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COMMUTATORS OF MARCINKIEWICZ INTEGRALS
WITH ROUGH KERNELS ON HERZ-TYPE
HARDY SPACES WITH VARIABLE EXPONENT

HONGBIN WANG AND DUNYAN YAN

(Communicated by S. Li)

Abstract. Let Q € L°(S"1) for s > 1 be homogeneous functions of degree zero and b be BMO
functions. In this paper, we obtain some boundedness of the Marcinkiewicz integral operator g
and its commutator [b, lig| on Herz-type Hardy spaces with variable exponent.

1. Introduction

The theory of function spaces with variable exponent has extensively studied by
researchers since the work of Kovacik and Rakosnik [9] appeared in 1991, see [2, 4]
and the references therein. In [17], the authors introduced the Herz-type Hardy spaces
with variable exponent and gave their atomic decomposition characterizations. In [1-4]
and [16], the authors proved the boundedness of some integral operators on variable L?
spaces, respectively.

Suppose that S"~! denote the unit sphere in R” (n > 2) equipped with normalized
Lebesgue measure. Let Q € Lipg (S"~1) for 0 < B < 1 be homogeneous function of
degree zero and

» lQ(x’)dc(x’) =0, (L.1)
where x' = x/|x| for any x # 0. In 1958, Stein [14] introduced the Marcinkiewicz
integral related to the Littlewood-Paley g function on R” as follows

mﬂﬁ@)=<AﬂRhUX@2%)ua

where

R, = [ )

————f(y)dy.
ot 1 O

It was shown that g is of type (p,p) for 1 < p <2 and of weak type (1,1).
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Let b be a locally integrable function on R”, the commutator generated by the
Marcinkiewicz integral Lo and b is defined by

b, 1] (f) (x) = ( I

Motivated by [10, 15], we will study the boundedness for the Marcinkiewicz in-
tegral operator Ug and its commutator [b, lio] on the Herz-type Hardy spaces with
variable exponent, where Q € L*(S"~!) for s > 1.

Let us explain the outline of this article. In Section 2, we first briefly recall
some standard notations and lemmas in variable function spaces. In Section 3, we
will prove the boundedness of the Marcinkiewicz integral operators o on Herz-type
Hardy spaces with variable exponent. We will establish the boundedness of the com-
mutator [b, ig] on Herz-type Hardy spaces with variable exponent in Section 4. In
addition, we denote the Lebesgue measure and the characteristic function of a measur-
able set A C R” by |A| and x4 respectively. The notation f ~ g means that there exist
constants Cy,C, > 0 such that C1g < f < Chg.

/ 209 15 0) — b)) )y

oyl =yt

2. Variable function spaces

Given an open set E C R, and a measurable function p(-) : E — [1,e0), LPU)(E)
denotes the set of measurable functions f on E such that for some A > 0,

L(fg)l)”“‘)dx@

This set becomes a Banach function space when equipped with the Luxemburg-Nakano

norm "
p(x
”fo’(')(E):inf{A>O3/E<@) dxél}.

These spaces are referred to as variable L” spaces, since they generalized the standard
L? spaces: if p(x) = p is constant, then LP() (E) is isometrically isomorphic to L?(E).
The space L") (Q) is defined by

loc

Lp(')(Q) :={f: f € L’V)(E) for all compact subsets E C Q}.

loc
Define #°(E) to be set of p(-) : E — (0,0) such that
p~ =essinf{p(x):x€E} >0, p" =esssup{p(x):xEE} < oco.
Define Z(E) to be set of p(-): E — [1,e0) such that

p~ =essinf{p(x):x€E} > 1, p" =esssup{p(x):xEE} < oo.

Denote p'(x) = p(x)/(p(x) —1).
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Let f € L (R"), the Hardy-Littlewood maximal operator is defined by

loc

1
—sup——— d
Mf(x) SUP T ] /B " |f(v)|dy,

where B:(x) = {y e R" : |[x—y| <r}. Let Z(R") be the set of p(-) € F(R") such
that the Hardy-Littlewood maximal operator M is bounded on LP()(R").
In variable L? spaces there are some important lemmas as follows.

LEMMA 2.1. If p(-) € Z(R") and satisfies
C

Ip(x) —p(y)| < Tlog(r—y])’ x—yl<1/2 (2.1)
and c
Ip(x) —p(y)| < Tog(| )’ vl = |x], (2.2)

then p(-) € B(R"), that is the Hardy-Littlewood maximal operator M is bounded on
LPO(R™).

LEMMA 2.2. [9] Let p(-) € Z(R"). If f € LP"Y)(R") and g € L O(R"), then
fg is integrable on R" and

- |f(x)g(x)]dx < rp”fHLp(-)(Rn)||g||Lp’(-)(Rn)v
where
rp=1+1/p~=1/p*.

This inequality is named the generalized Holder inequality with respect to the
variable L? spaces.

LEMMA 2.3. [7] Let q(-) € B(R"). Then there exists a positive constant C such
that for all balls B in R" and all measurable subsets S C B,

sl @ _ 1Bl Mslloos (ﬁ)‘sl
sl gy~ 1SIT 128t ey |B]

and s 5
s ()0

HXB”LI/(-)(Rn) h |B|
where 61,0, are constants with 0 < 81,0, < 1.
Throughout this paper & is the same as in Lemma 2.3.

LEMMA 2.4. [7] Suppose q(-) € B(R"). Then there exists a constant C > 0
such that for all balls B in R",

1
E HXB”UI(')(]R") HXBHLq’(l)(Rn) <C.
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Next we recall the definitions of the Herz spaces with variable exponent. Let
By ={x€R": |x| <2*} and Ay = B\ By_; for k € Z. Denote Z, and N as the sets
of all positive and non-negative integers, xx = Xa, for k € Z, jx = yy if k € Z, and

X0 = XBy -
DEFINITION 2.1. [7] Let ¢ € R, 0 < p < oo and ¢(-) € Z(R"). The homoge-
neous Herz space with variable exponent K;E’)’ (R") is defined by

( ( ") ={re Lloc (R"\{0}): ||fH1‘(l‘;(~f)’(Rn) < oo},
where

1/p
171l g ={ > 2|l } .
‘i() k= —oo

The non-homogeneous Herz space with variable exponent K;E’_’)’ (R") is defined by

Ko(h (R") = {F € Ly (R"): |l ey < =),
where

- 1/p
_ kot 5 ||P

In [17], the authors gave the definition of Herz-type Hardy space with variable

exponent H K;ﬁg’ (R™) and the atomic decomposition characterizations. . (R") denotes

the space of Schwartz functions, and .’ (R") denotes the dual space of . (R"). Let
Gn(f)(x) be the grand maximal function of f(x) defined by

where oy = {¢p € S(R"): sup [x*DPo(x)| <1} and N >n+1, ¢y is the non-
|ol,|Bl<N
tangential maximal operator defined by

Oy (f)(x) = sup |¢f(y)l

[y—x|<t

with ¢ (x) =17"¢(x/1).

DEFINITION 2.2. [17] Let ¢ € R, 0 < p <o, g(-) € Z(R") and N > n+1.
(i) The homogeneous Herz-type Hardy space with variable exponent H K;ﬁg’ (R™)
is defined by

HKf(R") = {f e ' (R"): Gn(f)(x) € K;Ev_l)’(R")}

and ||f\\HK;;I)’(Rn) = ||GN(f)“Kl‘1)‘(j’)’(R’1)'
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(i) The non-homogeneous Herz-type Hardy space with variable exponent

HK;Z’_’)’ (R") is defined by

HKf(R") = {f €7 (R"): Gn(f)(x) € K%(Rn)}

and ||fHHK;‘(‘_’)’(Rn) = ||GN(f)HK;‘(‘_’)’(R")'
For x € R we denote by [x] the largest integer less than or equal to x.

DEFINITION 2.3. [17] Let n&; < a <o, g(-) € Z(R"), b€ L}, (R"), and non-
negative integer s > [0t — nd).
(i) A function a(x) on R” is said to be a central (o, ¢(-))-atom, if it satisfies
(1) supp a C B(0,r) ={x e R" : |x| < r}.
@ llall o) gy < 1BO,P)| 2.
(3) fgna(x)xBdx = [gna(x)b(x)xBdx =0, |B| <s
(ii) A function a(x) on R” is said to be a central (¢, ¢(+))-atom of restricted type,
if it satisfies the conditions (2), (3) above and
(1) suppa C B(0,r), r>1.
If r =2 for some k € Z in Definition 1.3, then the corresponding central (o, g(-))-
atom is called a dyadic central (o, ¢(-))-atom.

LEMMA 2.5. [17] Let n§ < o0 < oo, 0 < p < oo and q(-) € B(R"). Then f €

HK((R") (or HK()(R")) if and only if

f= Z Ay <0r D Akak> in the sense of .’ (R"),
P

where each ay. is a central (o.,q(-))-atom (or central (o, q(-))-atom of restricted type)

with support contained in By and Z |Ak|P < oo (or Z |Ak|? < o). Moreover,
k=—eo k=0

oo 1/p

1/p -
1A ke ey “inf< > Mp) or [Ifll zxer @ “inf<2 W”) :
q() at) k=0

k=—oo

where the infimum is taken over all above decompositions of f.

3. Estimate for the Marcinkiewicz integral operator

In this section we will prove the boundedness of the Marcinkiewicz integral oper-
ators U on Herz-type Hardy spaces with variable exponent.

A nonnegative locally integrable function w(x) on R” is said to belong to A,
(I < p <o), if there is a constant C > 0 such that

2t o) ) e
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where p' = p/(p—1), O denotes a cube in R" with its sides parallel to the coordinate
axes and |Q| denotes the Lebesgue measure of Q.

The weighted (L?,L”) boundedness of Lo have been proved by Ding, Fan and
Pan [5].

LEMMA 3.1. [5] Suppose that Q € L*(S"™') (s > 1) satisfying (1.1). If ® €
Apys s’ < p < o, then there is a constant C, independent of f, such that

L ma(wlrowd<c [ 1o,

LEMMA 3.2. [3] Let .F denote a family of ordered pairs of non-negative, mea-
surable functions (f,g). Given a family F and an open set E C R", assume that for
some pg, 0 < pg < oo and for every ® € A,

[rwrowdr<c [ swmomds, (1) €.
E E

Given p(-) € 2°(E) such that p(-) satisfies (2.1) and (2.2) in Lemma 2.1. Then for all
(f,g) € F suchthat f € LPV)(E),

||fHLP(‘)(E) < CHgHLP(‘)(E)'

Since A, /¢ C A, by Lemma 3.1 and Lemma 3.2 it is easy to get the (LPO(R™),

LPU)(R"))-boundedness of the Marcinkiewicz integral operators g .
Before stating our result, let us recall the definition of the L*-Dini condition. We
say that satisfies the L*-Dini condition if Q(x’) € L*(S"~!) with s > 1 is homogeneous

of degree zero on R”, and
I wy(6)
. dd < oo
/0 5 0=

where @,(8) denotes the integral modulus of continuity of order s of Q defined by

@:(3) = sup ( /Sn1}Q(Px/)—Q(x’)}sdc(x’)y/x

lpll<é

and p is arotationon S"~! and ||p|| = sup |px —x/|.
X' esn—1
Next, we will give the corresponding result about the operator [ on Herz-type
Hardy spaces with variable exponent.

THEOREM 3.1. Suppose that 0 < B < 1, ¢(-) € Z(R") satisfies conditions (2.1)
and (2.2) in Lemma 2.1 with Q € L*(S"™1) (s > g™ and satisfies

()
o OltB

dé <

Let 0 < py <pr <o and nd <o <nd+f (or 0 <max(nd, ) <oy <nd+p).

Then Ug is bounded from HK:(’g' (R™) (or HK;{SP' (R")) to K;E’_I)’z (R™) (or K;Ez_;m (R™)).

In the proof of Theorem 3.1, we also need the following lemmas.



COMMUTATORS OF MARCINKIEWICZ INTEGRALS 1179

LEMMA 3.3. [2] Given E and p(-) € Z(E), let f:E X E — R be a measurable
Sunction (with respect to product measure) such that for almost every y € E| f(-,y) €

LPU)(E). Then
H]Qf(uy)dy .

LEMMA 3.4. [13] Define a variable exponent G(-) by ﬁ = ﬁ +

SC/ Y Y d
5 EHf( Y)”Lp()(E) Y

(xeRM).
Then we have

181l gy < I gl e
for all measurable functions f and g.

LEMMA 3.5. [4] Let p(-) € Z(R") satisfies conditions (2.1) and (2.2) in Lemma
2.1. Then

1
0|79 if|Q] < 2"andx € Q,
HXQHLP- Rn) ~ ;
Q& if|Q] > 1
for every cube (or ball) Q C R", where p(e) = hm n p(x).

LEMMA 3.6. [11] Suppose that Q satisfies the L’ -Dini condition (1 < s < oo).
Then for any R > 0 and x € R", when |y| < R/2, there is a constant C > O such that

S l/S
(/ dx> <CRE™ {M +f w‘“(‘s)dé}.
Rl <2R R Jpljar<s<ly/r O

Proof of Theorem 3.1. We only prove homogeneous case. In [18], the authors
proved K(j‘({jp 2(R™) C K:ﬁjp 2(R™) for 0 < 0 < ¢y . So the non-homogeneous case can

Qx—y) Q)

e—ylm o fx

be proved in the same way. Let f € HI'(;';’)’I (R"). By Lemma2.5weget f= Y Ajaj,
jzfoc

oo

where || f||,ger &)~ inf( ) |A;|P1)Y/P1 (the infimum is taken over above decom-
al()

Jj=—o0

positions of f), and a; is a dyadic central (ct,g(-))-atom with the support B;. Note
that p; < p,, we have

. p1/p2
I ) = { Y 27 o (/) §§<.>(R,,)}

k=—oo

< 3 2 g (Nl

=—o0

oo k—2 P1
<C Y okom ( D |7Lj|||HQ(aj)xkLq(«)(]gn)>

Pl e
- 1
+C Z 2k°‘1’1< > |/1juﬂ(aj)Xqu<->(Rn)>
jok—1
=L +Db. (3.1
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Since g is bounded on LI0)(R"), we have

_ . pi
L<C Y 2’“““( D ljlllaqu«)(Rn))

k=0 j=k—1
o o P
<C X ( > Il,f|2("~’)°‘> (3:2)
k=—co \ j=k—1
<C 3l
jzfoo

Now we estimate I;. We consider
o Qx—y)
lHala) ()| < ( A == O

xfy\gt ‘x— y
/
‘X‘

Qx—y
[
=:111+ 1.

x—y|<t \x -y

Note that x € Ag, y€ A; and j < k—2. So we know that |x —y| ~ |x|, and by mean

value theorem we have
1 1

e—y>

ly|

<2 (3.3)
lx—yf?

By (3.3), the Minkowski inequality and the vanishing moments of a; we have

I <C/n Qx—y) Q) 14,0 (/IXI dt)l/zdy

=yt ! oyl 1

— 1/2
<c/, S?ﬂi} - ﬁj%’i} a;0)] %_% dy
Qx—y Q(x y
o
S C\x\l/z /Aj |x — y[n - [ |a;(y)|dy
<cavire [ |ZE) T oy

Similarly, we consider I;;. Noting that |x — y| ~ |x|, by the Minkowski inequality and
the vanishing moments of a; we have

Qx—y) Q) /°°dt 172
I, <C — i — d
"< 5l oth) O Jyw) @
X — X
c / Y sy
Aj lx—y| x|
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So we have
Qx—y) Qx)

pe—yl* fx

lwala) ] <C [ 4,09

By Lemma 3.3 and the generalized Holder inequality we have

(—y) Q
late sl <€ || TSR - TR 00 s
y\ ()| | 190)(R)
Q.
c _ : ailly o o o
H\ Pl ol

Noting s > g™, we denote c]() > 1 and ﬁ = ﬁ + % By Lemma 3.4 we have

Q()

y‘ | L40) (Rn)
Q()
< - . N
H' |._y|n Hn )Ck( ) () ”xk( )HLq()(R )
o — Q.
< CH (_ }r)z) o (n) Xk() HkaHLé(-)(Rn)-
o T

When |B;| < 2" and x; € By, by Lemma 3.5 we have

= _1
128l a0 ey = [Bil % ~ | 28|l ) oy | Bil ™ -

When |Bi| > 1 we have
L 1
%8¢l ) ey = |Bel ) = || 28| ) (e By

So we obtain ||a, |01 ) ~ 1118l ) ) [ Bil -
Meanwhile, by Lemma 3.6 we have

7= T
)’\" R Ls(R)

|
/2 @ (8)
< 2k=1)(§-n) |)’|+ s\ a8
26 8
)<

2k (+)

<2k 1 2] k+1_|_2 k+lﬁ/ w\ 6 d6>

n

<2k
So by Lemma 2.3 and Lemma 2.4 we have
—1)(2=n)H(j— 71
Husz(aj)xklqu<-><Rn) < 2Dl kﬁHkaHLq ) (R |Bi| ™ s M@l zat) ) (RN H?Cj”m’(-)(w)
<C2 kt(J ﬁHaj”Lq )(Rn) ||XB ”Lq )(R) ”XBkHLq )(Rn)
< C2_kn+ Jj— k ﬁHajHLq. (Rn)HXBj”Lq (- (R") (|Bk|||XBk||Lq1,(-)(RH)>

”XB HLq
<29 Pl oy oy o —
TIEOE T8,
< C2U=K)(n&+B) 1| a0 gy
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Thus we obtain
B P
L<c Yy 2kom ( Y 2URnd+h) |/1j|||ajm<-><er)>
w [ k2 n
<C 2 ( 2 M/\z( k) (n&y+p—c ) .

If 1 <pj <eo,take 1/p;+1/p|=1. Since né +f — o > 0, by the Holder inequality
we have

oo k—2 k—2 Pl/F’l
I, <C 2 ( Z )Lj|P12(j—k)(n52+/3—0‘)P1/2> ( Z 2(j—k)(’152+/3—05)17'1/2>

k=—co \ j=—oo jm—oo

<C z (2 A |P12 k)(n&+B—a)p1/2

k=—00 \ j=—00

—C z |,1jp1< i 2(j—k)(n52+ﬁ—a)p1/2>

J=—c0 k=j+2
<C QA
Jj=—o0
(3.4)
If 0 < p; < 1, then we have
oo k—2
L <C 2 < 2 )ijz(jk)(nﬁﬁﬂa)m)
k=—00 \ j=—00
=C |/1 |71 ( i 2(f‘k)(”52+l3—a)p1> (3.5)
j=—co k=j+2
<C 3
Jj=—o0

Therefore, by (3.1)—-(3.5) we complete the proof of Theorem 3.1.

4. BMO estimate for the commutator of Marcinkiewicz integral operator

Let us first recall that the space BMO(RR") consists of all locally integrable func-
tions f such that

1
111l =5 1o /Q 1£(x) — foldx < oo,

where fp =|0Q| ! Jo f(v)dy, the supremum is taken over all cubes QO C R" with sides
parallel to the coordinate axes and |Q| denotes the Lebesgue measure of Q.

Let b € BMO(R"). The weighted (L?,L”) boundedness of [b, o] have been
proved by Ding, Lu and Yabuta[6].
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LEMMA 4.1. [6] Suppose that Q € L*(S"~1) (s > 1) satisfying (1.1). If b(x) €
BMO(R") and ® € A, ¢, s' < p < oo, then there is a constant C, independent of f,
such that

L lbpa(nN@lre@dx<c [ 17wl o

By Lemma 4.1 and Lemma 3.2 it is easy to get the (LP()(R"),LP()(R"))-boun-
dedness of the commutator [b, lg)].

Next, we will give the corresponding result about the commutator [b, tig] on Herz-
type Hardy spaces with variable exponent.

THEOREM 4.1. Suppose that b € BMO(R"), 0 < B <1, ¢(-) € Z(R") satisfies
conditions (2.1) and (2.2) in Lemma 2.1 with Q € L*(S"™1) (s > q") and satisfies

' ox(8)

A 51+[3d6<oo.

Let 0 < py < pp <o and nd < a < nd+f (or 0 < max(ndy,00) < o < nd +
B). Then |b,uq) is bounded from HK;E’_I)71 (R™) (or HK;EI_SP' (R™)) to K;E’_I)’z (R™) (or
K2 (R)).

In the proof of Theorem 4.1, we also need the following lemma.

LEMMA 4.2. [8] Let p(-) € B(R"), k be a positive integer and B be a ball in
R". Then we have that for all b € BMO(R") and all j,i € Z with j > i,

1
clbll <sup 16— b8) 21l 00 ) < CBIL,

1811 ) ()

15— 55,28, o ey < €= DI, oy
where B ={x € R": |x| <2} and B; = {x e R": |x| < 2/}.

Proof of Theorem 4.1. Similar to Theorem 3.1, we only prove homogeneous case.

Let f € HK;E’.T(R"). By Lemma 2.5 we get f = Z Ajaj, where Hf”HK;’;‘;’)’l(

J=—oo

Rr)

inf( Y |47 /1 (the infimum is taken over above decompositions of f), and a ; is

Jj=—c0

a dyadic central (o, ¢q(-))-atom with the support B;. Note that p; < p», we have

o pi/p2
6. Bl (F) e ) = { Y 2472, ol ()2 §§<.>(R,,)}
;

k=—oco

<Y 25| [b, ua) (f) x| {3(-)(1@")
f=—oo
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o k—2 P1
<C z ykapi (2 Mj““b».uﬂ}(aj)XkLq(l)(Rn)>

k=—oc0 J=—00

oo I P1
+c Y 2"“”1< Ilj[b’ug}(aj)%km-)(w))
~1

k=—oo j=k
=:J1+ /. 4.1)

Since [b, L) is bounded on LI0)(R"), we have

- - P1
h<cy 2"“1’1( D |/1j|||aqu(->(Rﬂ)>
j=k—1

k=—oo

oo oo P1
<C Yy ( S |/1,2<k—f>a> (4.2)
J

k=—oo \ j=k—1
<C Y Ay

Jj=—o0

Now we estimate J;. We consider

.ol ()] < ( [
(!

=:J1+J12.

[ 20— blastas

eyl =yt

/ L) 15x) - b(y)Jas )y

oyl [x =y

Note that x € A¢, y € Aj and j <k —2. So we know that [x —y| ~ [x[. By (2.3), the
Minkowski inequality and the vanishing moments of a; we have

1/2
m<e [ |28 2w ool ([ %) / i
<c [ |2 2 o) -0 eyt ﬁ—% @
“f, ffcy‘%(; _f;;(ﬂ szi);)—b(yna,f(y)pcfwdy
< [ SR S |10 b0l

Similarly, we consider Ji,. Noting that |x — y| ~ |x|, by the Minkowski inequality and
the vanishing moments of a; we have

Qx-y) Q) =di\'"?
e [2e8 S0 b(x)—b<y>|a,-<y>|( /| | 73) dy
Q) QW)

[b(x) =b(y)lla;(y)|dy.

<C/
Aj

be—ylm o |xn
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So we have

Q(x—y) Q)
PRSI

[b(x) = b(y)lla(y)ldy.

byl a0 <C [

By Lemma 3.3 and the Minkowski inequality we have

116 ol (@) 2l ot ) <C/A_ g|2(__y|z) =200 b)) oy [T
ety a0 | |
<cf |[T50- TR0, et
oy QU . o
v [ TS0 TR a0 o Ol
=:J13+J14.

1

For Ji3, noting s > g, we denote g(-) > 1 and ﬁ =59 % By Lemma 4.2

and Lemma 3.4 we have

% —w ’()bmuoLwW)
([, -
Hl \'—y\" B |.|n) 2 () Ls(w)(k—J)HbH*||XBk||Lq<-)(Rn).

When |Bi| < 2" and x; € B, by Lemma 3.5 we have

4 1
18| a0 gy = [ Bi %~ | 28|l ot (o | Bil -
When |Bi| > 1 we have
. 1
8¢ | ) gy = B T~ (| 28| ) e By~

. _1
So we obtain || xs, [l a¢) @y & 1128l a0 gy [ Bil ™
Meanwhile, by Lemma 3.6 we have

_Q0)
H‘ T BO|| L
||/kl
1)) Iyl T o8) s
|y|/2k 1

2 k+1+2 k“ﬁ/ ,(9) d6>

_n)2

2
s
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So by the generalized Holder inequality we have

Q- — Q
so= [ 222 b )| alay
Bl ==y ] 140 (7
= i _1
< Clk— DBl 2*DE=200B g | oy | Bl / aj)ldy 43
J

Clk= DIBI27 I8 2, o oy 1 | s oy 168 | ) g

For Jy4, similar to the method of J;3 we have

Q()

H’ )’|n - '|n 2l L90)(R7)
Q()
H‘ _y|n BE x(+) ) Ik ( )”Lq(-)(Rn)
-y Q(
<c|[FS2- 200 e
| y| |‘ LS (R?)

<C2(k 1)(__n) '_kﬁ”ka”Lq )(R")
<C2 knt(j ﬁHkaHLq ) (R

So by Lemma 4.2 and the generalized Holder inequality we have

gf_('__ X0 WA
)’| | ‘ L90) (R

<C2 -G08y |t R,,)/Bi|bgj—b(y)Haj(y)la’y (4.4)

J
< ¢ knti=h) ﬁIIXBkIILqm(Rn)H(bB, = b)28; 1l 10 oy €5 200 ()

< CIBIL27 P o, e gy Nl ey 128, 0 g

Jig =

By (4.3), (4.4), Lemma 2.3 and Lemma 2.4 we have

16, el (a;) xx HLq<->(Rn8

< Clk—j)|b|| 27+ U0P 128l a0 () HajHLlI(')(R") 1 x3; ||Lq’(-)(Rn)
281l 0

<C(k ])”b” 21 kﬁ”ajHLq R’l H){ H
Brllpd' () (rn)

< Clk— j2iet=B e p|,.

So we have

> P1
Ty <Cllp||pr Y 2ker ( S|k j)2ierUn )(ﬁm»)

k=—o0 j=—oo

oo P
=C||p||! Z (Z |7L|k )2 2(i=k)(B+ndy— )) )

k=—oo \ j=—co
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When 1 < p; < e, take 1/p;+1/p| =1. Since B+ né —a > 0, by the Holder
inequality we have

oo k—2
Ji <C|jp||2r Z Z |Aj|P12(j—k)(l3+"52—0‘)P1/2

k=—co \ j=—oo

k-2 p1/p}
x> (k— j)P12U=R)(B+ndr—a)py/2
Jj=—0
o [ k=2 ‘
<clplrr ¥ | Y Ay r2tR B ap /2 (4.5)

k=—00 \ j=—00
—clpln S (32U R
J=—ee f=j+2

=

<Clplzr 3 14407

[—
When 0 < p; < 1, we have

o k=2
Ji <C||p||"! 2 2 |;Lj,‘p1(k_j)plz(j—k)(ﬁ+n52—a)p1
k=—oo \ j=—oo
=C|b| 2 A1 2 (k_j)mz(j*k)(ﬁﬂ@ra)m (4.6)
J=—e° k=j+2

oo

<clplr 3 (A,

Thus, by (4.1)-(4.6) we complete the proof of Theorem 4.1.
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