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COMPLETE MONOTONICITY PROPERTY FOR TWO
FUNCTIONS RELATED TO THE ¢g-DIGAMMA FUNCTION

AHMED SALEM AND FARIS ALZAHRANI

(Communicated by N. Elezovic)

Abstract. In this paper, the complete monotonicity property for two functions involving the g-
digamma function are proven for all positive real ¢ and exploited to establish some sharp in-
equalities for the g-gamma, ¢g-digamma and g-polygamma functions. Comparisons between
our results with previous results are provided.

1. Introduction

The g-gamma function is defined for all positive real numbers x as

1—x = l_anrl
n=0

and
n+1)

ey =g
rw=@-1)"* [[— g>1. (1.2)

n=01— g+’

From the previous definitions, for a positive real x and g > 1, we get

Fyx)=qg 2 T i(x). (1.3)

The logarithmic derivative of the g-gamma function is the so-called g-digamma
or g-psi function y,(x) which appeared in the work of Krattenthaler and Srivastava [1]
(see also [2]). The nth derivatives of the g-digamma function are the so-called the g-
polygamma functions denoted by l//;") (x); n € N. Therefore, the g-digamma function
can be represented for all positive real x and 0 < g < 1 as

o k
vy (x) = —log(1—q) +logg Y, % (1.4)
k=1 q
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Ismail and Muldoon [3] provided an equivalent Stieltjes integral representation for the
q-digamma function (1.4) as

vl = —log(1—a) ~ [ {dn(), x>0 (15)

where () is a discrete measure with positive masses —logg at the positive points
—klogq, k € N. For completeness, and economy of later statements, they include the
value g = 1 in the definition of y,(r):

—logg Y 8(r+klogg), 0<g<l,

Y1) = k=1
t, q=1.
They used the identities
1 oo oo, —XI
T8 ["evay ) andlog(1-q) =~ [ “—an)  (16)
—q 0 0

which follow easily from the definition of dy,(r) forall x>0 and 0 <g < 1.
With the Euler-Maclaurin formula, Moak [4] obtained the following asymptotic
expansion for the g-digamma function

B2k logq
qx
where By are the Bernoulli numbers, [x]q =(1-4¢9/(1-9q),
A q if 0<g<l1
B R S N

V() ~ logly + ) G Pua(d), 1w (LT)

and Py is a polynomial of degree k satisfying
P(z)=(z—2)P_(2) + (kz+ 1)P_1(z), Po=P.1=1, keN.

Recently, the g-digamma function plays an important role in the framework of
quantum statistical mechanics [5, 6, 7, 8, 9]. Also, numerous papers were published
presenting remarkable inequalities involving the g-gamma and the g-digamma func-
tions (see [10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28] and
the extensive list of references given therein).

Motivated by these importance and applications, this paper is devoted to study and
introduce some properties of the g-digamma function. Based on the approximation
(1.7), the complete monotonicity property of the following two functions involving the
q-digamma function will be investigated and exploited to provide sharp lower and upper
bounds for the g-gamma, g-digamma and g-polygamma functions for all g > 0:

Fu(x;q) = yy(x+1) —loglx+al,+ (a— %) H(g—1)logg (1.8)

14 %1ogqg | 1 ¢ log’q
21— qx+1/2 6(1— qx+c)2

Go(x;q) =logx]g — yy(x+1) — (1.9)



THE g-GAMMA FUNCTION INEQUALITIES 39

where H(-) denotes the Heaviside step function.

It is worth mentioning that a real-valued function f, defined on an interval 7, is
called completely monotonic, if f has derivatives of all orders which alternate succes-
sively in sign, that is

(—1)"f™(x) >0, neNy xel (1.10)

If inequality (1.10) is strict for all x € I and for all integers n > 0, then f is said to be
strictly completely monotonic. These functions have numerous applications in various
branches of mathematics, such as probability theory, numerical analysis, and potential
theory. Completely monotonic functions have attracted the attention of many authors
who proved several results on these functions and gave many interesting examples. The
study of monotonicity properties and complete monotonicity property are very useful
to establish inequalities and sharp inequalities in various field and thus we study in
the following sections the complete monotonicity property of the functions (1.8) and
(1.9) to present best lower and upper bounds for the g-gamma, g-digamma and ¢-
polygamma functions for all ¢ > 0.

2. The first function (1.8)

This section is devoted to investigate the complete monotonicity property of the
function F,(x;q) defined in (1.8) and how these results can be exploited to provide best
lower and upper bounds for the g-gamma, g-digamma and g-polygamma functions
for all ¢ > 0. Before proving the main theorem in this section, we need the following
lemma:

LEMMA 2.1. Let the function

_log(e' —1) —logt
B t

a(t)

be defined for all t > 0. Then, the function a(t) is increasing on (0,e) onto (1/2,1).

(2.1)

Proof. Differentiation gives 1>d(t) = A(¢) where

te!

A(t) =logt —log(e' — 1) — 1+

o —
Again, differentiating A (¢) gives (e — 1)2A'(t) = §(t) where
§(t)=e* +1—(1*+2)¢
which has the derivative
8'(t)=¢@2e —2—-2—1*)>0, 1>0.

Since §(0) =0 and lim,_,gA(¢) =0, then A(¢) >0 forall # > 0 which yields a() is in-
creasing on (0,e). L’Hospital rule gives the limits lim,_ga(7) = 1/2 and lim, .. a(t) =
1. 0O
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THEOREM 2.2. Let x and q be reals with q > 0, then the function F,(x;q) de-
fined in (1.8) is strictly completely monotonic on (—a, =) if and only if a < a(—logg) =
g(g) where a(-) defined in (2.1) and the function —Fy(x;q) is strictly completely mono-
tonic on (—1,00) if b > 1.

Proof. When 0 < g < 1,(1.5) and (1.6) give

oo p—(xta)t
Fulriq) = vyl +1) ~loglr-+aly = [ s o).
Hence,
o () oo tnflef(era)t
'R e = | fandno), (22)
where
fla,t)=¢ —1—te” (2.3)

According to formula (2.2) and the definition of the discrete measure d7,(z), the func-
tion F,(x;q) is strictly completely monotonic on (—a,e) if f(a,t)dy,(t) > 0 for all
t > 0. Thatis, if f(a,t) > 0 at the points t = —klogq, k € N. Also, the function
—F,(x;q) is strictly completely monotonic on (—1,00) if f(a,r) < O at the points
t = —klogg, k€ N.

Clearly, the function a — f(a,t) is decreasing on R and f(0,7) >0 and f(1,7) <
0 for all # > 0 which mean that f(a,7) has a unique root function at a = a(r) where
a(t) defined in (2.1). Thus the function a +— f(a,—klogg) is decreasing on R and has
only one root at @ = a(—klogq), k€ N and 0 < ¢ < 1. From Lemma 2.1, the function
a(t) is increasing on (0,e) and so the function k — a(—kloggq) is increasing for all
k € N. This reveals that

g(q) = a(—logq) < a(—klogq) < tlim a(r) =1.

Therefore, f(a,t) >0 if a < g(g) and f(a,t) <0 if a>1 at r = —klogq, k€ N
which conclude that F,(x;q) is strictly completely monotonic on (—a,<) if a < g(g)
and —F,(x;q) is strictly completely monotonic on (—1,e) if a > 1.

It is easy from logarithmic derivative of (1.3) to see that F,(x;q) = F,(x;q~!) for
all ¢ > 1 which concludes that F,(x;q) is strictly completely monotonic on (—a, o) if
a < g(§) and —F,(x;q) is strictly completely monotonic on (—1,00) if @ > 1 for all
q>0.

Conversely, let F,(x;q) is strictly completely monotonic on (—a,oe) for all real
q > 0 which means that §—*F,(x;g) > 0. Based on approximation (1.7), we get

o | 1=g 1logg & By (logg \* .
lim ¢ F,(x;q) = | x] - - P
lim g Fy(x;q) = lim |¢ i S kg’l(Zk)! ) P 2(q)

glogg <

267“4— ,\/O
1—4
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which yields that @ < g(§). Here, we used L’Hospital rule, P(0) =1, k € Ny, the
well-known identity for the g-digamma function

Wo(x+1) = yy(x) —
and the generating function of Bernoulli number
=B, <

. :z—x :Z x“ 4+ By + Bix.
-1 Ak T A2

Now, suppose that —F,(x;q), a < 1 is strictly completely monotonic on (—1,)
forall real ¢ > 0. This means that F,(x;q) is negative on (—1,e0). But, this contradicts

1
Fy(—asq) = yy(1 —a) — lim loglx+al,+ (a— 5) H(g—1)logg=-co, a<1.

This ends the proof. [

COROLLARY 2.3. Let x and q be reals with g > 0. Then, the inequalities

1 1
log[x+al,+ (E—a> H(g—1)logg < y,(x+1) <log[x+b],+ (E_b> H(g—1)logg

(2.4)
hold true for all real x > —a, a < g(§) and b > 1 with the best possible constants
a=g(§) and b=1.

Also, for all positive integer n, the class of inequalities

n Iqu a a n
(7 (L0 o hal ) < (1 )
logg
<t (B o () 25)
holds for all x > —a, a < g(§) and b > 1 with best possible constants a = g(§) and

b=1.

Proof. Theorem 2.2 tells that Fy(x;q) < 0 < Fy(x;q) which is equivalent (2.4),
and

(—1)'F " (x:9) <0< (~1)"F{" (x;q), neN

which is equivalent (2.5) with using the identity

q"Iqu] _ ( logg

n+1
ﬁ{l—q" l_qx) qgPi1(q), neNy

which was proved by Moak [4]. O
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THEOREM 2.4. Let x be non-negative real and q be positive real. Then, the
inequalities

: _ X tay gy _a
la } [x+a]x+a (3 —a)xH(q—l)eXp<Ll2(l q lo)g Li(1—¢q )) <T,(x+1)
q

: b ; b
< [b} [x—l—b}”b ( —b)xH(q—1) exp (LLZ(I — qx+10)g_qu2(1 —4q )) (2.6)

hold true for all 0 < a < g(§) and b > 1 with best possible constants a = g(q) and
b=1.

Proof. Let the function

Lir(1—¢*")
logg

1
+ <a— 5) xH(q—1)logq 2.7)

Ja(x;q) =logTy(x+ 1) — (x+a)loglx+al, —

be defined for all x > —a and g > 0. Differentiation gives f}(x;q) = F,(x;q) where
F,(x;q) defined as in (1.8). By virtue of Theorem 2.2, we get the function f,(x;q) is
strictly increasing on (—a,) if a < g(§) and the function fj(x;q) strictly decreasing
on (—1,e0) if b > 1. Therefore, for x > 0, we have

Lix(1—q%)

falx:q) > fa(0;q) = —aloglaly — = =

, 0<a<g(@)

and
Lir(1—¢")

Gh(x:9) < Gy (03q) = —blog[bl, = — =

b>1
which are equivalent (2.6). This ends the proof. [

THEOREM 2.5. Let x be non-negative real and q be positive real. Then, the
double inequality

: _ gtay g5 _ 4
[a ] [x+a]x+a (i-a )H(q—l)exp <L12(1 q l(zg Lir(1—¢ )) <T,(x+1)
q

' _ grta
<V2r|l - q|a_7lq(%(1—az)+(%_“)x)H(q_l)Sq[x+a}§+aexp (%gqx)) (2.8)
q

holds true for a = g(§). In particular, if a=1/2

i (1 — /2y~ Lir(1 =g/
m[x+1/z];+1/2exp<L’2<l ¢ ) _Lall g 2)><Fq(x+l)

logg

(1 — /2
< \/ﬂq%H(q D+ 1/2]x+1/2 exp (%) (2.9)
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holds for all x > 0 and q > 0. Also, the inequality

Lir(1 — +1
V2x|1 —glg —3H(a-1)g x—l—l}’“rl xp(M) <Ty(x+1)

logg

; X+ 7 _
<q ZXH(II l)[x+1]x+le p<L12(1 qx ) Ll2(1 q)) (210)
logg

holds for all x>0 and q > 0, where S, is defined as

rm(6m+l) _ r(2m+1)(3m+1)> . r= e%. (211)
logq m__w

Proof. Since the function f,(x;q) defined in (2.4) is strictly increasing on (—a,oo)

if a < g(§g), then the function f,(x;q), a = g(q§) is increasing on (—a,oo) and can be
rewritten in the form f,(x;q) = py(x) + v4(x) where
1 Liz(1—q")
uq(x> = logrq(x) — ( — 5 log[x}q — W (212)
Liz(1 —¢*) —Lio(1 —¢*")

Vg(x) = x (log(1 — ¢*) —log(1 — ")) +

logg
1 1
+ 3 log[x], —alogx+al,+ | a— 5 xH(q—1)loggq
The relation (2.5) in [23] shows that
1
lim g (x) = log vV2m +1ogS; + EH(q —1)logg, q>0. (2.13)
X—o0
Using the well known identity for dilogarithm function [29]
—1 1
Lip (Z ) :—Lig(l—z)——logzz
Z 2

to rewrite v4(x) forall g >0 as

Li(1 —§*) —Liz(1—4*")
logg

vy(w) = x (log(1 - ) ~log(1 — 4**)) ) +

1 1
2log[ x]g —alog[x+al; — 2(l—a)zlogq

Using L"Hospital’s rule would yield

lim xlog(1 — ¢*™*) =0, forall acR, 0<qg<l1

X—00

Hence, it is easy to see that

X—00

1 1
lim v, (x) = (a—§>10g|1—q|—§a2H(q—l)logq, q>0.
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In view of the previous, we conclude that
Fgﬁ@m%:mg¢iﬁﬁ+(a—%)byl—m+%0—ﬂ5H@—lﬂ%%Q>0~
The increasing of the function f,(x;q); a = g(4) on (—a,) yields
Ja(0:9) < fa(x:q) < lim fu(x;q)
which is equivalent (2.8). Also, the decreasing of the function fj(x;¢q) on (—1,00)

yields
lim f1(x;q) < fi(x:9) < £1(0:9)

which is equivalent (2.10) This completes the proof. [

REMARK 2.6. In Theorem 2.1 of Batir [1 1], it was proved, for all positive reals x
and ¢, that

log[x+ g < yy(x+1) <log[x+ Blg (2.14)
8(q), 0<g<1
with the best possible constant & = ¢ 1 and
57 q> 1

_ log(1—(1—g)e%V)

B logg

Since y, (1) <0 forall ¢ >0, then B <1 forall ¢ > 0.
When 0 < g < 1, itis clear that:

1. The lower bound of (2.14) is the same lower bound of (2.4),
2. The upper bound of (2.14) is better than the upper bound of (2.4).
When g > 1, we have two cases:

1. To compare the lower bounds of (2.4) and (2.14), we have

1 1—qg27¢
log[x+a]q+<——a> logg —loglx+1/2],=log 1++ >0
2 qXJrj_l

where 1/2 <a= g(q‘l) < 1, which emphasizes that the lower bound of (2.4) is
bigger (better) than the lower bound of (2.14).

2. To compare the upper bounds of (2.4) and (2.14), let the function

1
1(x) =loglx+ 1], — Elogq—log[x-i-mq
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be defined for all x > 0. Differentiation gives

7 (x) = ¢’ —q ¢logg<0, B<1
T (T RIS PS

which yields that there exists a unique root depending on ¢ at x = x(q) where

log(yG— 1)~ log(¢P "2 —¢)
x(q) = Togq :

Therefore, the function #(x) > 0 if x < x(g) and #(x) < 0 if x > x(¢) which
conclude that the upper bound of (2.14) is better than the upper bound of (2.4) if
x < x(q) and the reverse is true if x > x(¢). Our numerical experiments carried
out with the packet program Mathematica show that x(2) = 2.54626, x(3) =
1.44311, x(10) = 0.485145, x(100) = 0.110505, x(1000) = 0.0309689. It is
noting that x(g) is decreasing and approaches zero for large ¢.

3. The second function (1.9)

In this section, we investigate the complete monotonicity property of the function
G.(x;q) defined in (1.9) and how these results can be exploited to provide best lower
and upper bounds for the g-gamma, g-digamma and g-polygamma functions for all
q > 0. Before proving the main theorem in this section, we need the following lemmas:

LEMMA 3.1. Let the function

log(2(¢' — 1)) — log (6(ef 1) —3te (e — 1))
c(t) = p (3.1)

be defined for all t > 0. Then, the function c(t) is decreasing on (0,) onto (0,3/8).

Proof. Differentiation gives r%¢’(t) = d(t) where

d(1) =1og (6(¢' ~1 1) ~31e ¥'(¢ 1)) ~log(*(¢/ ~ 1))

1t +2)(¢ —1)2 —4e2' 26 — (P +1+4)e +1+2)
2(ef —1)(2e¥ (e —t — 1) — (e — 1))

Hence,
E(r)

2 (e —1)2(2e% (e —1 — 1) — t(ef — 1))?

d(t) =

where
E(1) =— 16" +2(41> — 91 + 161 4 32)e* +32(1> — 31 — 3)¢™
—4(2e* 4267 + 317 — 241 — 16)e* — 16(2 + 1)e — 21
Fr(2— 4+ 16)ed —1(r3 + 4% — 81+ 64)e’ —1(56 — 612 — 96)e3!
1(563 — 4% — 81— 64)e3 +1(3 + 12 + 4t + 16)e?’
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which can be represented in series form as
o n
E(t)= 2 —'G(n)
n=10"""
where
O(n) = — 16 x 5"+ (n® — 120> + 751+ 512)2%" 3 4-32(n* — 10n — 27)3" 2

— (n*—4n® + 11n% — 104n — 128)2" ' —16(2n+ 1)
9 n—3 7 n—4
+n(n* —21n+ 344) <§> —n(n’ +8n” — 129+ 2864) (5)

3 5 5 n—3 3 5 3 n—4
—2n(n’ —9n”+20n—312) 3 +n(5n” —36n~ + 551 — 240) 3

1 n—3
+n(2n® =110 +-21n—8) (E)
£0,(n) + 62(n) + 65(n) + 04(n) + 5(n)
where

01(n) = —7 x 5"+ (n® — 12n* + 751+ 512)2%" 3 — (n* —4n + 11n® — 104n — 128)2""!

6>(n) = —0.2 x 5"+ 32(n* — 10n — 27)3" 2
9 n—3 3 n—4
63(n) = —8.8 x 5"+ n(n* —21n+344) <§> +n(5n — 36n% + 55n — 240) <§>

1 n—3 7 n—4
04(n) = n(2n® — 11n* 4+ 21n— 8) (5) —n(n® 4 8n — 129n + 2864) <§>
5 n—3
05(n) = —16(2n+ 1) — 2n(n* — 9n® +20n — 312) <§>

In order to prove the negativity of 6;(n), rewrite it as 86, (n)) = 5"¢(n) where

4 n 2 n
¢(n) = =564 (n> — 120> +75n4512) (5) — (n* —4n® +11n% — 104n — 128) <§> .
Forward shift operator gives
2 n
5A0(n) = — (5) [(n® — 240" + 1590 +256)2" — 4(3n* — 201 +45n% — 30n — 192)].

Mathematical induction yields 2" > n3 for all n > 10 which can be used to show that

2 n
500 (n) < — (5) [n6 —24n° + 147n* + 33603 — 180n% + 136n+768)} <0,1n>10
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which means that ¢ (n) is decreasing for all integer n > 10. Since ¢(21) ~ —0.146073,
then the function ¢(n) < O for all integer n > 21 and so does the function 6;(n).
Similarly, we can deduce that 6,(n) < O for all n > 10, 63(n) < 0 for all n > 12
and 64(n) < 0 for all n > 10. By substituting n = 10,11,---,20 into O(n), we find
that ©(n) < 0 for all n € {10,11,---,20}. In view of these, we can declare that the
function ©(n) < 0 for all n > 10 which reveals that E(¢) < 0 for all # > 0. Thus, the
function d(r) is decreasing on (0,e0). L’Hospital rule leads to lim,_od(#) = 0 which
yields the function d(r) < 0 for all 7 > 0 and so does the function ¢’(z). Therefore, the
function ¢(¢) is decreasing on (0,e). Again, L'Hospital rule gives lim,_gc(t) =3/8
and limy_..c(r)=0. O

LEMMA 3.2. Let the function
glt,c)=12(e — e +3te 2" (¢ — 1) —6(e' —1— 1) (3.2)

be defined for all t > 0 and ¢ > 0. Then, the function g(t,c) has a unique root function
depending on t at ¢ = c(t) where ¢(t) definedin (3.1).

Proof. The exponential expansion can be used to rewrite g(z,¢) as

0= Z

’_
n!
where
1 n—1
Aln,e) =n(n—1)[(1—c)" 2= (=1)"¢"2] +3n <§> (1+(-1)"—6
When ¢ =0, we have
l n
A(2n,0)=2n(2n—1)—6+12n (5) >0, n=?2,
A(2n+1,0)=2n(2n+1)—6> 0, n=2.
which conclude that A(n,0) > 0 for all n > 4 and thus the function g(¢,0) > 0 for all

t>0.
When ¢ = 1/2 with using 2" > 2n for all n > 2, we have

1\ 3
A(2n71/2):12n<§) —6<2-6<0, n>2,
n

4n+2
n

2n
1
A(2n+1,1/2):8n(2n+1)<§) -6< —-6<0, n=2.
which conclude that A(n,1/2) <0 for all n > 4 and thus the function g(7,1/2) < 0 for
all £ > 0.
In view of the previous and the fact that the function ¢ +— g(¢,¢) is decreasing on
[0,0) for all > 0, we arrive at the desired result. [
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THEOREM 3.3. Let x and q be positive reals and ¢ > 0. Then, the function
G.(x;q) defined in (1.9) is strictly completely monotonic function if and only if ¢ =0
and the function —G(x;q) is strictly completely monotonic function if and only if ¢ >
c(—logq) = h(§) where c(-) defined in (3.1).

Proof. When 0 < g < 1, the relations (1.5) and (1.6) give
1 oo —Xxt

Cexa) =3 |, 7@ =D

8(t,¢)dyy(t)

where g(#,c) defined in (3.2). Hence

nl—xt
(1160 ) = ¢ [ e am0)

According to the former formula and the definition of the discrete measure dy,(r),
the function G (x;q) is strictly completely monotonic on (0,00) if g(c,t)dy,(t) >0
for all + > 0. That is, if g(c,z) > O at the points + = —klogg, k € N. Also, the
function —G,(x;q) is strictly completely monotonic on (0,e0) if g(c,r) < 0 at the
points t = —klogg, k € N.

From Lemma 3.1, the function ¢(z) is decreasing on (0,e) and so the function

k— c(—klogq) is also decreasing for all k € N. This reveals that

0= tll}rgc(t) < c(—klogq) < c(—logq) = h(q).
Therefore, g(r,¢) <0 if ¢ > h(g) and g(t,¢) >0 if c =0 at t = —klogg, k € N which
conclude that —G,(x;q) is strictly completely monotonic on (0,0) if ¢ > h(g) and
G.(x;q) is strictly completely monotonic on (0,) if ¢ = 0.

It is not difficult from logarithmic derivative of (1.3) to show that G.(x;q) =
G.(x;q~ ") for all ¢ > 1 which concludes that —G,(x;q) is strictly completely mono-
tonic on (0,00) if ¢ > h(§) and G(x;q) is strictly completely monotonic on (0,ee) if
c=0 forall ¢ >0.

Conversely, let —G.(x;q) is strictly completely monotonic on (0,e0) for all real
q > 0 which means that §~*G.(x;¢) < 0. Based on the well-known identity for the
g-digamma function and the generating function of Bernoulli number mentioned in the
proof of Theorem 2.2 and the approximation (1.7), we get

lim §*G.(x;q) = lim

X—00 X—00

Llogg 14logg 1 glogq
214" 21 _gtd 6 (1—g)

i 2% <log61> sz_z(c}x)]

342014 )10g67+6(1—51+6710g5?)] 0

§‘log’q— =
-4

which yields that ¢ > h(g).
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Now, suppose that G.(x;q), ¢ > 0 is strictly completely monotonic on (0, )
for all real ¢ > 0. This means that G.(x;q), ¢ > 0 is positive on (0,e0). But, this
contradicts

)lci_r}(l)Gc(x;q) = —co, ¢>0.

This ends the proof. [

COROLLARY 3.4. Let x and q be positive reals. Then, the inequalities

1 ¢*log’q 1g% logg 1 4*Plog’q

6 (1 gro)?2 < Yy(x+1) —loglx], + 3 l—q’“’% 6 (1—¢~P)2

(3.3)

hold true for all o0 > h(§) and B = 0 with the best possible constants o. = h(§) and
B =0.

Also, for all positive integer n, the class of inequalities
nl logg " +o +o ny ()
(=1) o\1_gqua g P(g) < (=1)"yg (x+1)

n n+1
(125 fpnz<¢>+<—1>"§< 4 ) AR

= P
< (crypl(loed n+2cf‘+ﬁP (q*P) (3.4)
6 \1—g*h " ’

holds true for all o > h(§) and B = 0 with best possible constants oo = h(§) and
B =0.

Proof. Theorem 3.3 tells that G (x;q) < 0 < Gg(x;g) which is equivalent (3.3),
and

(-1)'Gy (x:q) <0 < (-1)'Gy (x:q),  neN

which is equivalent (3.4) with using the identity mentioned in the proof of Corollary
23. 0O

THEOREM 3.5. Let x and q be positive real numbers. Then, the inequalities

s o Liy(1—¢%) 14" %logq
V2mSyq 0 s [x+1/2}qexp< fogq )+61—qx+d <T,(x+1)

< V2rS;q D[ x4 1/2)exp (Liz(l —q)  1a™ logq> (3.5)

logg 6 1 —g*te

hold true for all ¢ > h(q) and d = 0 with best possible constants ¢ = h(§) and d = 0.
Proof. Let ¢ > 0 and the function

Lip(1— 1
T.(x;q) = xlog[x], —logTy(x+ 1) + L —q) + =log[x+1/2],
logg 2
1 ¢*“loggq 5
+61—7qx+‘ +logV 27t+10gS,;+EH(q— 1)logg (3.6)
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be defined for all positive reals x and g. Differentiation gives T/ (x;q) = G.(x;q) where
G.(x;q) defined in (1.9) which means —T!(x;q) is strictly completely monotonic on
(0,00) if ¢ > h(q) and T/(x;q) is strictly completely monotonic on (0,c0) if ¢ =0. The
function T (x;¢) can be represented as T (x;q) = uq(x) — tg(x) where p,(x) defined
in (2.12) and

1 g loggq

5
61 e +log(V2nS4) + —=H(q— 1)logg.

1 1
ug(x) = Elog[x—k 1/2],— 3 log(x], + B

Using L’Hospital rule gives

1
lim u,(x) = log V2 +1logS; + EH(q— 1)logg

X—00

which means with using (2.13) that lim,_... T.(x;q) = 0. Therefore, for all positive
reals x and ¢, we have T.(x;q) > 0 for all ¢ > h(§) and T,(x;q) <O if ¢ =0. That s

To(x:q) <0< T.(x:q),  c=h(q)
which is equivalent (3.5). O

COROLLARY 3.6. Let x and q be positive real numbers. Then, the inequality

Lir(1—q") 14" logg
oy x5 [x+1/2]qexp< logq +61—qx+" <Ty(x+1)

Lix(1—¢q") 14" logg
< Bty ot 1/ 2enp (SR 4 L TR 6)
holds true, where ¢ = h(q) and
1 lg logq>
Oy = —F———=¢€X
VTR (6
By = V2rS; qiz (a=1)

are the best possible constants.

Proof. The proof of this corollary comes immediately from the decreasing mono-
tone of the function T;(x;q), that is

0= 1lim 7.(x;q) < T.(x;q) < T.(0;9)

X—>00

lglogg 5
= log(y/27[1/2]¢Sq) + £ 7= +12H( q—1)logq

which is equivalent (3.7). O

REMARK 3.7. Batir [30] proved the complete monotonicity property of the func-
tion T.(x;q) defined in (3.6) when ¢ — 1 and ¢ = 3/8 and exploited this result to
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provide lower and upper bounds for the gamma function and so some results in this
section generalize and refine some results of Batir [30] for all g > 0.
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