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A REVERSE OF YOUNG INEQUALITY

CHANGSEN YANG AND YONGHUI REN

(Communicated by J. Mic¢i¢ Hot)

Abstract. In this paper, we prove several multi-term refinements of reverse of Young inequality
with Kantorovich constant for both real numbers and operators. Among other results, for all

0<v<1and NeN, (1-v)a+vb < (va—vb)?—Sy(via,b)+K( Vh,2) B0 al = for all
real numbers a and b, where Sy (v;a,b) is a certain function defined by Sababheh. Furthermore,
we also improved some inequalities with Kantorovich constant.

1. Introduction
The simple inequality
a'b'™" <va+(1—v)b, a,b>0 and 0<v< 1 (L.1)

is the Young inequality. Even though this inequality looks very simple, it is of great

interest in operator theory. Refining this inequality has taken the attention of many

researchers in the field, where adding a positive term to the left side is possible.
Among the first refinements of this inequality is the squared version proved in [3]

(@"b'™")? + min{v,1 —v}*(a — b)?> < (va+ (1 —v)b)% (1.2)
Later, the authors in [5] obtained the other interesting refinement
a’b' ™+ min{v,1 —v}(va—vb)> <va+ (1—b). (1.3)

A common fact about the refinements (1.2) and (1.3) are having one refining term.
In recent paper [4], some reverses and refinements of Young’s inequality were
presented, it is proved that

a’b' " +v(\/a— Vb)? +ro(Vab— vb)* <va+(1—v)b, 0<v< 3
a’b'™" + (1= v)(va—vb)* + ro(Vab — \/a)* (1.4)
<va+ (1 —v)b, %Svgl
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where ryp = min{2r,1 —2r} for r = min{v,1 —v}. These inequalities adding a second
refining term to the original Young’s inequality. In the same paper, it is proved the
following reversed versions

va+ (1 —v)b+ro(Vab—/a)? <a'b' "V + (1 —v)(ya—Vvb)?, 0<v<i
va+ (1—v)b+ro(Vab—vb)?> <a'b' ™" +v(ya—Vb)?, 1<v<l1
(1.5)

where ry = min{2r,1 —2r} for r = min{v,1 —v}.
To state our paper, we adopt the following notations. Like in [6], let a,b > 0 and
ve[0,1] for NeNand j=1,2,---,N,let kj(v) = [2/"1],r;(v) = [2/v] and

. 1
5j(v) = (=102~ 4 (1) )+1[rf( ;Jr ]. (1.6)
Then define the nonnegative function
(v;a,b) = Zsj 2\/sz 1=k 2\/51 () 41277 k() =1)2 (1.7)
it is proved that
a’b' ™"+ Sy(via,b) <va+ (1 —v)b. (1.8)
Also, in [1], authors proved that
Sn(via,b) = Sn(1 —v;b,a) (1.9)
and N
K(Vh,2)PVM @b =Y 1+ Sy (via,b) < va+ (1—v)b, (1.10)
where K(1,2) = 02 150, h="2 oy (v) = 1+[2Vv]— 2V and By(v) = min{o(v),

1—oy(v)} for N 6 N.
Paper [7] pointed out that Specht’s ratio and the Kantorovich constant have the
relationship as follows:

1
S(t") < K(t,2)", t>0 and Ogrgz. (1.11)
In a recent work, Kai [10] gave the following Young type inequalities
v v 2 1
(V?a)'b' " 12 (ya—vb)* <via+ (1 —v)%b, 0<v<; 112)

@' ((1=v)*b)' ™+ (1 =v)*(Va—vb)* <v’a+(1-v)’h, ;<v<L
Later, Nasiri in [12] improved the inequalities (1.12) with Kantorovich constant
va+(1-v)’ 2 (va—Vb)* +r(vb — VvZab)*

FK(V2R,2) (Pa)'b' Y, 0<v<
vZa+(1-v)%b = (1 —v)2(yJa—Vb)?* +r(y/a— /(1 —v)2ab)?

+K(¢ (lva)pzy a’[(1—=v)?]'Y, I<v<L

=

(1.13)
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where h= 2, r =min{2v,1 —2v} and ¥ = min{2r,1 —2r}.
Furthermore authors in [11] proved that

Va4 (1-v)2b < (1 —v)2(a—vb)> +a’[(1—v)*b)'™", 0<v<
VvZa+ (1-v)%b <V (\/a—/b)? + (v’a)'b' ", % <v< L

=

(1.14)

which can be regarded as the reverse of Young type inequalities. In this paper, we will
present a refinement that has as many terms as we wish.

Throughout the paper, M, denotes the space of all n x n complex matrices. M, is
the set of positive semidefinite matrices in M,,, X > Y for X, Y € M,, means that X and
Y are hermitian and X —Y € M, . M, is the set of strictly positive definite matrices
in M,, and ||| - ||| is a unitarily invariant norm defined on M, . We defined

AV,B=(1—-v)A+vB, vel0,]]

A, B=AY(A"IBA"1)'AY, veER
denoted by AVB and AfB respectively when v = % Also, we defined that

A%,B+ B#,A

H,(A,B) = 5

€[0,1]
The paper is organized in the following way: In Section 2, we give the reversed
version of (1.10) and some auxiliary results. In Section 3, reversed version of Young

inequality with Kantorovich constant is presented. In the last Section, we establish the
matrix version of inequality (2.2) for unitarily invariant norm based on Corollary 2.2.

2. Reverses of Young and Young type inequality with Kantorovich constant

First, we prove a reverse of Young inequality with Kantorovich constant.

THEOREM 2.1. Let a,b >0, 0<v<1and N € N, then

(1—=v)a+vb< (Va—Vb)* —Sx(via,b) +K( 2I\V/l_z,2)_/3"’(V)al_vb" (2.1)

Proof. By (1.10) we have

=

K(Vi,2) e ="+ (Va— Vb — (1—v)a—vb

_ K(VB2) a8 4 vt (1 - )b 2V

> K(VR2) P02+ K(Vi2)P @b + Sy(via,b) — 2ab
> 2Vab+Sy(v;a,b) —2Vab

S

SN(V; 7b). O
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COROLLARY 2.2. Replace a,b by a*,b* in Theorem 2.1, we can get the following
result.

(1 =v)a+vb)> < (v —v+1)(a—b)*—Sy(v;a*,b*)
+K( "V, 2) O vy 2.2)

By the similar way in Theorem 2.1, we can get a reverse of Young type inequality
with Kantorovich constant, which is the refinement of (1.14).

THEOREM 2.3. Let a,b >0 and N € N.
Ifo<v< %, then

Va4 (1-v)%b < (1—v)2(vVa—vb)? = Sy(2v; (1 —v)Vab,a)

2v)

—Bn(
+K ( M- v)2h,2> (1—v)20gpl=v. (2.3)

If% v < 1, then

Va+ (1—v)* <V (Va—Vb)* —Sy(2v— 1;b,vVab)
v [T —By(2v-1)
+
+K ( g ,/v—2,2> VVa b V. (2.4)

Proof. Let 0 <v < % Then we have
(1-=v)2(Va—Vb)* —v?a—(1-v)%

—Bn(2v)
+K<2N+1 /(l—v)zh,2> (l_v)2(1—v)avblfv

= 20(1 —v)Vab+ (1 —2v)a+ (2v—2)Vab

~Br(2v)
+K<2N+l/(1_v)2h72> (l_v)2(lfv)avblfv
B (2v)
>K ( M- v)2h72> (1—v)%a"™b" + Sy (2v (1 — v)Vab,a)

~Bu(2v)
+(2v—2)Vab +K<2N+11/(1—v)2h72> 2 (1—v)2 =g pt=
2(1 —v)Vab+ (2v —2)Vab+ Sy(2v; (1 —v)Vab,a)
= Sy(2vi(1 —v)Vab,a)

Thus, (2.3) holds.
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For % <v < 1, compute:

v [ —Bn(2v-1)
.
\/2(\/——\/Z_J)z—vza—(l—\))2b—|—K<2 \/;,2) Vva'b' Y

57

~By(@v-1)
— (2v—1)b+ (2 —2v)wab — 2wab+ K ( Gy %2) Va' b
1%

By (2v-1)
h vV vV
> K <2N+{/;2> v al 'Y + Sy (2v — 1:b,vVab) — 2vVab
Vv

— 2y—
o [T Bn(2v—1) ) .
+K 2 2 v?Va'b Y

> Sy(2v—1;b,vVab).
Thus, (2.4) holds. So we completed the proof. [

LEMMA 2 .4.
Bn(v) =Pn(1=v)=0

(2.5)

where By(v) = min{oy(v),1 —an(v)} for ve[0,1] and N € N, on(v) = 14 [2Vv] —

2Ny,

Proof. Case i) when [2VV] is an integer, then ay (v) =1 and 1— oy (v) =0, which
means that Sy (v) = 0. Meanwhile, any(1—v) =1 and 1 — an (1 —v) =0 means that

Bn(1—v)=0. So we can get By(v) = By(1 —v).
Case ii) when [2VV] is not an integer, then we have

14 2Vv] 2Ny = 2Ny — [-2My]

and
2Ny — 2Mv] = 1 [-2Mv] 4+ 2Ny
which means that By(v) = By(1 —v). So we completed the proof. [

Next, we will get some of the Kantorovich constant of Heinz inequalities.

PROPOSITION 2.5.

%(SN(v;a,b)+SN(v;b,a)) < =(a+b) —K( 2%,2)ﬁ”(V)Hv(a,b)

N =

and
1 1
E(SN(v;a,b)+SN(v;b,a)) < 5
Proof. By (1.10) and (2.5) we have

By ()
K ( 2%,2) ! a’b' ™"+ Sy(via,b) <va+ (1 —v)b

(a+b)~2Vab+K (Vh,2) P ).
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and Br1)
-V
K<2%,2> ! a' =’ + Sy(1 —v;a,b) < (1 —v)a+vb.

So we have

By (v)
%(SN(v;a,b)—i-SN(l—v;a,b))< %(a+b)—1<(2%72) " Hy(a,b),

by (1.9), so we have the desired result (2.6).
Similarly, by (2.1) and (2.5) we have

)

(1 —v)a+vb < (a+b) —2vab— SN(vab)-i-K(z\/_ ) a'=p
and
va+ (1 —v)b< (a+b) —2vVab—Sy(1 —v;7a7b)+K< 2%,2>_ﬁN(1_V)avblfv.
So we have

1 1 —By(v)
E(sN(v;a7b)+sN(1—v;aJy))<E(zhub)—zx/c%rk(%72) " Hy(a,b)

by (1.9), so we have the desired result (2.7). O
To achieve our further results, we need a following lemma.
LEMMA 2.6. Let ¢ be a strictly increasing convex function defined on an interval
L If x,y,z and w are points in I such that
T=WSX—Y,

where w < z < x and y < x, then

We can see [8] for more details.

PROPOSITION 2.7. Let ¢ : [0,00) — R be a strictly increasing convex function,
if a,b >0, then

(1) 9 (K(Vh,2)NO)H, (a, b)) — (Vab) < ¢ (452) = 9 ( (Sx(via, b) +Sn(v:D,a)
+ab)

(2) (452) — (K( VA,2) WO H, (a,b)) < §(a-+b) — $(2V/ab+ L (Sw(via,b) +
Sn(v;b,a)))

Proof. (1). For our convenience, we denote that x = M, y = 3(Snv(via,b) +

Sn(vib,a))++Vab, z=K( 2\/_ 2)BVH, (a,b) and w = V/ab. It is clearly that 7 > w
by H,(a,b) > v/ab and K( 2\/_,Z)ﬁN > 1. So we only need to prove i) x > z,ii) x >y
and iii) x —y > z—w. In fact, we have
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i) by (1.7) and (2.6) we can easily get x>z

i) “2ib —Vab > “2ib K( \/_ 2)AVVH, (a,b) > 2(Sn(via,b)+Sn(v;b,a)).

iii) x—y > z—w imply x —z > y —w, which can be achieved by (2.6).

(2). Let x=a+b, y= 5(Sy(v;a,b) + Sy(vib,a)) +2Vab, z= 2 and w =
(2\/_ 2)~"BvOMH, (a,b). It is easy to see that x >z > w by K(Z\/_ 2)~ ﬁN <1 and
H,(a,b) < “+b. Soweonlyprovex>yand x—y>z—w

By (2.7)7 we can get x —y > z— w(> 0), which imply that x > y.

Then by lemma 2.6, so we completed the proof. [

COROLLARY 2.8. Let ¢(x) =x™, m > 1, then we have the following results.

(K( 2/n, 2>ﬁN(v) Hv(a,b)>m + (%(SN(v;a,b) +Sy(vib.a)) + \/E)m

and

(a—;b)m (%(SN(V a,b) +Sy(v;b a))+2\/_>
<(a+b)"+ <[( ( 2%’ 2) —Bv(v) Hv(a,b)>m

3. Reversed versions for operators

In this section, we will give some reversed versions of Young inequalities for op-

erators by the monotonic property of operator functions. First, we give the basic of the
following discussion.

LEMMA 3.1. Let X € B(H) be self-adjoint and let f and g be continuous real

Sfunctions such that f(t) > g(t) for all t € Sp(X) (the Spectrum of X ). Then f(X) >
8(X).

THEOREM 3.2. Let A,B € B(H) be positive invertible operators, I be the identity

operator and v € [0,1]. If all positive numbers m,m’ and M,M’ satisfy either of the
following conditions

)0<ml <AL mMI<MI<B<MI;
i) 0<ml <BL<mI<MI<ALMI
Then

AV,B < (AVB —2A4B) — Es, (Af1-a;() B +Ab1 g () —21-iB

—Bn(v)
~2%1_gy 2 B) K (VIL2) T AL B G.1)
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=~

where h' = %,, oj(v) = 2’}(1?, kj(v) = [2/v] and By(v) = min{1 + [2Vv] — 2Ny 2Ny —
[2My]}.

Proof. Let a=1 in (2.1) and expand the summand to get
(1=v)+vb< (14+b—2vb) — Zs, )(b' %) 4 ples ()2 _pploaiv) =27
-B ( )
+K<2N\/E,2> A 3.2)

For X :A’%BA’l , under the first condition, we can get I < h'[ = %I <X <hl= %l,
and then Sp(X) C [h’ h] € (1,+ee). By lemma 3.1 and (3.2), we have

(1= +vX < (1+X—2X%)

- ZSJ (Xl OC, +X1—OC_,'(V)—21’j . 2X1_aj(v)_2,j>

+ max K( N2 ) B (3.3)

W<x<h

2
Since the Kantorovich constant K(z,2) = (’Z: L isan increasing function on (1,4-0),
then

1 1 1 1 1

(1—v)[+vA ZBA™2 < (I+A 2BA™2 —2(A 2BA™7)

(S

)

- is i(v) ((A*%BA*%)I*%(V) + (Af%BAf%)lfaj(v)leff
j

— Z(A*%BA*%)I*%(V)*T/)

1

—By()
+K<ZW,2> " ATiaTy.

In a similar way, under the second condition, we can get I < %I = Aﬂ,]l <X K %I = %I ,
and then Sp(X) C [+, ] € (0,1). By lemma 3.1 and (3.2), we have

(1= +vX < (1+X—2X%)

—Esj (Xl o;(v +X‘*°‘f<v>*2"’—2X1*°"'(V)727j>
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2
Since the Kantorovich constant K (¢,2) = (ttnl) is a decreasing function on (0, 1), then

(1—v)[+vA~2BA™}

N\»—

<(I+A 2BA™2 —2(A B Zsj )((a-2Ba-tyt-at)

+(A"2BA"2) -2 _z(A*zBA*z)lfaj(V)fT’)
~By(v)
+K<2N\/W72> AT iBATTY. (3.4)

Then multiplying inequalities (3.3) and (3.4) by A? on both sides, we can get the
required inequality (3.1). O

4. Reverse version of Young inequality for the Hilbert-Schmidt norm

In this section, we will give the reverse version of Young inequality (2.2) for
Hilbert-Schmidt norm.

Based on Kittaneh and Manasrah [2] showed that if A,B,X € M,, with A and B
are positive semidefinite matrices and v € [0, 1], then

/(1 —v)AX +vXB|3 <||A'"XB"|3+ R*||AX — XB||3
and
|AX +XB||3 < ||[A""XB"+A"XB'"||5 + 2R||AX — XB||3

where R = max{v,1 —v}.

Liao and Wu [9] proved that if A,B,X € M, such that A and B are two positive
definite matrices and satisfy 0 < ml < A,B < MI, where I represents an identity, v €
[0,1] for m,M € R, then

1(1 = v)AX +vXB|j3 < K(h,2)F [|A'"XB"||3 + r*||AX — XB||}
and
||AX +XBJ||3 < K(h,2)F||A'"XB"+A"XB' |3 + 2r||AX — X B||3
where h =% r=min{v,1—v} and R = max{2r,1—2r}.

THEOREM 4.1. Suppose A,B,X € M,, such that A,B are two positive definite
matrices and satisfy 0 < ml < A,B < M1, where I represents an identity matrix and
m,M € R for any v € [0,1], then

||(1—v)AX +vXBJ|3 < (v2 —v+1)||[AX —XB|5+||A' " XBY| |3

k; (v) kj(v) kj i(v)+1 ](\7)+1

—Zsj \Azf TXB'" 2T A 5T xB' w 3.
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Proof. Since A and B are positive definite, it follows by spectral theorem that there
exist unitary matrices U,V € M,,, such that

A=UMNU*B=VAV*,

where A :diag(ll,lg,---,ln), A = diag(vl,\/z,"
Let Y =U*XV = [yy], then

.,Vn), Ai, V[ >O, l: 1’2’...’,1
(1= VAX +VXB = U[(1—)AY +0AalV* = U=t vV
AX —XB=U[(hi—v)yalV*, A'"7'XB"=U((A'"V))yu)V*

ki(v) kj( ) A]( V)41 k()1 kj(v) kj(v) kj(v)+l kj(v)+l

AV TXB I AT xB T T =U(AY Ty, P AT Ty Ty,

1

Now, by (2.2) and the unitarily invariant of the Hilbert-Schmidt norm, we have

|(1—v)AX +vXB||3

(L =)+ vvp)?

fmaxk (Vi 2) T AV 4 02 v ) (- )

kj(v) l_kj(v) kj(v)+1 kj(v)+1

N — I IVASCA T A
_zsj(v)(xiz./ lvl 2J—1 _xi 21 v, 21 )2}‘yil|2

where t; = ﬁ.

Accordlng to the conditions 0 < ml < A,B< MI, I = % <ty = % <h= ﬁ and
the properties of the Kantorovich constant (K ( N \'/ﬁ , ) Bv(v) < 1), we can get
/(1 —v)AX +vXB||3
n
< 2 {(7Lf"’v,")2 + (P =v+1)li—v)?
il=1
N k() lfm ki(v)+1 lfk,‘pv)ﬂ
_ Esj(v)(AiZFI v, A 2! PEE 2Jj—T )2}|yﬂ‘2
j=1

= (v2 —v+1)||[AX —XBJ|5+||A VX B||3

k/-(v) kj(v) ki ( )+1 ( v)+1

_ZSJ |A21 lXB T A 2] T XB 2, Y= Hz»

here we completed the proof. [l
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