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A CAUCHY-BUNYAKOVSKY-SCHWARZ TYPE
INEQUALITY RELATED TO THE MOBIUS ADDITION

KEIICHI WATANABE

(Communicated by G. Sinnamon)

Abstract. We show a Cauchy-Bunyakovsky-Schwarz type inequality related to the Mobius addi-
tion in complex inner product spaces. The corresponding inequality in real inner product spaces
can be derived easily as well.

1. Introduction and preliminaries
The celebrated Cauchy-Bunyakovsky-Schwarz (CBS in the sequel) inequality
()| < [ull[ V] (u, v € V)

in any inner product space V is one of the most fundamental inequality in Mathematics.
Mobius addition is defined on the complex open unit disk D = {z € C; |z| < 1} by

(a,beD),

which appears in a wide variety of fields of mathematics. In particular, although Mo6bius
addition is known in the literature as a hyperbolic translation, its group-like structure
had gone unnoticed until it was uncovered by A. A. Ungar in 1988 [5], in the con-
text of Einstein’s special theory of relativity. Furthermore, Ungar extended the Mobius
addition in the complex disk to the ball of an arbitrary real inner product space, and ob-
served that the ball endowed with the Mobius addition is a gyrocommutative gyrogroup
(see [3], [4], [5D.

Let us briefly recall the definition of the M6bius gyrogroup. For precise definitions
and basic results of gyrocommutative gyrogroups and the Mobius gyrogroup, see [2].
For elementary facts on inner product spaces, one can refer [1].
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DEFINITION 1. [2, Definition 3.40] Let V= (V,+, (-,-)) be areal inner product
space with a vector addition + and a positive definite inner product (-,-). Let V be
the open ball

Vi={veV:|p||<s}

for any fixed s > 0, where ||v|| = (v, vﬁ . The Mdbius addition @y is given by the
equation

(14 2wy + WPt (1= Lll?) v
Lt G v) + gl 2 ]v] 2

UdMV =
for any u,v € Vy. The addition @y in the open interval (—s,s) in the real line is

defined by the equation

+b
L L
1+S—2ab
forany a,b € (—s,s).

It is quite elementary to check that both denominators are positive, u Gy v € Vi
and a @y b € (—s,s) are well-defined. We simply denote @y in the Mobius gyrogroup
V; orin the interval (—s,s) by @®;.

DEFINITION 2. [2, Definition 2.7, (2.1), (6.286), (6.293)] Obviously, the inverse
element of u with respect to @, coincides with —u in the Mobius gyrogroup. We use
the notation

UV =udg(—v)

as in group theory. Moreover, the Mobius gyrodistance function d and Poincaré dis-
tance function & are defined by the equations

d(u,v) = |[vSsull
d
h(u,v) = tanh™! M
s

Ungar showed that / satisfies the triangle inequality [2, (6.294)].

The following identities are easy consequence of the definition. One can refer [6,
Lemma 14 (i), Lemma 12].

LEMMA 3. Let s > 0. The following formulae hold

. u v M@SV
i) —®1-=
S S Ky
2 2
i u +2 u,v +||lv
(i) [y v] 2 = —PC+20v) + v

L 5 (uv) + Jallul ]2
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forany u,v € V.

In this article, we show a CBS type inequality related to the Mobius addition in
complex inner product spaces. Our proof is based on just elementary calculus and al-
gebra. The corresponding inequality in real inner product spaces can be easily derived
from the proof as well. Nevertheless, it might be worthwhile to mention that the in-
equality (8) was found earlier than (1), in the study on real inner product gyrovector
spaces.

2. Result

We begin with an elementary lemma related to a function of two real variables.

LEMMA 4. Let a,b,c be real numbers, 0 < a,b <1 and 0 < ¢ < 1. Consider the
following two real variable function

fX,Y)=1—1—a*)(1—b*)c* — X — B*c*Y +a*b*c*XY
on [0,1] x [0,1]. Then
fX,Y)>0 ((X,Y)€[0,1] x[0,1]).

Moreover, if (X,Y) €[0,1] x [0,1], then f(X,Y)=0 ifandonlyif c=1 and (X,Y) =
(1,1).

Proof. Obviously we have

fxX,Y)=—a*F(1-b*cY) and  fr(X,Y)=—b*A(1 —d*c*X).

Therefore, fx(X,Y) = fy(X,Y)=0ifand onlyif X = ——,

a’c
f(X,Y) takes its minimum value on the boundary of [0, 1] x [0, 1]. Itis easy to see that
Sf(L,Y) is monotone decreasing for 0 <Y < 1 and

1
Y= ek It follows that

fLD) = (1=ab)(1-¢) >0,

which implies that f(1,Y) >0 (0 <Y < 1). Moreover, f(0,Y) is also monotone
decreasing and f(0,1) > f(1,1) > 0. Hence f(0,Y) >0 (0 <Y < 1). By symmetry,
f(X,0) and f(X,1) is nonnegative as well. Thus f(X,Y) >0 for (X,Y) € [0,1] x
[0,1]. It is immediate to check that f(X,Y) =0 on [0,1] x [0,1] if and only if ¢ =1
and (X,Y) = (1,1). This completes the proof. [

The following theorem is a CBS type inequality related to the Mobius addition in
complex inner product spaces.
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THEOREM 5. Let V be a complex inner product space and let w € V be a fixed
element with ||w|| < 1. Forany u,v €V and for any s > max{||u||,||v||}, the following
inequality holds

(u,w) — (v,w)

1-— S%(mw)(v,w)

ey

o \/ ||u]|? — 2Re(u,v) +||v]|2
V1

— ZRe(u,v) + l[ul 2[v][>
The equality holds if and only if one of the following conditions is satisfied:
(i) u=v
(ii) |w|| =1 and u= Aw, v = uw for some complex numbers A, L.

Proof. If u =0, then inequality (1) reduces to |[(v,w})| < ||v||, which follows from
the classical CBS inequality and ||w|| < 1. If w = 0, then inequality (1) trivially holds.
Thus we may assume u,v,w # 0. At first, we show that if s =1 and ||u]],||v|| < 1, then

2
1= (u,w){v,w) 1 —2Re(u, v) + [[ul[?||v]|?
We can take real numbers 0 < p, 7,7 < 1 and 0 <¢, x,y < 27 such that
7 <u7 V> ix u, W> iy v, W>
pe’ = , re” = and rme? = 3)
el [v]] [ [ae] [ ] [vIl[[wl|

Fix an arbitrary pair {u,v}, so p,t are also fixed, and change w according to the con-
dition 0 < [|w|| < 1. We denote by D the set of all tuples of 4 real variables (r{,72,x,y)
obtained by the procedure above, which is a subset of [0,1] x [0,1] x [0,27] x [0,27].
Put

a=Hul\,b=|M|7c=I\WHMR:u—arle"x% and szv—brzefyg.

Then it is immediate to see that
W W
u=are”™— +ug, v=bre”— +vg
c c

are the orthogonal decompositions of # and v with respect to the closed linear subspace
Cw, respectively. It follows from the Pythagorean identity that

a2:a2r%+|\uRH2 b2:b2r§+\|vRH2.

Therefore, we have

ixW iy W
e ) <ar16 - +ug,brye - TR e 4 (ur,vR)
[lulllIv] ab ab
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It follows from the CBS inequality that

2
(ur,vR) <|\I4R\|2|\VR\|2
ab a?b?
(@ —aR) (>~ 1)
o a?b?

(1—"1)(1—”2)

Thus, if (r1,r2,x,y) € D, then

lpe" — eV < (1= (1= 1)

in particular, we can obtain
peost —y/(1—r3)(1—r3) < riracos(x—y).

In order to prove the inequality (2), it is sufficient to show

2b2 4.2 2)

(a* — 2abp cost + b?) (1 — 2abc*riry cos(—x+y) + a*b>c*rir

— (1 =2abpcost 4+ a*b*)(a*r? — 2abc*rirycos(—x+y) +b*c*r3) >0

for any (r1,r2,x,y) € D. The left hand side of (5) can be calculated as follows:

4b2422

@ —2a°bc*rirycos(—x+y) + a*b*c*rirs

—2abpcost + 4a2b2c2pr1r2 costcos(—x+y) — 2a3b3c4pr%r§ cost

2b4c4 r2 r%

+b> —2ab*cPrirycos(—x+y) +a
a*c?r? 4 2abc?ryry cos(—x+y) — b33
+ 2a3bc2pr% cost — 4a2b2c2p rirpcostcos(—x+y)+ 2ab3c2p r% cost
—a*b**r + 24D P rry cos(—x 4 y) — d?bt 3
=a*(1-b*?r3)(1 =) + 2 (1 —a*c*r}) (1= 23)
—2abpcost(1 —a*cr}) (1 —b*c?r3)

+2abc*ryrycos(—x+y) (1 —a?)(1 — b?).
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By using (4), we can continue to estimate:
>d?(1-b*c*3) (1 =AY + b2 (1 —a*Prd) (1 — )

—2abpcost(1 —a*c*r?) (1 —b*c?r3)
+2abc2{pcost— (1—rl)(l—rz)}(l—az)(l—bz)

A (1=b*c*3) (1 =22+ b2 (1 —a*Prd) (1 — 23)

—2abpcost{(1 —a>c*r?)(1 — b*c*r}) — 3(1 —a®)(1 - b*)}
—2abe®\ /(1) (1 —13)(1 —a®) (1 —b?).

Since (1 —a?c?r?)(1 —b*c?r3) — (1 —a*)(1 —b*) > 0 by Lemma 4, so we can con-
tinue our estimation:

A(1=b*c) (1 =)+ b1 —a*Pri) (1 - *r3)
—2ab{(1—a2czr%)( — b)) = A1 —ad*)(1-b?)}
—2abc®\ /(1 =) (1 —13)(1 —a®) (1 —b?).
It follows from Arithmetic-Geometric mean inequality that
A2(1=b**3) (1= A+ (1 —a*Pr) (1 - c*r3)
—2ab{(1—a2c2r%)( —b**B) -1 —adb)(1-b?)}
—{a?F(1=r)+ P (1-n)}(1—a*)(1-b%)
=a® +b*—2ab
+ (2ab —2a’h — 2ab* +2a°b* — @* + a* + 2a*b* — a*b* — b? + b* — a*b*)
—a*cE(a—b)*r} — b2 (a—b)* 3 +a*b*c* (a— b)*rir3
= (a—b{(1 =d’r)(1=br3) — (1 —a®)(1 - b%)}
> 0.

Here, we used Lemma 4 again for the last inequality. Thus the desired inequality (2) is
shown.

It is immediate to see that the equality in (5) holds provided the condition (i) or (ii)
is satisfied. Conversely, suppose that the equality in (5) holds. We may assume a # 0 or
b#0.If a=0, then we have u =0 and ¢ = r, = 1, the latter and the equality condition
of the classical CBS inequality implies that v = uw for some complex number L.
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Similarly, if b =10, then v=0 and u = Aw for some complex number A. If a,b #0,
then the proof of the inequality (5) above shows that

(pcost — D{(1 —a*c*r)(1 = b*c*r3) — 2 (1 —a®)(1 - b*)} =0 (6)
(a=b){(1=ar)(1=b*r3) — (1 —a?)(1-b%)} = 0. (7

If c=rp=r,=1, then ||w||=1 and u = Aw, v = uw for some complex numbers
A,u. If ¢ =r; =ry =1 doesn’t hold, then the formula (6) and the equality condition
in Lemma 4 yield that pcost = 1, while (7) shows that @ = b. In this case, we can
conclude that u = v.

Next, let u, v € V be arbitrary elements, and let s > max{||u||,||v||}. Since

Il <
s s
the inequality (2) shows
u 2 ull2 u v 2
(w)—(Ew) 51" —2Re (§, $) +[15]]
v 2
1= () (Ew)| 1= 2Re (%) + |4 []2]]
from which we obtain
(,w) — (v,w) [Jue]|* — 2Re(u, v) + ||v]|?
1= SQuwh(vw) | 1= 3Re(u,v) + [ [ul 2[|v]]2

Thus the inequality (1) is shown. It is obvious that the equality condition in (1) is
identical to that in (2). This completes the proof. [l

REMARK 6. By taking v =0, itis immediate to see that Theorem 5 is an extension
of the classical CBS inequality.

REMARK 7. One can easily modify the proof of Theorem 5 to obtain the corre-
sponding CBS type inequality in real inner product spaces. Indeed, we can take real
numbers —1 < p, ry,rp < 1 such that

instead of the polar forms (3). It is not necessary to deal with arguments ¢,x,y, and
the rest of the proof is similar to and easier than the complex case. We state the fol-
lowing theorem for the real inner product spaces, showing relation between the Mobius
addition (subtraction) and inner product.
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THEOREM 8. Let V be a real inner product space and let w € V be a fixed ele-
ment with ||w|| < 1. For any u,v € V and for any s > max{||ul||,||v||}, the following
inequality holds

(W) S5 (v w)| < [|usvl].

That is,

(w,w) = vow) | | ull> =26 v) + VI
L= 55 {u,w) (v, w) 1= 5 () + gl PV

®)

The equality holds if and only if one of the following conditions is satisfied
(i) u=v

(ii) ||w|| =1 and u = Aw, v = uw for some real numbers A, L.
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