B(€) and {f;}jcy is a Parseval K -frame for 7 .
Then for any A € 0,1], forall 1 C J and all f € S, we have

2

S (f.8)fi

jel

22 (Re Y <f,fj>m) +

jele

2

AL S| A= DIKK £

jele

=2(1-2) (Re2<f,gj>m)+

jel

> (24— 2)|KK"f]*.

Proof. For every I C J, by (1.3) we have Sy+ Sie = KK*. Taking Sy and St
instead of U and V respectively in Lemma 2.4 yields

2

S (f.8)fi

jel

22 (Re Y <f,fj>m) +

jele

= A((SKK*f,f)+ (S £, KK* ) + || Sif|*
= A’(<SH°KK*f7f> + <KK*SH°f7f>) + <SHS]1f7f>
= (SpeSpe o f) + (1= 1) ((KK*Stf, f) + (SIKK* £, f)) + 24 — 1) | KK* f||?
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2

DAL A= DK £

jele

=2(1-2) (Re2<f,gj>m)+

Jel

> (24— A%)||KK*f|?

for every f € ¢ and the proof is finished. [

REMARK 2.9. If taking A = % in Theorem 2.8, then we get the inequality in
Theorem 1.4.

At the end of the paper, we make a remark on the right-hand inequality of (1.8)
shown in Theorem 1.5.

Suppose K € B(#) and {f;} ey is a Parseval K -frame for /7. If S; commutes
with Spe for every I C J, then SgeSy > 0 and

0 < SS1e = Sp(KK* — §y) = SiKK* — 2.
Therefore,
S?+ 8% =St 4+ (KK* — 8p)*
= §? 4+ (KK*)* — KK*Sp — SIKK* + §7

= (KK*)? + (S? — S1KK™*) + (S} — KK*Sy)
= (KK*)? — (SiKK* — §%) — S1eS1 < (KK*)?.

Hence for each f € 5 we have

2
+

2

NS S fi = (S1f,S1f) + (St f, St f)

jel

S A i

jele

= ((SF + SE) f. f)
S (KK f,f) = | KK £

For every f € .77, since
1 3 .
IKK* 1> — <2K2||K*f||2— EIIKK*fz) = EIIKK*sz—ZHKHzHK AP
3 .
< SUKIPIE £ = 201K |2l 2
1
= —SIKIPIK" 7P <0,

showing that the upper bound condition for the middle term of (1.8) obtained in this
case is better than the original one.
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