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ESTIMATES FOR PARAMETRIC MARCINKIEWICZ
INTEGRALS ON MUSIELAK-ORLICZ HARDY SPACES

XIONG L1U, BAODE L1, X1AOLI QIU AND BO L1*

(Communicated by S. Li)

Abstract. Let @ : R" x [0, 00) — [0, o) satisfy that ¢(x, -), for any given x € R", is an Orlicz
function and ¢(-,#) is a Muckenhoupt A.. weight uniformly in 7 € (0, ). The Musielak-
Orlicz Hardy space H?(R") generalizes both of the weighted Hardy space and the Orlicz Hardy
space and hence has a wide generality. In this paper, the authors first prove the completeness
of both of the Musielak-Orlicz space L?(R") and the weak Musielak-Orlicz space WL?(R").
Then the authors obtain two boundedness criterions of operators on Musielak-Orlicz spaces. As
applications, the authors establish the boundedness of parametric Marcinkiewicz integral ;Ls
from H?(R") to L?(R") (resp. WL?(R")) under weaker smoothness condition (resp. some
Lipschitz condition) assumed on . These results are also new even when ¢(x,7) := ¢(¢) for
all (x,7) € R" x [0, e), where ¢ is an Orlicz function.

1. Introduction

Suppose that §"~! is the unit sphere in the n-dimensional Euclidean space R" (n >
2). Let Q be a homogeneous function of degree zero on R” which is locally integrable
and satisfies the cancellation condition

» Q(x)do(x)
Sn

0, (1.1)

where do is the Lebesgue measure and x' := x/|x| for any x # 0. For a function f on
R" and parameter p € (0, «), the parametric Marcinkiewicz integral uf is defined by
setting, for any x € R",

b= ([ | | ﬂ%)m,

where

B,Nw=[ 2 rh)ay.

-yt [x—y[*P
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When p := 1, we shall denote ,nglz simply by uq, which is reduced to the classic
Marcinkiewicz integral. In 1938, Marcinkiewicz [25] first defined the operator o for
n=1 and Q(r) :=signt. The Marcinkiewicz integral of higher dimensions was studied
by Stein [28] in 1958. He showed that, if Q € Lip, (S"~!) with & € (0, 1], then g is
bounded on L”(R") with p € (1, 2] and bounded from L!(R") to weak L!(R"). On the
other hand, in 1960, Hérmander [10] proved that, if Q € Lipa(S"_l) with o € (0, 1],
then pf is bounded on LP(IR") provided that p € (1,0) and p € (0, ). Notice that
all the results mentioned above hold true depending on some smoothness condition of
Q. However, in 2009, Jiang et al. [26] obtained the following celebrated result that /,Lg‘-)2
is bounded on L}, (R") without any smoothness condition of Q, where @ € A, and A,
denotes the Muckenhoupt weight class.

THEOREM A. Let p € (0,%), g€ (1,), ¢ :==q/(q—1) and Q € LI(s" ")
satisfying (1.1). If o’ € Ap with p € (1, 0), then there exists a positive constant C
independent of f such that

1&gy < CIA Nty -

It is now well known that Hardy space H? (R") is a good substitute of the Lebesgue
space L?(R") with p € (0, 1] in the study for the boundedness of operators and hence,
in 2007, Lin et al. [23] proved that the (o is bounded from weighted Hardy space to
weighted Lebesgue space under weaker smoothness condition assumed on €2, which
is called L7-Dini type condition of order o with g € [1, ] and o € (0, 1] (see Sec-
tion 4 below for its definition). In 2016, Wang [31] discussed the boundedness of /,Lg’-’2
from weighted Hardy space to weighted Lebesgue space or to weighted weak Lebesgue
space if Q € Lip,(S"~!) with a € (0, 1]. More conclusions of Marcinkiewicz integral
are referred to [1, 7, 24].

On the other hand, recently, Ky [16] studied a new Hardy space called Musielak-
Orlicz Hardy space H?(R"), which generalizes both of the weighted Hardy space (cf.
[29]) and the Orlicz Hardy space (cf. [12, 13]), and hence has a wide generality. Apart
from interesting theoretical considerations, the motivation to study H?(R") comes
from applications to elasticity, fluid dynamics, image processing, nonlinear PDEs and
the calculus of variation (cf. [4, 5]). More Musielak-Orlicz-type spaces are referred to
[20, 11,21, 3, 18, 19, 6, 32].

In light of Lin [23], Wang [31] and Ky [16], it is a natural and interesting problem
to ask whether parametric Marcinkiewicz integral pf is bounded from H?(R") to
L?(R") (resp. WL?(RR")) under weaker smoothness condition (resp. some Lipschitz
condition) assumed on . In this paper we shall answer this problem affirmatively.

Precisely, this paper is organized as follows.

In Section 2, we recall some notions concerning Muckenhoupt weights, growth
functions, Musielak-Orlicz space L?(R") and weak Musielak-Orlicz space WL? (R").
Then we establish the completeness of L?(R") and WL?(R") (see Theorems 2.6 and
2.9 below).

Section 3 is devoted to establishing two boundedness criterions of operators from
H?(R") to L?(R") or from H?(R") to WL?(R") (see Theorems 3.11 and 3.14 below).
In the process of the proofs of Theorem 3.11 and Theorem 3.14, the Aoki-Rolewicz
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theorem (see Lemma 3.9 below) and the weak type superposition principle (see Lemma
3.12 below) play indispensable roles, respectively.

In Section 4, we obtain the boundedness of 5 from H?(R") to L?(R") (resp.
WL?(R")) under weaker smoothness condition (resp. some Lipschitz condition) as-
sumed on Q (see Theorem 4.1, Theorem 4.2, Corollary 4.3, Theorem 4.4 and Theorem
4.5 below). In the process of the proof of Theorem 4.1, it is worth pointing out that,
since the space variant x and the time variant ¢ appeared in ¢(x, 7) are inseparable, we
can not directly use the method of Lin [23]. This difficulty is overcame via establishing
a more subtle pointwise estimate for ,ug(b) (see Lemma 4.8 below for more details),
where b is a multiple of an atom.

Finally, we make some conventions on notation. Let Z := {1,2,...} and N:=
{0}UZ,. For any B := (Bi,...,B:) € N, let |B| := By + -+ B,. Throughout this
paper the letter C will denote a positive constant that may vary from line to line but will
remain independent of the main variables. The symbol P < Q stands for the inequality
P<LCQ. If P< QS P, we then write P~ Q. For any sets E, F C R", we use E® to
denote the set R"\ E, |E| its n-dimensional Lebesgue measure, ¥ its characteristic
function and E + F the algebraic sum {x+y: x € E,y € F}. For any s € R, |s]
denotes the unique integer such that s — 1 < |s| <s. If there are no special instructions,
any space 2 (R") is denoted simply by .2". For instance, L?(RR") is simply denoted
by L?. For any index g € [1, ], ¢’ denotes the conjugate index of g, namely, 1/q+
1/q' = 1. For any set E of R", ¢ € [0, «) and measurable function @, let ¢(E, 1) :=
Jeo(x,t)dx and {|f| >t} :={xeR": |f(x)| >}. As usual we use B, to denote the
ball {x e R": |x| <r} with r € (0, ).

2. Completeness of L? and WL?

In this section, we first recall some notions concerning Muckenhoupt weights,
growth functions, Musielak-Orlicz space L? and weak Musielak-Orlicz space WL?,
and then establish the completeness of L? and WL?.

Recall that a nonnegative function ¢ on R” x [0, =) is called a Musielak-Orlicz
Sfunction if, for any x € R", @(x, -) is an Orlicz function on [0, =) and, for any ¢ €
[0,0), @(-,7) is measurable on R". Here a function ¢ : [0, o) — [0, o) is called an
Orlicz function, if it is nondecreasing, ¢(0) =0, ¢(¢) > 0 for any ¢ € (0, ), and
limy oo @ (1) = oo.

Given a Musielak-Orlicz function ¢ on R” x [0, =), ¢ is said to be of uniformly
lower (resp. upper) type p with p € (0, «), if there exists a positive constant C := Cy
such that, for any x € R", ¢ € [0, e) and s € (0, 1] (resp. s € [1,0)),

@(x, st) <CsPp(x,1).

The critical uniformly lower type index and the critical uniformly upper type index of
¢ are, respectively, defined by

i(@) :=sup{p € (0, =) : @ is of uniformly lower type p}, (2.1)
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and
I(@) :=inf{p € (0, =) : @ is of uniformly upper type p}. (2.2)

Observe that i(¢) or I(¢) may not be attainable, namely, ¢ may not be of uniformly
lower type i(¢@) or of uniformly upper type I(¢) (see [20, p.415] for more details).

DEFINITION 2.1.

(i) Let g € [1,). A locally integrable function ¢@(-,7) : R" — [0, o) is said to
satisfy the uniform Muckenhoupt condition A,, denoted by ¢ € A, if there
exists a positive constant C such that, for any ball B C R" and 7 € (0, ), when

q=1,
ﬁ/B(p(x,t)dx{esssup[(p(x,t)}1} <C

xeB

and, when ¢ € (1,),

‘%‘/qu()@ t)dx{%/B[qo()@ t)]ql_ldx}ql <c.

(ii) Let g € (1,°0]. A locally integrable function @(-,7) : R” — [0, o) is said to
satisfy the uniformly reverse Holder condition RH,, denoted by ¢ € RH,, if
there exists a positive constant C such that, for any ball B C R” and ¢ € (0, «),
when g € (1,e0),

1/q

{ﬁ/B(p(xJ)dx}l{ﬁ/lg[(p(x,t)]qu} <cC

and, when g = oo,

-1
{%/qu()@ t)dx} esssup @(x, 1) <C.

X€EB
Define A 1= ye(1,0) Ag and, forany ¢ € A,

q(@) :=inf{ge[1,): @ € Ay} (2.3)

Observe that, if g(¢@) € (1, ), then @ ¢ Ay, and there exists ¢ ¢ A such that
q(@) =1 (cf. [14]).

DEFINITION 2.2. [16, Definition 2.1] A function ¢ : R” x [0,00) — [0, 00) is
called a growth function if the following conditions are satisfied:

(1) ¢ is a Musielak-Orlicz function;

(i) @ € Aw;
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(iii) @ is of uniformly lower type p for some p € (0, 1] and of uniformly upper type
1.

Suppose that ¢ is a Musielak-Orlicz function. Recall that the Musielak-Orlicz
space L? is defined to be the set of all measurable functions f such that, for some

A €(0, ),
/n(p< |f(x )I)d ‘o

equipped with the Luxembourg-Nakano (quasi-)norm

Il s=int {4 e 0.=): [ o(x TN )arcn}.

Similarly, the weak Musielak-Orlicz space WL? is defined to be the set of all
measurable functions f such that, for some A € (0, ),

sup o ({If]>1}, 1) <=

1€(0,00)

equipped with the quasi-norm

I fllwre :=inf{)L €(0,0) :

sup o ({1111} o)< }

te(0,00

REMARK 2.3. Let  be a classic Muckenhoupt weight and ¢ an Orlicz function.

(i) If @(x,1) := w(x)r? forall (x,7) € R" x [0, ) with p € (0, o), then L? (resp.
WL?)is reduced to weighted Lebesgue space LL, (resp. weighted weak Lebesgue
space WLL)), and particularly, when @ = 1, the corresponding unweighted spaces
are also obtained.

(i) If @(x, 1) := o(x)o(s) forall (x,¢) € R" x [0, ), then L? (resp. WL?) is re-
duced to weighted Orlicz space Lg) (resp. weighted weak Orlicz space WLﬁ) ),
and particularly, when @ = 1, the corresponding unweighted spaces are also ob-
tained.

Throughout the paper, we always assume that ¢ is a growth function.
In order to obtain the completeness of L? , we need the following several lemmas,
which are some properties of growth functions.

LEMMA 2.4. [16, Lemma 4.2] Let ¢ be a growth function as in Definition 2.2.
Then the following hold true:

(i) for any f € L? satisfying f Z0,

oo (o) 4=
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(i) lim || fillee =0 if and only if lim [ @ (x, |fi(x)[) dx =0

The following lemma comes from [16, Lemma 4.1], and also can be found in [32]

LEMMA 2.5. Let ¢ be a growth function as in Definition 2.2. Then there exists a
positive constant C such that, for any (x,t;) € R" x [0, ) with j € Z,

® (x, il‘j) <C

j=1

(P(x’ tj)'

M

1

J

THEOREM 2.6. The space L? is complete.

Proof. In order to prove the completeness of L?, it suffices to prove that, for any
sequence {f;}jez, C L? satisfying ||f;]|ze <27/, the series {Z’;:l fitkez, converges
in L?. By the uniformly lower type p property of ¢ and Lemma 2.4(i), we see that,
forany j€Z,,

50| ) dx <27P. 2.4)

/Rnw(x, 1fj(x)])dx < /,}P (x, f’m

Noticing that the series {Z’;Zl fi}kez, is a Cauchy sequence in L?, we have

k m
klimw ij—ij =0,
] j=1 =1 e
which, together with Lemma 2.4(ii), implies that
m
lim 0| x, =Y filx)| | dx=0. (2.5)
k,m—eo JIRN j=1 j=1

By the uniformly lower type p and the uniformly upper type 1 properties of ¢, and
(2.5), we know that, for any ¢ € (0, ),

el )
(e

k m
gmax{(f—l,c_p}klim (0 ({ 2 fi= 2
N =1 =

k m
E 21 fi
i—1 j=

~of.0)

; im_ |
Smax{o~ ', 0" }k,,l,rlloo {)Zjlfj Jlfj)>o}(P<x F
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)deO.

Hence, there exists some f such that Z’j‘-:l fj converges to f as k — e in mea-
sure. From this and using Riesz’s theorem, we deduce that there exists a subsequence

2];; 1 fj — f as i — oo almost everywhere. By this, Lemma 2.5 and (2.4), we obtain
that

as i — oo. From Lemma 2.4(ii) again, it follows that lim || f — Z];i:  fillLe = 0. On the
|—o0

k m
m Y £ = X £
j=1 j=1

,Smax{a_l,a_p} lim / (p(x,
k,m—oo n

ki
[ = filx)
j=1

dx S x, |fi(x)]) dx < 277 0
Jasz B [owlpehas 3

JZki+1

other hand, noticing that {2’1‘-: 1 fitrez., is a Cauchy sequence in L?, then it is easy to

see that limy .. || 2’;:1 fi—fllLe =0 and f € L?. This finishes the proof of Theorem
26. O ’

In order to obtain the completeness of WL?, we need the following several lem-
mas, which are some properties of growth functions.

LEMMA 2.7. Let @ be a growth function as in Definition 2.2. Then the following
hold true:

(i) [22, Lemma 3.3(ii)] for any f € WL? satisfying f Z0,

t
sup ¢ <{|f| > 1), —) 1
1€(0,0) Fliwre

() lim || fllwze =0 if and only if lim sup @ ({|fi| >1},1) =0.
e 7°1€(0,0)

Proof. We only prove (ii) of Lemma 2.7 since (i) of Lemma 2.7 was proved in
[22, Lemma 3.3(ii)]. By the uniformly lower type p and the uniformly upper type 1
properties of ¢, we conclude that, for any x € R", s € (0, ) and 7 € (0, o),

o (x, st) Smax{s,s"} o (x,1) (2.6)
and
o (x,st) 2 min{s,s"} @ (x,7). 2.7
Thus, from (2.6) and Lemma 2.7 (i), we deduce that
sup @ ({|fe| >1}.7)

t€(0,00)

— <p({|fk > 1), ||fkwé)
elwee

1€(0, )
t
<max{|felweo IlD 0} sup ({|fk| > 1), —)
1€(0,0) | fiellwre

~ max { || fillwzo. || fill o} -
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On the other hand, by (2.7) and Lemma 2.7 (i), we obtain that

sup @ ({| /il >1},1)

1£(0,%)
t
= sup o ({141 > kWil )
1€(0,00) Jellwre
. t
Z min{ | fellwee, | /el 0} sup (P<{fk| >t} 7)
1€(0,0) Sellwee

~min{ || fillwee, | fellty o } -

From the above two inequalities, it follows that

min { || fillwre, [l /el o } S S(gp )(P({\fkl > 1}, 1) Smax { | fillwee, | fillfyre ) »
1€(0,00

which implies that (ii) of Lemma 2.7 holds true. This finishes the proof of Lemma
27. 0O

LEMMA 2.8. [8, p.10] Let ¢ be a growth function as in Definition 2.2. If
li]?linf |fx| = |f]| almost everywhere, then, for any t € (0, o),

¢ ({If1 > 1}, 1) <liminfo ({| /i >}, 1).
THEOREM 2.9. The space WL? is complete.

Proof. To prove that WL? is complete, take {fi}rcz, C WL? such that
klim lfx — fmllwre = 0. By Lemma 2.7(ii), we know that, for any chosen posi-
,M—>00

tive number &, however small, there exists a positive integer K such that, whenever
k,m € [K, ) NZ;, then

sup @({|fic — fn| > 1},1) <e. (2.8)

t€(0,00)

By the uniformly lower type p and the uniformly upper type 1 properties of ¢, and
(2.8), we know that, for any ¢ € (0, ),

. , 1
Jim @ ({|fi —ful > 0}, 1) = lim ¢ <{|fk—fm >0}, EG>
§max{c’1,cr’1’}klim o ({|fx — fu| > 0}, 0) ~0.

Hence, there exists some f such that f; — f as k — oo in measure, which, together
with Riesz’s theorem, implies that some subsequence

fi, — f as s — oo almost everywhere. (2.9)



MUSIELAK-ORLICZ HARDY SPACES 1125

For the K mentioned above, take J € Z. such that, for any j € [J, o) NZ., the positive
1nteger kj > K. By (2.9) and Lemma 2.8, we know that, there exists a positive integer
J such that whenever j € [J, o) NZ, then

sup @({|fi; — /1 >1}1) = sup w({lim ‘fkj_fks|>t}7t>
1€(0,00) 1€(0,0) sTee

<tim sup o ({Ifiy— fil >1}.1) <e,

$7%1e(0,00)
that is to say,

lim sup @({|fi; —f|>1},1) =

J7%t€(0,00)
Applying Lemma 2.7(ii) again, we conclude that

}E}(}Q\\fk, — fllwee =0.

On the other hand, noticing that { fi }cz, is a Cauchy sequence in WL, then it is easy
to see that limg_. || fx — fllwre =0 and f € WL?. This finishes the proof of Theorem
29. O

3. Two boundedness criterions of operators

In this section, we first recall the notion concerning the Musielak-Orlicz Hardy
space H? via the non-tangential grand maximal function, and then establish two bound-
edness criterions of operators from H? to L? or from H? to WL?.

In what follows, we denote by .& the set of all Schwartz functions and by . its
dual space (namely, the set of all tempered distributions). For any m € N, let .%}, be
7, < 1, where

Wz = sup  sup (14 )" 9%y ().

oeN" |o|<m+1xeR?

Then, forany m € N and f € .9, the non-tangential grand maximal function f;; of f
is defined by setting, for all x € R",

Su(x):=sup  sup |fxy ()],

YET [y—x|<t,1€(0,0)

where, for any ¢ € (0, ), y;(-) :=¢7"y(;). When

(i) e

we denote f,; simply by f*, where ¢(¢) and i(¢) are asin (2.3) and (2.1), respectively.
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DEFINITION 3.1. [16, Definition 2.2] Let ¢ be a growth function as in Definition
2.2. The Musielak-Orlicz Hardy space H® is defined as the set of all £ € .’ such that
f* € L? endowed with the (quasi-)norm

1o = 11" |-

REMARK 3.2. Let w be a classic Muckenhoupt weight and ¢ an Orlicz function.

() If o(x,1) := o(x)t? for all (x,7) € R" x [0,0) with p € (0, 1], then H? is
reduced to weighted Hardy space HS , and particularly, when @ = 1, the corre-
sponding unweighted space is also obtained.

(i) If @(x,1):= w(x)$(z) forall (x,7) € R" x [0, =), then H? is reduced to weighted
Orlicz Hardy space H(‘ﬂ, and particularly, when w = 1, the corresponding un-
weighted space is also obtained.

DEFINITION 3.3. [16, Definition 2.4] Let ¢ be a growth function as in Definition
2.2.

(i) Atriplet (¢, g, s) is said to be admissible, if g € (q(¢), =] and s € [m(@), «) N
N, where g(¢) and m(¢) are as in (2.3) and (3.1), respectively.

(ii) For an admissible triplet (¢, g, s), a measurable function « is called a (¢, g, s) -
atom if there exists some ball B C R" such that the following conditions are
satisfied:

(a) a is supported in B;

(b) HaHL%(B) <|lxsl o » Where

sup [ [latipl t)dx]l/q el o)
lallg ) = 1€(0,00) LO(B, 1) JB ) ; , o0),
()

HaHLN(B)y q=°°

() Jpna(x)x*dx =0 forany o € N" with |ot| <5

(iii) For an admissible triplet (¢, g, s), the Musielak-Orlicz atomic Hardy space Hi'*"*

is defined as the set of all f € .’ which can be represented as a linear combi-
nation of (@, g, s)-atoms, that is, f = 2jbj in ", where b; for each j is a
multiple of some (¢, g, s)-atom supported in some ball x; + By, , with the prop-
erty

20 <x,- +By, Hbj||Lg(xj+B,j)) <o,
J

For any given sequence of multiples of (¢, g, s)-atoms, {b;};, let

||ijL" X;+B;.)
Ag({bs})) = mf{ ,oo>:z<p<x,,»+3,j,%><1}
J
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and then the (quasi-)norm of f € . is defined by
| lggas := inf {A ({b7}1)}

where the infimum is taken over all admissible decompositions of f as above.

We refer the readers to [16] and [32] for more details on the real-variable theory
of Musielak-Orlicz Hardy spaces.

DEFINITION 3.4. Let X and Y be two linear spaces. Anoperator T: DC X —Y
is called a positive sublinear operator if, for any x € R", the following conditions are
satisfied:

(i) T(f)(x) =0;
(i) T(af)(x) <|a|T(f)(x), where o € C;
(iii) T(f+g)(x) <T(f)x)+T(g)(x).

LEMMA 3.5. Let X and Y be two linear spaces and T : D C X — Y be a positive
sublinear operator as in Definition 3.4. Then, for any f,g € D,

IT(f)=T(I<T(f—g)
Proof. By Definition 3.4(ii), we obtain that
T(=f)<|-UT()=T() <[-UT(=f)=T(-f),
therefore, T(—f) = T(f). Moreover, by Definition 3.4(iii), we know that
T(f)=T@)=T(f—g+8)—T()<T(f—g)+T(g)-T(g)=T(f—g)
and
T(@Q)~T(f)=T(g~f+)~T)<T(g—f)+T(f)—T(f)=T(g~f)

From the above two inequalities and T (—f) = T(f), we deduce that |T(f) — T (g)| <
T(f —g). This finishes the proof of Lemma 3.5. [

The following two lemmas come from [16, Lemma 4.3(i), Theorem 3.1], respec-
tively, and also can be found in [32].

LEMMA 3.6. Let ¢ be a growth function as in Definition 2.2. For a given positive
constant C, there exists a positive constant C such that, for any A € (0, o),

/ (0] (x, V;—xﬂ> dx < C implies that || f|| e < CA.
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LEMMA 3.7. Let (¢, q, s) be an admissible triplet as in Definition 3.3. Then
H? = H:f,q’s
with equivalent (quasi-)norms.

LEMMA 3.8. [32, Remark 4.1.4] Let ¢ be a growth function as in Definition 2.2.
Then H® NL? is dense in H?.

Recall that a quasi-Banach space 28 is a linear space endowed with a quasi-norm
|| - ||z which is nonnegative, non-degenerate (i.e., ||f]| = 0 if and only if f = 0),
homogeneous, and obeys the quasi-triangle inequality, i.e., there exists a constant K no
less than 1 such that, forany f,g € A, ||f+gllz < K(||fllz+gll=)-

LEMMA 3.9. [27, Aoki-Rolewicz’s theorem] Let % be a quasi-Banach space
and K a constant associated with % as above. Then, for any f, g € A,

1f +8ll% < 17115 +llgl %,
where y:= [log,(2K)] "

LEMMA 3.10. Let B be a quasi-Banach space equipped with the quasi-norm
||| Forany {fitkez, C & and f € B, ifleHolOka_f =0, then

Jim el = 11

Proof. By Lemma 3.9, we obtain that, for any k € Z

1l % = A1 = = £+ £l = 1A < I fe = £,

where 7 is a harmless constant as in Lemma 3.9. Similarly, we have || f]|, — || fi[|?, <
£ = fill”;, which, together with the above inequality, implies that

el % = 1117

This finishes the proof of Lemma 3.10. [J

<|lfi—flIYy — 0ask — oo,

The following theorem gives a boundedness criterion of operators from H? to L?.

THEOREM 3.11. Let ¢ be a growth function as in Definition 2.2. Suppose that a
linear or a positive sublinear operator T is bounded on L?. If there exists a positive
constant C such that, for any A € (0, ) and multiple of a (@, q, s)-atom b associated
with some ball B C R",

bl|;a
IX. <x7 W) dx < Co (B, Wﬂ) 7 (3.2)

then T extends uniquely to a bounded operator from H? to L?.



MUSIELAK-ORLICZ HARDY SPACES 1129

Proof. We first assume that f € H? NL?>. By the well known Calderén repro-
ducing formula (see also [17, Theorem 2.14]), we know that there exists a sequence of
multiples of (@, g, s)-atoms {b;}cz, associated with balls {x;+ B, } jez, such that

k
f:knm > b= klim fi in . and also in L?. (3.3)
e o

From the assumption that the linear or positive sublinear operator 7' is bounded on L2,
Lemma 3.5 and (3.3), it follows that

lim [ 7(F) =7 ()2 < Jim |17 (= o),  Jim 1/ = fll2 ~ O,

which implies that
T(f) = hm T (fi) < hm Z T (b Z ) almost everywhere. (3.4)

By this, Lemma 2.5 and (3.2) with taking A = A4({b;};), we obtain

/ﬂc’%$b>d<z/ (= Rttt )

it ||ijLq(x-+B )
5 [0) Xi+B,, e 5
j:z’l (J 7 A({b)1)) )

which, together with Lemma 3.6, further implies that
IT(N)llze < Ag({b5})-

Taking infimum for all admissible decompositions of f as above and using Lemma 3.7,
we obtain that, for any f € H NL?,

1T (Pllze S 1N ggas ~ 1f [ zze- (3.5)

Next, suppose f € H?. By Lemma 3.8, we know that there exists a sequence of
{fi}jez. C H?NL? such that fj — f as j — o in H?. Therefore, {f;}cz. isa
Cauchy sequence in H?. From this, Lemma 3.5 and (3.5), we deduce that, for any
J keZy,

HT(fJ') - T(fk>||L(P < HT(fJ' _fk>||L<P S Hfj _kaH(P :
Thus, by this, we know that {T(f;)} ez, is a Cauchy sequence in L?. Applying
Theorem 2.6, we conclude that there exists some g € L? such that T(f;) — g as j — o
in L?. Consequently, define T(f) := g. Below, we claim that T(f) is well defined.
Indeed, for any other sequence {f}}ez, C H? NL? satisfying fj—fas j—eoin
H?, by Lemma 3.5 and (3.5), we have

HT(f/) =T f)HUP < HT(f;) o T(fj)Hm + HT(fJ') _gHm
SIS = Fill o + T =80
S ||f.;_fHH‘P + Hf_fJ'HH(P + HT(f/) _gHm —0as j— e,
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which is wished. From this, Lemma 3.10 and (3.5), it follows that, for any f € H?,
IT(f)lle = llgllze Z}EEOHT(fj)HL‘P 5}EEO||fjHH¢ ~ || fllze-

This finishes the proof of Theorem 3.11. [

To show the boundedness criterion of operators from H? to WL?, we need the
following superposition principle of weak type estimates.

LEMMA 3.12. [2, Lemma 7.13] Let ¢ be a growth function as in Definition 2.2
satisfying 1(@) € (0, 1), where I(@) is as in (2.2). Assume that {f;} jez+ is a sequence
of measurable functions such that, for some A € (0, o),

Y s o({lfl>ah ) <

JEZA+ 0€(0,)

Then there exists a positive constant C, depending only on ¢, such that, for any 1 €
(0, o),

<p<{z|f,>n} ) ¢y swoo({lnl>ah3).

jez+ JE€Z+ 0€(0,%0)

By an argument similar to that used in the proof of [16, Lemma 4.3], we easily
obtain the following lemma, the details being omitted.

LEMMA 3.13. Let ¢ be a growth function as in Definition 2.2. For a given posi-
tive constant C, there exists a positive constant C such that, for any A € (0, o),

sup @ ({m > al, x) < C implies that || f||wre < CA.

€(0,%)

The following theorem gives a boundedness criterion of operators from H? to
WL?.

THEOREM 3.14. Let ¢ be a growth function as in Definition 2.2 satisfying I(¢) €
(0, 1), where I(@) is as in (2.2). Suppose that a linear or a positive sublinear operator
T is bounded on L?. If there exists a positive constant C such that, for any A € (0, o)
and multiple of a (@, q, s)-atom b associated with some ball B C R",

o 161129,
sup o ({IT8) >}, ) <co (B, —=2 ). (3.6)
€ (0,00) A A
then T extends uniquely to a bounded operator from H? to WL? .

Proof. Since the proof of Theorem 3.14 is similar to that of Theorem 3.11, we use

the same notation as in the proof of Theorem 3.11. Here we just give out the necessary
modifications.
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By (3.4), Lemma 3.12 and (3.6) with taking A = A,({b;};), we obtain that, for
any o € (0,00),

(p({T(f) >a} ({b/}1)> ({Z|T | >OC} q({olij}j)>

< 2 sup @ ({T )| >aj, q({(zj}j))

j=10€(0,%)

b ||bJ'HLq(x-+B )

o(xj+By;
SXoluth gy ) S
= (j A ({b}) )

which, together with Lemma 3.13, implies that

IT(N)lwee < Ag({bj} )

Taking infimum for all admissible decompositions of f as above and using Lemma 3.7,
we obtain that, for any f € H? NL?,

1T (Pllwee SN fllggaes ~ (1o 3.7

Next, suppose f € H?. By Lemma 3.8, we know that there exists a sequence of
{fi}jez, C H?NL?* such that fj — f as j — oo in H?. Therefore, {fj}cz, is a
Cauchy sequence in H?®. From this, Lemma 3.5 and (3.7), we deduce that, for any
Jyk€Ly,

HT(fJ') T(fe) ||WL‘P HT = fi) ||WL<P ~ HfJ fk”H‘P

Thus, by this, we know that {T'(f;)} ez, is a Cauchy sequence in WL?. Applying
Theorem 2.9, we conclude that there exists some g € WL? such that T(f;) — g as
J — e in WL?. Consequently, define T'(f) := g. Below, we claim that T'(f) is well
defined. Indeed, for any other sequence { fj’} jez,. CH? NL? satisfying fj’. — f as
Jj — e in H?, by Lemma 3.5 and (3.7), we have

1T =T lyro SNTUD =TUD o + 1T =8l 1o
S = Fillgo 1T ) = 8llw o
S ||f;_f’|H‘P + ||f_fj||H(P + HT(fJ') _gHWDP —0as j—eo,

which is wished. From this, Lemma 3.10 and (3.7), it follows that, for any f € H?,
IT(N)lwee = llgllwee = }TJQHT(fj)HWL‘P 5}2130\\fj||H¢ ~ N fllzze-

This finishes the proof of Theorem 3.14. [
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4. Boundedness of parametric Marcinkiewicz integrals

In this section, we first recall the notion concerning the L?-Dini type condition of
order o, with g € [1, ] and & € (0, 1], and then obtain the boundedness of p5 from
H? to L? or from H? to WL?.

Here and hereafter, we always assume that Q is homogeneous of degree zero and
satisfies (1.1).

Recall that, for any ¢ € [1, ) and « € (0, 1], a function Q € LI(S""!) is said to
satisfy the L?-Dini type condition of order o« (when o = 0, it is called the L9-Dini
condition), if

! wy(8)

Sl+a s < <

0

where w,(8) is the integral modulus of continuity of order ¢ of Q defined by setting,
forany 6 € (0, 1],

0y(6) := sup (/Snl 1Q () _Q(X/)|qdo'(x’)) 1/q

lIvll<é

and ¥ denotes a rotation on §"~! with ||y|| := Supyegn-1 |y’ —y'|. Forany a, B € (0, 1]
with B < «a, it is easy to see that if Q satisfies the L?-Dini type condition of order
o, then it also satisfies the L?-Dini type condition of order . We thus denote by
Dinf, ("1 the class of all functions which satisfy the L?-Dini type conditions of all
orders B < .. Forany a € (0, 1], we define

Ding;($"~") := (") Din&(s"").

g=1

See [23, pp. 89-90] for more properties of Dinf, ("~ 1) with ¢ € [1, e0] and & € (0, 1].
The main results of this section are as follows.

THEOREM 4.1. Let p € (0, ), ot € (0, 1], B:=min{e, 1/2} and ¢ be a growth
function as in Definition 2.2 with p € (n/(n+ B), 1) therein. Suppose that Q € L(S"~1)
NDink, (§"~1) with q € (1, ). If ¢ and @ satisfy one of the following conditions:

() ge(1,1/p) and 7 € A 45 ;

n(1-p)

(i) g€ (1/p, =] and V=P e A 5 ,

n(1-p)

then there exists a positive constant C independent of f such that
H”s%(f)”up <\ flae-

THEOREM 4.2. Let p € (0, ), ot € (0, 1], B:=min{e, 1/2} and ¢ be a growth
function as in Definition 2.2 with p € (n/(n+B), 1] therein. Suppose that Q €
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Dink ($"1) with g € (1,). If @7 € A
stant C independent of f such that

b)) o < Clf o

»8 1., then there exists a positive con-
(p+5r =3

COROLLARY 4.3. Let p € (0,%), a € (0,1], B :=min{c, 1/2} and ¢ be a
growth function as in Definition 2.2 with p € (n/(n+ ), 1] therein. Suppose that
QeDing(s" Y. Ifpe AP , then there exists a positive constant C independent

of f such that

(1+)
48D 1o < CIf o

THEOREM 4.4. Let p € (0,00) and @ be a growth function as in Definition 2.2

with p := 1 therein. For a given positive constant C, suppose Q € L1(S"~1) with
q € (1, ) such that, forany y # 0, h € R" and t € [0, =),

/\X\>ZM

If (pq, € Ay, then there exists a positive constant C independent of f such that

Q=) QW ot fyde< Coly+h1).

pe—ylr

b (Ao < ClLf o

THEOREM 4.5. Let p € (0,), a€ (0, 1], B:=min{c, 1/2} and ¢ be a growth
Sfunction as in Definition 2.2 with p:=n/(n+ ) therein, and I(9) € (0, 1), where I(¢)
is as in (2.2). Suppose that Q € Lip,(S"~'). If ¢ € A, then there exists a positive
constant C independent of f such that

|16 Dlwie < Cllf e

REMARK 4.6.

(1) Itis worth noting that Corollary 4.3 can be regarded as the limit case of Theorem
4.2 by letting g — oo.

(i) Theorem 4.1, Theorem 4.2 and Corollary 4.3 jointly answer the question: when
Q € Din&, (" !) with g =1, g € (1, ) or g = o, respectively, what kind of
additional conditions on growth function ¢ and €2 can deduce the boundedness
of uf, from H? to L9?

(iii) When p :=1, Theorem 4.1, Theorem 4.2 and Corollary 4.3 are reduced to [24,
Theorem 2.4, Theorem 2.5 and Corollary 2.6], respectively.
(iv) Let w be a classic Muckenhoupt weight and ¢ an Orlicz function.

(a) When @(x, 1) := o(x)¢(¢) forall (x,7) € R" x [0, o), we have H? = HY.
In this case, Theorem 4.1, Theorem 4.2, Corollary 4.3 and Theorem 4.4 hold true
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for weighted Orlicz Hardy space. Even when ¢(x, t) := ¢(¢), the above results
are also new.

(b) When ¢(x, 1) := o(x)t? for all (x,t) € R" x [0, ), we have H? = HJ,.
In this case, if p := 1, Theorem 4.1, Theorem 4.2, Corollary 4.3 and Theorem
4.4 are reduced to [23, Theorem 1.4, Theorem 1.5, Corollary 1.7 and Theorem
1.8], respectively.

(c) When ¢(x, 1) := o(x)#? for all (x,7) € R" x [0, ), we have H? = HJ,.
In this case, the assumptions of p and Q in Corollary 4.3 are weaker than
that in [31, Theorem 1.1]. Precisely, in [31, Theorem 1.1], p € (0,n) and
Q € Lip,, (5"~ 1), however, in our case, p € (0, ) and Q satisfies some weaker
smoothness conditions, i.e., Q € Din‘;‘;(S"‘l).

(d) When @(x,1) := @(x)t? for all (x,7) € R" x [0, ), we have H? = H],.
In this case, if p is restricted to (0, n), Theorem 4.5 is reduced to [31, Theorem
1.2].

To show main results, let us begin with some lemmas. Since ¢ satisfies the uni-
form Muckenhoupt condition, the proofs of (i), (ii) and (iii) of the following Lemma

4.7 are identity to that of [9, Exercises 9.1.3, Theorem 9.2.5 and Corollary 9.2.6], re-
spectively, the details being omitted.

LEMMA 4.7. Let g € [1,00]. If ¢ € Ay, then the following statements hold true:
(i) @®e A, forany € € (0,1];
(ii) @M e A, for some n € (1,00);
(iii) @ € Ay for some d € (1, q) with g # 1.
The following Lemma 4.8 is a subtle pointwise estimate for ug(b), where b is a

multiple of a (¢, o, s) atom. And this lemma plays an important role in the proof of
Theorem 4.1.

LEMMA 4.8. Let p € (0,00) and b be a multiple of a (@, =, s)-atom associated
with some ball B,.. Then, for any x € Bog \ Bg with R € [2r, =),

2R+7r [(2R—|—r)P_(R_r)p}2}l/2.

1
p < B -
KO0 < 1903 -3 {1 24 BB

Proof. The key of the proof is to find a subtle segmentation. From supp b C B,
we deduced that, for any y € B, and x € Byg \ Bg with R € [2r, ),

R—r<|x—y|<2R+r 4.1)
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Therefore, for any x € Bog \ Bg with R € [2r, =), write

2_ [ Qx—y)
A A v UL

_/R r /Ix <t I (xy|ny2,b(}’)dy

=L +L+1s.

2o

t2p+l

R +/ N + ‘e
2P+l R—r 2R+r

For I, from 7 € (0, R—r] and (4.1), it follows that {y e R": [x—y| <t} =0 and
hence I} =0.
For I,, by the spherical coordinates transform and Q € L'($"~1) (see (1.1)), we

obtain
2R+r 11Q()] 2 dr
2 . n—1 /
L <||b]|z- /R_r (/Snl o wnp ! dudo(z )) 72p 11

| [2Rér | 2R+r
—1QIP, o bzm—/ St = QIR s 1Bl — 1 .
s Il [ = 0 01

n———
R —

For I3, by (4.1), the spherical coordinates transform and Q € L' (§"~!) (see (1.1)),

we have
o Q 2oar
netolp [0 (L E8la) o
2R+ \JBogs,\Bg_, |2]"7P 120+

2R+r |Q )| o 2 a4
_||19||L"<'/2RJr </S" 1/R e dudo(z )) 2p+1

° 1
~ 1203 o [l 5 (R4 = (R=rPP [ v

[(2R+7)P — (R—r)P)?
2p (2R +r)?P

1
= Q171 -+ ”b”L""_z

Combining the estimates of I}, I, and I3, we obtain the desired inequality. This
finishes the proof of Lemma 4.8. [

LEMMA 4.9. [16, Lemma 4.5] Let ¢ € A, with q € [1, ). Then there exists a
positive constant C such that, for any ball B C ]R" A€ (1,0) and t € (0, ),

Q(AB,t) <CAMo(B,1).

Since ¢ satisfies the uniform Muckenhoupt condition, the proof of Lemma 4.10
is identity to that of [30, Corollary 6.2], the details being omitted.

LEMMA 4.10. Let d € (1,0). Then, ¢ € A.. if and only if ¢ € RH,.

The proof of the following Lemma 4.11 is motivated by [15, Lemma 5].
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LEMMA 4.11. Suppose that p € (0, ), q € [1, ) and Q satisfies the L?-Dini
condition. Then there exists a positive constant C such that, for any R € (0, ) and

Y € Bga,

</R<|x|<2R

Proof. Noticing that |x| > R and |y| < R/2, we have |x —y| ~ |x|. From this and
the mean value theorem, it follows that
Qx—y) Q) Qx) Q) Qx)  Qx—y)
R N e e B AP L P

e T

Qx—y) Q)
pe—y["=p |x]"P

q 1/q Iy|/R
dx) < CRYa~(n (M +/y Mdéi).
R Jypr 6

‘We then write

(/ Qx—y) Q) qu)l/q
R<[|<2R | [x —y|"=P  |x|—P
ly|? Va 1Q(x—y) — Q(x)[4 1/q
<C / Q(x)1—2 g C / d
<R<|x|<2R @ x| (n=p+1)a *) o R<|x|<2R x| (=P)d *

=:C(I; + 1).

For I, by the spherical coordinates transform and Q & Lq(S”_l), we know that,
forany y € Bg/s,

2R n—l , 1/q
I =yl (/sn l/ PRy drdc(x))
v ]
(o) eves(l)

For I,, from the spherical coordinates transform and Fubini’s theorem, it follows
that, for any y € Bg/»,

2R /) NV 1/q
e ([ [0 )
-1 JR r("*P)q
2R / q 1/q
) oo dr
K e (o (mey) o aoe) ]

-
where o :=y/r. Proceeding as in the proof of [15, Lemma 5], I, is bounded by a

positive constant times
Iyl/R dé
Ri/a—(1—p) (/ o.(S _>.
Bl
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Combining the estimates of I; and I,, we obtain the desired inequality. This
finishes the proof of Lemma 4.11. [J

The following Lemma 4.12 extends [23, Lemma 4.4] from non-parametric case to
the parametric case.

LEMMA 4.12. For o € (0,1] and g € [1,e0), suppose that Q satisfies the L9 -
Dini type condition of order a.. Let p € (0, 0), B :=min{a, 1/2} and b be a multiple
of a (@,o0,s)-atom associated with some ball B, .

(1) If g = 1, then there exists a positive constant C independent of b such that, for
any R € [2r, ),

n+p
P (b)(x)dx < C|lbl|-R" (=) .
L RO < Cloli-R ()

(ii) If g € (1, e0), then there exists a positive constant C independent of b such that,
forany R € [2r,00) and t € [0, ),

/ 1/q r\n+B
P < - | o1 njq (T
/BZR\BR[,Lg(b)(x)(p(x7 1)dx < C||b||L [(p (BQR7I)] R (R) .

Proof. We only prove for case (ii), since the proof of case (i) is analogous to that
of case (ii) and is left to the readers. For any R € [2r, ) and ¢ € [0, o), write

|, Bt dx
R<|x|<2R
|x|+r Q(x—
<[ ([T e
R<|x|<2R \ JO -yl [x —y["P
ool
R<|x|<2R \ J|x|+r

Qx—y)
/ b(y)dy
|
For I}, noticing that y € B, and x € Byg \ Bg with R € [2r, o), we know that

B dr 1/2
dy t2P+1> o(x, 1)dx

24

12
t2P+1> ox,t)dx=:1; +1,.

x—yl<t [x—y[*P

e =y ~ |x| ~ |x| 47 (4.2)
and
R/2 < |x—y| <5R/2. 4.3)
From (4.2) and the mean value theorem, it follows that, for any y € B, and x € Byg \ Bg
with R € [2r, =),
1 _ 1 < r .
=y (fx]+7)2P | =y
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By Minkowski’s inequality for integrals, the above inequality and Fubini’s theorem, we
obtain that, for any R € [2r, ) and ¢ € [0, ),

Qx—y) /|x|+r ar \V?
I < 2=y ,
! /R<\X\<2R /B, x—y"—Pb(y)'< iy 12PF] dy| @(x,1)dx

1/2
<ol | Q-1 !
~ R<|x[<2R | JB, [x = y["P ||x—y[2P (|x]+7)%

Qx—y
Sholer [ (e et ) ay

<x|<2R |x—y

dy] o(x, 1)dx

On the other hand, from Holder’s inequality, (4.3), the spherical coordinates transform
and Q € L9(S" '), we deduced that, forany y € B,, R € [2r, ) and t € [0, =),

Q(x—y)|
222 o(x, 1) d
/R<\x\<2R |x—y|”+1/2(p(x Jdx

! 1/‘1/
o(x, 1) Q- \'"
< S L dx T dx
R<|x|<2R |x — y|nt1/2 R<|x|<2R |x — y|n+1/2

o W Q(z)]7  \
7 (Bop. )| Y RV (/ 4
Ao (Bar; 1) R/2<||<5R/2 |z|"H1/2 ¢

A

. 11/q , SR/2 1/q
~ [0 (Bar. 1) T R=n=1/2)/q (R"I/2 /S B /O |Q(z’)yqu"1dudo(z’))

l/q,R—n/q’—l/Z.

~ (pq,(B2Rv t)

Substituting the above inequality into I; and using the fact that B = min{c, 1/2}, we
know that, for any R € [2r, «) and ¢ € [0, =),

1 < ||| [‘Pq/(BzR, t)} l/t/Rn/q <£>n+1/2 < Ibll {(Pq/(BZR, t)} l/t/Rn/q (%)rﬁﬁ.

For I, noticing that for 7 > |x| +r, it is easy to see that B, C {y € R" : [x —y| <t}.
From this, vanishing moments of b, Minkowski’s inequality for integrals and Fubini’s
theorem, it follows that, for any R € [2r, =) and 7 € [0, o),

2= /R<\x\<2R </:+r /|x—y\<r (? Exy_"y)P B I?I'SXD bO)dy

</R<M<2R /B Qhy) o b(y)</:t;,ft+1)1/2dy] o(x, 1)dx

e—y[rP  [x]rp
S Ibl-k [ ( [ |y 8
~  \JR<|x|<2R | [x—y["P  |x|"P

1/2
2 g \Y
Zm (p(x,t)dx

o(x, t)dx) dy.




MUSIELAK-ORLICZ HARDY SPACES 1139

On the other hand, from Holder’s inequality and Lemma 4.11 (since Q satisfies the
L9-Dini type condition of order «, it also satisfies the L?-Dini condition), we deduced
that, for any y € B, R € [2r,00) and ¢ € [0, o),

/ Qx—y) Q)
R<|x|<2R
Qx—y) Q)

e—y=P  Jx»P
, o\ Ve
< ,0)]9d / _
</R<x<2R|(p(x ) x) <R<x<2R x—y[r=P |x[rP
, 1/q [v[/R B
N [qoq (BzR,z)] qR"/q—"+P<l+ / @l )d6)

o(x,1)dx

q 1/q
dx)

R Jpr 6
: W goeavo [B1 (DY % 043
< |4 n/q—n+p | 171 Ml q
S [<P (BzR,t)} R [R + (R yi/28 O dé|.

Substituting the above inequality into I, and using the assumptions that € satisfies

the L7-Dini type condition of order o, and 8 = min{c, 1/2}, we know that, for any
R € [2r,00) and 1 € [0, o),

/ 1/q _n r o La (S
S ol [ (B, )| R / [§+<E> /0 5(11(+a)d8]dy

< 1]l [(pql(B2R,t):| 1/11’Rn/q <£>” [1_,_ <L>O¢}

, R R R
< Wl [ B )] Ve (2)"F

Combining the estimates of I; and I,, we obtain the desired inequality. This
finishes the proof of Lemma 4.12. [

The following Lemma 4.13 shows that o maps all multiple of an atoms into
uniformly bounded elements of L?.

LEMMA 4.13. Let p € (0,00), oc € (0,1], B :=min{et,1/2} and p € (n/(n+f),1).
Suppose that Q € L1(S"~')NDink, (S"~1) with q € (1,%|. If q and @ satisfy one of
the following conditions:

() ge(1,1/p] and @7 € A 0B s

n(1-p)

(i) g€ (1/p, =] and ¢V/1"P) e A 5 ,

n(l1-p)

then there exists a positive constant C such that, for any A € (0, o) and multiple of a
(@, o0, s)-atom b associated with some ball B C R",

[o <x7 ué’z(i)(x)) dx<Co (B, ||b)|1y»>.
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Proof. We need only consider the case g € (1, o), since the case ¢ = o can be
derived from the case g = 2. Indeed, when g = oo, a routine computation gives rise to
2> 1/p. If Lemma 4.13 holds true for g =2, by Q € L=(S" 1) C L*(S" 1), 2> 1/p

and ¢'/(-P) € A ,5 , we know that Lemma 4.13 holds true for g = c>. We are now
n(I=p)
turning to the proof of Lemma 4.13 under case g € (1, o). Without loss of generality,

we may assume b is a multiple of a (@, e, 5)-atom associated with a ball B, for some
r € (0,e0). For the general case, we refer the readers to the method of proof in [23,
Theorem 1.4].

First, we claim that, in either case (i) or (ii) of Lemma 4.13, there exists some
d e (1, pB/[n(1— p)]) such that

07 € Ayand oV/(-P) € A, (4.4)

We only prove (4.4) under case (ii) since the proof under case (i) is similar. By Lemma
4.7(iii) with @'/0=P) € A5, we see that there exists some d € (1, pB/[n(1— p)])
All—p)
such that ¢'/(1=?) ¢ A;. On the other hand, notice that ¢’ < 1/(1— p), then, by
Lemma 4.7(i), we know (p‘/ € Ay, which is wished.
The next thing to do in the proof'is to find a subtle segmentation. For any j € Z,
let Ej := B,j+1, \ B,j,. By Lemma 4.8, we know that, for any x € E;,

2Ll [ )P — (27— 1P 2
W) S el {n 250 R BT s

Notice that

1/2

In2 + ! 1 LY as j
- N — 0
2 P J )

VLT (2 1P — (2 — 1P P
Y 2027 T 1)

which, together with

1/2
24— (1- 2 ik <1
2p 2p :

implies that there exists some J € Z, independent of b such that, for any j € [J +
1 ) oo) N ZJr s

sup
pE(0,e0)

j+1 j+1 (i 24 1/2
{HZ’ +1 [T +1)P—(2/ l)p}} <l 4.6)

2i—1 2027 4 1)

Therefore, for any A € (0, =), write

P X p X
Lo (w0 ) o [ o (BB Yo [,
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Another step in the proof is to estimate I; and I, respectively.
For I;, by the uniformly upper type 1 property of ¢, Theorem A with Q €

L4(S"1) and @7 € Ay, and Lemma 4.9 with ¢ € A, (which is guaranteed by Lemma
4.7(1) with (4.4)), we know that, for any A € (0, ),

d
b)(x) 1612
Il”/ ( HbHLw ) <P<x, 1 )dx
(16, (6)(x)] 15|
< o (1) o (s 15 )
S0 (2B bli-) +%/Rn (W6 (0) ()] @ <x7 ”b)'l”") dx
a

! ol
S0 @B i) + g [ 10 (5 1 ) as
( ) HbH([i,‘” By A’

6] =
< Bra )

which is wished.

For I, from the uniformly lower type p properties of ¢ with i h(f)( ) <1 (see

(4.5) and (4.6)) and Holder’s inequality, we deduce that, for any A € (0, ),

R %
Z/ ( bf)dx

j=I+1

51)15&,;1(/15,["’(*%”1/11) ) </ o)

Notice that ¢!/(1=7) ¢ A, C A.. (see (4.4)). By Lemma 4.10, we have ¢ € RH /(1—p)-
Thus, from Lemma 4.9 with ¢'/(1=?) ¢ A, and ¢ € RH /(). it follows that, for

any A € (0, o0),
oo I=p
[(pl/(l—p) (21+1B ||b)|1L )}

_ I—p
”b”Lm)]l/(l p)
, d
(Lo :
1—
< oJjnd(1-p) [(pl/(lp) <Br, b/lL‘”)] P

< pind(1=p),=np g, (Br, bfo) .

Since d < pB/[n(1 — p)], we may choose an & € (0, o) such that d < pE/[n(l -p)l,
where 3 :=min{¢, 1/2}. By the assumption Q € Din, ($"~!), Q satisfies the L' -Dini

: HbHL""

N
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type condition of order . Applying Lemma 4.12(i), we obtain

r

n+5 . =
— ~ w1 =iB
=)~ b2,

|, KOs ol ()" (

Substituting the above two inequalities into I, we know that, for any A € (0, e0),

15]] = < j(nd—ndp—pp 15]] =
< Jj(nd—ndp—pB) | <
Izr\/ (p (BV’ x 2 2 ~ (P Bra 2{ 9

j=J+1

where the last inequality is due to d < pf8 /[n(1=p)].
Finally, combining the estimates of I; and I, we obtain the desired inequality.
This finishes the proof of Lemma 4.13. [

Proof of Theorem 4.1. From Theorem A with @ = 1, it follows that ,us’-)2 is bounded
on L?. By this, Lemma 4.13 and the fact that ,us’-)2 is a positive sublinear operator, ap-
plying Theorem 3.11 with g = o, we know that /,Lg’-’2 extends uniquely to a bounded
operator from H? to L?. This finishes the proof of Theorem 4.1. [J

Proof of Theorem 4.2. The proof of Theorem 4.2 is similar to that of Theorem 4.1.
We only need to modify the estimate of I, in the proof of Lemma4.13. And fortunately,
the estimate of I, is nearly identity to that of J in the proof of [23, Theorem 1.5], where
[23, Lemma 4.4(a)] is used in that proof, and here Lemma 4.12(ii) is used instead. We
leave the details to the interested readers. [J

Proof of Corollary 4.3. By Lemma 4.7(ii) with ¢ € AP , we see that there

(+5)
(148" Forany g € (1,),by p>n/(n+f),
we have (p+pB/n—1/q)q' > p(1+ B/n) and hence ¢ € A
may choose g :=d/(d — 1) such that

exists some d € (1, o) such that ¢ € A

,. Thus, we

(p+ )q

=R
Q=

q — o
(P _(p 6A(P+g !

)

Q=

and hence Corollary 4.3 follows from Theorem 4.2. [

Proof of Theorem 4.4. Observe that, if ¢ is of uniformly lower type 1 and of
uniformly upper type 1, then, in either s € (0, 1] or s € [1, ), there exists a positive
constant C independent of s such that, for any x € R” and ¢ € [0, o),

o(x, st) < Cs(x, ). 4.7)

On the other hand, we claim that, in either s € (0, 1] or s € [1, o), there exists a positive
constant C independent of s such that, for any x € R” and ¢ € [0, o),

o(x, st) = Csp(x, ). (4.8)
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In fact, by (4.7), we have

S(p(xvt) = S(p(xv SI/S) < QD()Q St),

which is wished. Combining (4.7) and (4.8), we obtain @(x, st) ~ s@(x,t), which

implies that
Lot rwan~ [ r

and hence, H = H 1( ik Similarly, L® = L} o(-.1)" Then, by repeating the proof of [23,

Theorem 1.8], we know that ||uf,(f)||,» < IIf]|me. This finishes the proof of Theorem
45. O

LEMMA 4.14. Let p € (0,), o € (0, 1], B :=min{e, 1/2} and ¢ be a growth
function as in Definition 2.2 with p :=n/(n+ B) therein. Suppose that Q € Lip,, (S"1).
If @ € Ay, then there exists a positive constant C such that, for any A € (0,0) and
multiple of a (@, o, s)-atom b associated with some ball B C R",

bl
P(b) >« ,g <C (B,—).
a:(%l;)‘l’({“g() } /l) 0 7

Proof. We show this lemma by borrowing some ideas from the proof of [22, Theo-
rem 5.2]. Without loss of generality, we may assume b is a multiple of a (¢, oo, s)-atom
associated with a ball B, for some r € (0, o). For the general case, we refer the read-
ers to the method of proof in [23, Theorem 1.4]. Proceeding as in the proof of [31,

Theorem 1.1], we know that, for any x € (Bzr)[:,

rn+1/2 il o
p < -
I-‘g(b)(x) S bl <|x|”+1/2 + x|n+1 + x|+ )

which, together with 8 := min{c, 1/2}, implies that, for any x € (Bzr)[:,

P
o (0)(x) < 1162 PR (4.9)

Therefore, for any A € (0, =), write
p a
sup @ (qUg(b)>af, -
o o({uho)> o} 7)

o
< sup <p({xeBzr:u5(b)(x)>a},x)
(XG(O,OO)

+ o ({x € (By)® : ub(b) (x) > a}, %) — 1, + L.
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For I;, from Lemma 4.7(ii) with ¢ € A, (since ¢ € Ay), it follows that (pq’ €A,
for some ¢’ € (1, «). By the uniformly upper type 1 property of ¢, Theorem A with
Qe L4(S" 1) (since Q € Lip, (5" ') and ¢4 € A,, and Lemma 4.9 with ¢ € Ay, we
know that, for any A € (0, ),

o
= y d
Sup /{xeBzr ;LQ x)>oc} (x ) *
)C
</ o[- 15)
BZr
HbHL""
< X, dx
~ ( ||b||Lw ) ¢
2
() e o (x 12 ) "
~ BZr ||b||LW
IIbIILw) 1 / p 2 ( wa)
<o (B, b : d
N(p( o +HbH%m @B )] ¢ (x, = | dx

IIbIILw) bm)
< | By, —— d
N<p<z o +HbHLw B,‘()‘ 1 x

5] =
< Br; ?
~ (P< A

which is wished.

dx

n

For I, from (4.9), Lemma 4.9 with @ € A, and the uniformly lower type = B
property of ¢, we deduce that, for any A € (0, ),

rn-‘rﬁ a
L< sup @ <{xeB): ||b]- >a
ae(0,e) [x]+B A

~ s o({re@fs e <Pl 2
ae(0,0) o A
1
<\ 7B
~ sup @ )CGIR":ngx<<m)+ r 7%
oe(0,00) o A
S sup @ ({xeR"; x| < (wa } %)
ae(0, [b]].=)

1
bﬂwﬁ a)
~ sup ) [ B, —
€ (0, bl 1=) ( o A
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bl wip o
< swp (— L) w(Br,I)
ac(0, bl =) \ &

=\ TP e .
< sup (bL ) + ( a ) ¢ (p(Br, 1] )
ac(0,[bl=) \ & 6] 2

bllre
~Q (Br» ” ﬂL )

Combining the estimates of I; and I,, we obtain the desired inequality. This
finishes the proof of Lemma 4.14. [

Proof of Theorem 4.5. From Theorem A with w = 1, it follows that ;,Lg is bounded
on L?. By this, Lemma 4.13 and the fact that ;,Lg is a positive sublinear operator, ap-
plying Theorem 3.14 with g = o, we know that /,Lg’-’2 extends uniquely to a bounded
operator from H? to WL?. This finishes the proof of Theorem4.5. [J
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