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AN INTERPOLATION OF JENSEN’S INEQUALITY AND ITS CONVERSES
WITH APPLICATIONS TO QUASI-ARITHMETIC MEAN INEQUALITIES

JADRANKA MICI¢ HOT AND YUKI SEO

(Communicated by J. Pecari¢)

Abstract. In this paper, we show an interpolation of Davis-Choi-Jensen operator inequality and
the converse inequality for Hilbert space operators. As applications, we obtain an interpolation
of quasi-arithmetic mean inequalities and the converse inequalities.

1. Introduction

In [8], we showed operator versions of the inequality due to Cho, Mati¢ and
Pecari¢ [1] in connection to Jensen’s inequality for convex functions. As applications,
we obtain an interpolation of the weighted arithmetic-geometric mean inequality for the
Karcher mean of positive invertible operators on a Hilbert space. Moreover, we obtain
an interpolation between the quasi-arithmetic means.

As a continuation of our research in [8], in this paper we show another interpola-
tion of Davis-Choi-Jensen operator inequalities for positive linear mappings. As appli-
cations, we obtain an interpolation of both the quasi-arithmetic means of operators and
the mean inequalities for the operator power means due to Lawson and Lim. Moreover,
we give converses of the above results.

2. Results related to Jensen’s inequality

Let B(H) (resp. By (H)) be the algebra of all bounded linear operators (resp.
selfadjoint operators) on a Hilbert space .7# . A real valued continuous function f de-
fined on an interval [m,M] is said to be operator convex if f((1 —t)A+1B) < (1 —
1)f(A)+1f(B) for all selfadjoint opetaors A, B in %;,(.7) with m <A,B< M. By the
Davis-Choi-Jensen operator inequality [4, Theorem 8.9], we have f(X}_; ®;(4;)) <

;=1 ®@;(f(A;)) for positive linear mappings ®; with X7, ®;(1,) = 1 and self-
adjoint operators A; with m < A; <M, and an operator convex function f on [m, M]
for j=1,...,n.
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Mici¢ and Pecari¢ gave in [6] some mappings related to the Davis-Choi-Jensen op-
erator inequality as a generalization of the result with respect to the Hermite-Hadamard
inequality due to Dragomir [2, 3].

First, we give the multiple operator versions of [6, Theorem 2.2], which connects
both sides of the Davis-Choi-Jensen operator inequality:

THEOREM 2.1. For j=1,...,n, let Aj € B,(I) be self-adjoint operators such
that m < A; < M for some scalars m < M and ®@; positive linear mappings on B()
such that 3 @j(1,7) = L. If f(x) is operator convex on [m,M| and ¥;_, ®@;
preserves the operator Ag = Y} Pr(Ay) ( iLe. 2.};:1 D;(Ag) =Ag ), then

f(i@,-(A,-)) < il@j( f(raj+0 -1 i )) < ilq)j(f(Aj)) @.1)
Jj= Jj= k=1 Jj=
forall t €(0,1]. Moreover, the function
Ft):iCDj( (tA—i—l—ti ))
J=1 k=1
is monotonically nondecreasing and convex on [0,1].

Proof. We give the direct proof for convenience. Since ®; is a positive linear

mapping for all j=1,...,n and f is operator convex, then we have for 71,1, € [0,1]
and 0 <7 <1
tF (1) + (1 —1)F(12)

|
M= =
B+

(lf(l‘lAj+ (1 —tl)A()) +(1 —t)f(tzAjJr (1 —tz)Ao>>

~.
Il
-

Y
M=

(I)jf<t(t1Aj+ (1—11)A0) + (1 — 1) (A + (1 —tz)A0)>

~.
I
—_

I
M=

d)jf<(tt1 +(1=1))A;+ (1 —rt;— (1 — t)tz)A())

I
™ g

(tt1 4 (1 —1)1)
and so F is convex on [0,1].

Next, since 2?:1 ®; is a unital positive linear mapping, it follows from Davis-
Choi-Jensen operator inequality [4, Theorem 8.9] that

f (ilq)j(Bj)) < id),-(f(Bj))
J= J=
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and thus

._

~.
Il

-

So F(O)SF(r). If0<s<t<1,thens= %-O—kf-t,andtheconvexityofF implies

t —
F(s) < —F(0)+-F(1) < F(r)
and so F is monotonically nondecreasing on [0,1]. Hence it follows that F(0) <
F(t) < F(1) forall r € [0,1] and therefore (2.1) is valid. O
A vector 0 = (w1,...,0,) is called a weight vector if w; >0 forall j=1,....n
and Y7, @; = 1. A n-tuple ® = (®y,...,D,) of positive linear mappings on Z(7)
is called totally unital if 3j_ Di(lyy)=1y.

REMARK 2.2. We present a simple example which satisfies the conditions of The-
orem 2.1. Let M, (#(7) be the algebra of all n x n matrices with entries from
HB(H), and P =0@--- P 1, @--- &0 an orthogonal projection for j =1,...,n
which is 1, at the jth position and zeros everywhere else. Put ®;(X) = P;XP; for
j=1,...,n. Then ® = (®y,...,d,) is totally unital and >/i_1 ®; preserves the oper-
ator Ag = Yj_; D (Ay) for Ay = (Af;) € M,(B(A)) and k= 1,...,n. In fact,

> Di(Ag) =Y DA}, @ DAL =A] D DAL, =Ag.
Jj=1 Jj=1

In this case, if f(x) is operator convex on [m, M| and f(Ay) = (f(Ax)ij) € M, (B(H))
for k=1,...,n, then Theorem 2.1 implies

F(A}) < feAj+ (1 =1)Ao)j; < f(A))
forall7 €[0,1] and j=1,...,n.
Since 3j_; ; (2%:1 a)kAk) =27 Ay, putting @;(X) = w;X for X € B(I7)

in Theorem 2.1, we obtain a version of (2.1) with unital positive linear mappings as
follows (see [8, Theorem 2.2]):
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COROLLARY 2.3. For j=1,...,n, let A; be self-adjoint operators with m <

A; < M for some scalars m < M, ®; unital positive linear mappings on #(¢), and
o= (o,...,0,) aweight vector. If f(x) is operator convex on [m,M), then

k=1

<Y 0;®(f(A))) 2.2)
Jj=1

f (i w,-Q,»(A,-)) < i w;f <f¢j(A,f)+(1 —1) i wkq)k(Ak)>
=1 =1

forall t €(0,1]. Moreover, the function

F(t)= i o;f (fq)j(Aj)Jr(l —t)i wkq)k(Ak)>
=1

k=1

is monotonically nondecreasing and convex on [0,1].

Proof. If we put ®;(X) = w;X in Theorem 2.1, then

J=1

f (Z m,-A,-) <2 wj<f<tAj+(1 -0 (DkAk>> < 2 0j(f(4))
j=1 j=1
holds for all 7 € [0, 1] and the function
L i\ ftA;+ (1 —1)
o+ -0 X o))

is monotonically nondecreasing and convex on [0, 1]. Now, replacing A; by ®;(A;) in
the above results, where ®; is a unital positive linear mapping, we obtain

(ij ) Zw,f (lq)( )+(1_t)iwkq)k(Ak)>

k=1

N
1=
£
=
s
N
?_/

~.
Il
—_

N
M=

@;®;(f(A;)) (by the Davis-Choi-Jensen inequality)

~.
Il
—_

for all ¢ € [0,1] and the function F is monotonically nondecreasing and convex on
[0,1]. O
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3. Application of Jensen’s inequality

As an application, we obtain an interpolation between quasi-arithmetic means. We
define the quasi-arithmetic mean of operators:

My (A; @) : (2@ ) 3.1)

where A = (Ay,...,A;) is an n-tuple of self-adjoint operators in %, (.7¢°) with spec-
tra in an interval I, ® = (®y,...,D;) is an n-tuple of positive linear mappings @
B(H) — B(H) suchthat 3j_ @j(1,¢) =14, and ¢ : I — R is astrictly monotone
function. If ¢! is operator concave on ¢(I), then

My (A; @) > M (A; D) = Y Dj(A)). (3.2)
j=1
The power mean is a special case of the quasi-arithmetic mean

(z(4). remo).

M (A; @) :=
exp (Z’}:l D (10g(Aj))> , r=0,

(3.3)

where A = (Ay,...,A,) is an n-tuple of positive invertible operators.

Replacing ®; by w;®; in (3.1), where ®; : B(H") — (%) are unital positive
linear mappings for all j=1,...,n,and ® = (®y,...,®,) is a weight vector, we have
special cases of (3.1)

My (0:A; @) (2 w;® ) (3.4)

We can define analogue a mean 90, (®;A;®) by using (3.3).
By virtue of Theorem 2.1, we have an interpolation of the quasi-arithmetic mean
and the arithmetic mean 97, (A;®) in (3.2).

THEOREM 3.1. Let A = (Ay,...,A,) be an n-tuple of self-adjoint operators in
By () with spectra in an interval I, ® = (Oy,...,D,) a totally unital n-tuple of
positive linear mappings ®; on B(), and e, j=1,...,n the standard basis vector
in R" ( i.e. ej be an n-tuple that has 1 at the jth position and zeros everywhere else

).
If @ : I — R is a strictly monotone function such that ¢~ is operator concave on
o(I) and Y/i_1 ®; preserves the operator Ag = X}_; @y (Ag), then

1> 3 @) (M(Acrey +(1—1)®)) > M, (A: @) (3.5)
j=1
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forall t €[0,1]. Moreover,
M(1) =Y @;(My(Asrej+ (1 —1)®))
j=1

is monotonically nonincreasing and concave on [0, 1].
But, if ¢~ is operator convex on @(I), then the reverse inequalities are valid in
(3.5) and M(t) is monotonically nondecreasing and convex on [0,1].

Proof. If we replace A; by @(A;) in Theorem 2.1 we obtain

(£ o(s(oitr 10 S ouon))

forall r € [0,1], where f is operator concave on @(I). Since ¢~
on @(I), then

+(gasw)

J=1

<I>j(<p1 10(45) + (1= (A1) ...+ (1=, 0(40) )

~
WV
M=

~.
Il
—_

Y,
M=
£
=
s
=
s

~.
Il
_

! is operator concave

M=/—\

\V
T

WV
M=
o

j(A)),

~.
I
—_

which give the desired inequality (3.5). Next, it follows from Theorem 2.1 that

0,07 (rota)+ (10 3 ex(oa0) )

@ (My(Asrej+ (1 —1)D)

is monotonically nonincreasing and concave on [0,1]. [
Combining inequalities in Theorem 3.1 we obtain the following corollary.

COROLLARY 3.2. Let the assumptions of Theorem 3.1 hold and Z;le D; pre-
serves the operator Ag =Y} _ Or(Ar). If @,y : I — R is a strictly monotone functions
such that ¢~ is operator concave and w=' is operator convex, then

n
My (A; @) = D Dj(My(Asrej+ (1 —1)®@)) = M (A; @)
j=1

M-

> 3 @;(y (Astej + (1 - 1)®)) > My (AsD)

1

J
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forall t €0,1].

Now, we give a generalization of inequalities in Corollary3.2.

COROLLARY 3.3. Let A = (Ay,...,A,) and B = (By,...,B,) be two n-tuples
of self-adjoint operators in By,(H) with spectra in Jy and Jp, respectively, and ® =
(Dy,...,®,) and ¥ = (¥y,...,¥,) be two totally unital n—tuples of positive linear
mappings ®;,¥; on B(A). If Y- ®j preserves the operator Ag = ¥y, Dy (Ar),
Y/i_1 V) preserves the operator Bo = ¥j_ Y (By) and Ao = By, then

My (A D) > id)j(im(p(A;tej+(1—t)<I>)) > M (A; @)
=1

~.

> O (BW) > 3, (0 (Bise; + (1 5)'¥)) > (B W)
j=1

forall t,s € [0,1] and every strictly monotone functions @ : Jy — R, w:Jp — R such
that ¢~ is operator concave and w~" is operator convex.

By virtue of Corollary 2.3, similar to Corollary 3.3 we have interpolations of the
quasi-arithmetic mean (3.4) and the weighted arithmetic mean 90, (@;A;®) (see [8,
Theorem 3.4]).

COROLLARY 3.4. Let A= (Ay,...,A,) and B= (By,...,By) be two n-tuples of
self-adjoint operators in By () with spectra in [ma, My and [mp,Mp], respectively,
such that my > Mg. Let ® = (®@y,...,®,) be an n-tuple of unital positive linear
mappings @ : B(H) — B(H ). If o= (01,...,0,) and v = (V1,...,V,) are weight
vectors, then

n
Moy (0;A; D) ©My (tej+ (1 —1)0;A; @) = M (0;A; D)
j=1

> My (v;B; @) > Z y(sej+(1—5)v;B;®) > My (w;B; D)

holds for all t,s € [0,1] and every strictly monotone functions @ : [ma,Ms] — R,
v : [mp,Mg] — R such that ¢! is operator concave and y~! is operator convex.

Applying the above results we can obtain an interpolation of the power-arithmetic
mean inequalities. For example, we give the following corollary (see also [8, Remark

1).

COROLLARY 3.5. Let A = (Ay,...,A,) be an n-tuple of positive invertible op-
erators in B, (H), ® = (®y,...,®,) an n-tuple of unital positive linear mappings



112 J. MI¢1¢ HOT AND Y. SEO
D B(AH)— B(X ), and ©® = (o1,...,0,) aweight vector. Then
1

i w;; ( 5’)) > i o; <t1q)j(A;) +(1—n) i wkq)k(AZ)> ’

j=1 k=1

1

., 5
= ij(tzq)j(A‘) (1-1) zwkq)k Ap) ) (260/ ( ))
Sforall t,t; €[0,1], r € [1,00) and s € (—oo, —1]U[1/2,1]. Moreover, if r € [1,o0) then

M(t) = ﬁ‘iwj (td)q,»(A;) +(l—1) i wkd)k(A,ﬁ)> .
-

k=1

is monotonically nonincreasing and concave on [0,1], but if r € (—eo,—1]U[1/2,1]
then M(t) is monotonically nondecreasing and convex on [0, 1]

4. Application of Operator power means
Let A = (Ay,...,A,) be an n-tuple of positive invertible operators on a Hilbert

space and ® = (@y,...,m,) a weight vector. Putting ®;(X) = w;X in (3.3), we have
the ordinary power means

" 1/r
M, (0;A) = (Z w,-A;> for r#0. 4.1)
j=1

It is known that the power mean 901, (®;A) is not operator mean except r = 1. In this
case, Corollary 3.5 says that

£

for 1/2<r<1andt€[0,1]. If the A;’s commute, then we have

n 1/r n r
(2 co,-A;) [2 o; (tA +(1—-1) Zkak>
j=1

=1 k=1

1/r " " 1/r n
§> 2 (fAr 1-’)2“’#\2) < Y WA

k=1

HM:

1/r

for0<r<1andre€l0,1].
We try to study a noncommutative operator version of (4.2). For this, we recall the
operator power means for positive invertible operators. In 2014, Lawson and Lim [5]
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established a new definition of operator power means for positive invertible operators,
which is an extension of 91, (w;A) for 0 < r < 1 and the commuting A, that is, the
A;’s commute each other. They showed that there exists the unique positive invertible
solition of the power mean equation

X = z (DJ'X ﬁr Aj (43)
j=1

for 0 < r < 1, where the opertor geometric mean {, is defined by

For each 0 < r < 1, we say that the solution X of (4.3) is the operator power mean for
A =(Ay,...,A,) and denote it by P-(@0;A) = P.(w;A4,...,A,). In the case of n =2,
the operator power mean P,((1 —u,u);A, B) coincides with

1/r
Aty B=A2 ((1 —u) Ly + u(A—1/2BA—1/2)f) Al2

for 0 <r<1 and u € [0,1]. We list some properties of the operator power means
which we need later: Foreach 0 <r <1

(P1) Consistency with scalars: P.(w;A) = (z;%zl @/A;> Yr if the A;’s commute;
(P2) Joint concavity:
(1 —u)P(0;A) +uP-(0;B) < P(0; (1 —u)A +uB)
for any u € [0,1];

(P3) Arithmetic-Geometric mean inequality: P.(@;A) < 2?21 WjA;.
Now, we show an interpolation of (P3), which is a noncommutative operator version of
(4.2):

THEOREM 4.1. Let Ay,...,A, be positive invertible operators and
o= (01,...,0,) aweight vector. Then for each 0 <r < 1

PAwiAr,...,Ay)

P (@:1A1+ (1—1) Y, g, 1An+ (1 —1) Y, axAy)
k=1 k=1

n
<Y WA
=1

forall t € [0,1]. Moreover, for each 0 <r < 1

n

n
M (1) = P(0;tA1+ (1 —1) D @A, 1A+ (1 —1) Y, axAy)
k=1 k=1

is monotonically nonincreasing and concave on [0, 1].
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Proof. Put Ag = Y}_, wxAx. By the joint concavity (P2) of the operator power
means, we have

P (@;tA1 + (1 —1)Ao,...,tA, + (1 —1)Ap)

> 1P (w;Ay,...,Ap) + (1 —1)P(®;Ao,...,Ao)

= 1P (@;A,...,A))+(1—1)Ag by (P1)

> tP(;A1,...,An) + (1 —1)P(@;A1,...,A,) by (P3)
=P (w;A1,...,Ay).

The second inequality follows from (P3):

P(Cl)'tA1+(1—l)A0,... tA, +(1—Z)A0)

Zla)th—i— 1—1)Ag) = Za)j
J=

For the concavity of M,, we have for #;,7, € [0,1] and 0 <7 < 1

M (11) + (1 = 1)M,(t2)
< Pr(ost[nAr+ (1 —1)Ao]+ (1 = 1)[2A1 + (1 —12)Ao], ...,
tt1An+ (1 —11)Ao] + (1 — 1) [2A, + (1 — 12)Ao))
=M, (tt; + (1 —1)t2)
and so M, is concave on [0,1].

For monotonically nonincreasing of M,, if 0 <s <7 <1, then s=52.0+47-1
and the concavity of M, implies

t —
Mi(s) > TSMr(O) + ;Mr(t) > M,(t)
because M,(0) = P,(w;Ag) = Ag = M,(t), and the proof is complete. [

REMARK 4.2. Lawson and Lim [5] showed that the Karcher mean is the strong
operator limit as » — 0 of the operator power mean P.. Therefore, as r — 0 in Theo-
rem 4.1, we obtain [8, Theorem 3.2].

5. Results related to converses of Jensen’s inequality

In this section we observe converses of the inequalities obtained in Section 2. For
given f:[m,M| — R, m <M, let I¢(x) denote a linear function through (m, f(m))
and (M, f(M)), i.e.

f(M)—f(m)x+Mf(m)—mf(M)
M—m M—m '

lf(x) =apx+br=

To obtain our results, we will need a discrete version of [7, Lemma 4].



INTERPOLATIONS OF JENSEN’S INEQUALITY AND QUASI-ARITHMETIC MEAN INEQUALITIES 115

LEMMA 5.1. For j=1,...,n, let Aj € B,(IH) be self-adjoint operators such
that m < Aj < M for some scalars m <M and ®; : B(7) — HB(X) positive linear
mappings such that 3;_, D;(1,0) =1, . Then

iq)j(f(Aj)) <lf<i q)k(Ak)> —fﬁélf(i q)k(Ak)> (5.1
= =1 =1

for every continuous convex function f : [m,M] — R, where

M) >0,

8 =)+ (o) -2 (™5

_ 1Y m+M
A_El‘”_M—le (|A 2 1‘”0)0

If f is concave, then the reverse inequality is valid in (5.1).

Now, we give results related to converses of Jensen’s inequality given in Theo-
rem 2.1. We start with the difference case of a converse of (2.1):

THEOREM 5.2. For j=1,...,n, let Aj € B),(I) be self-adjoint operators such
that m < A; < M for some scalars m <M and ® = (®y,...,D,) a totally unital n-
tuple of positive linear mappings on (7). If f(x) is convex on [m,M] and ¥;_, ®@;
preserves the operator Ag = Y} _ Or(Ax), then

D;(f(A))) <

.
M=
L

dDjftA—Fl—tZ )+[31f 5A
—1 i—1

~

(5.2)

\

(iqnj )+2ﬁ1f S(A+A)

Jj=1

forall t €0,1], where

p— max, (10— 1)}, 3= s0m)+10) -2 ("),
Avtzélf%ﬂ_ i <|IA+1—I)AO—%M1%|)
e S 25510)

If f(x) is concave then the reverse inequality is valid in (5.2).

Proof. By using Lemma 5.1 and since Ag = ¥} ®; (Ap) we have:

gd)j(f ) < lf<2d> ) lf<2d>(zA +(1-:)A0))—52{. (5.3)

By using that m <tA;+ (1 —1)Ag <M for j=1,...,n, we have

Ip(tAj+ (1 —1)Ag) — f(tA;+ (1 —1)Ag) < mgng{zf(x) —f@)} e =Bly
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and so
(2 ;(1Aj+ (1= 1)Ao) :élqnj (14 + (1= 1)40) )
< ilcbj (f(zA,-+ (1 —z)AO) + Bl oy
p
Combining (5.3) and (5.4) we obtain
j_ilqz,» (f(A)) < é‘l ®; (f(tAj +(1- z)Ao)) + Bl — 8A. (5.5)
Next, replacing A; by A+ (1 —#)Ag in (5.1) we obtain
él (e + (1-1)40) ) - ( (4,))
gl_f<iq>,(zA,+(1—t)Ao)) SA, — (2 )
i=1 =1 (5.6)

:g(icb,(m,)) (Z‘D 1) -84

< max {ly(x) }1);& 8A; = Bl — 8A,.

m<xs<m

Now, combining (5.5) and (5.6) we obtain (5.2). [
Next, we give the ratio case of a converse of (2.1).

THEOREM 5.3. Let the assumptions of Theorem 5.2 hold. If f(x) is strictly posi-
tive convex on [m,M|, and 3;_, ®; preserves the operator Ay, then

iq)j(f(Aj))<% iq)j( 1Aj+(1—1 i ) mzf(Zcb ) (5.7
=1 = =

forall t €0,1], where
lf(x)—5mg lf(x)—5mgt

lower bound of the operator A and A, respectively, and A and A, are as in Theo-
rem 5.2.
If f(x) is strictly positive concave then the reverse inequality is valid in (5.7).

Proof. We use the same technique as in the proof of Theorem 5.2. Ineq. (5.3) give

N

/

Y01 ®;(f(4)) j(lf(tAf +(1 _I)A°)> ~omy

(5.8)
j(lf(l‘Aj + (1 —I)Ao) — 5}1’!;{)

H'MSIMS
=) =)

~
—_
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Since
Le(x)— O6m+
(1A + (1 - 1)Ag) — m; < mglng{f(}TA}f(,Aj 4 (1—1)A)
=nf(tAj+ (1-1)Ag),
we obtain

i <lf(tA +(1—1)Ag) — 5mg> <y1i¢j<f(tAj+(1—t)A0)>. (5.9)
j=1 j=1

Combining (5.8) and (5.9) we obtain
Y 0;(f(4)) <1 X @ (£(14,+ (1-1)40)). (5.10)
j=1 j=1

Next, replacing A; by tA;+ (1 —1)Ap in (5.1) we obtain

~.
Il
-

> D) (f(’A.f+ (1 —t)Ao)>
<mM{%} (za> )_m(ilq;,m,,»)).

Now, combining (5.10) and (5.11) we obtain (5.7). U

(5.11)

REMARK 5.4. Let the assumptions of Theorem 5.3 hold. Similar to (5.7) we can
obtain the following inequalities:

M=

®; (f(tA +(l—tA0)> Z ( FtA;+( l—t)A()) SA

1

~.

<79 f<ilq>j(Aj)> _5 (X+ 7&)

and

M=

q)j(f(tAj+(1—l)Ao)> < J/i @, (f(tA;+(1 —t)A()) —SA
=1

~.
Il
—_

<re f(i,lq)j(Aj)> _ 54
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forall ¢ € [0,1], where y= mlgxagxM{lf( @)}, w= ,max {i;(x)/f(x)} and
— max lf(x) - Sm&
o mp <X<My f(x) '
Now we give converses of (2.2).

COROLLARY 5.5. For j=1,...,n, let A; be self-adjoint operators with m <
A <M for some scalars m < M, <1) be unlml positive linear mappings, and @ =
(wy,...,0,) be aweight vector. If f(x ) is convex on [m,M], then

ia’jq’j(f(f\j)) < i‘%(f(tq)j( (I—1t i )+[51;¢ SA
= =1 i1

: (5.12)
(2 (4))) + 281 — 8(A+4))
forall t €[0,1], where B, A; and A are as in Theorem 5.2.
Additionally, if f(x) is strictly positive convex on [m,M], then
n n n
z 0;(£(A) <1 Y, (F0®;(A)+(1-0) Y, 0,0(40)) <1 /(X 0,054)))
j=1 k=1 J=1
(5.13)

forall t € [0,1], where i, 5 are as in Theorem 5.3.

6. Application of converses of Jensen’s inequality

As an application, we give converses of (3.5).

THEOREM 6.1. (Difference case) Let A = (Ay,...,A) be an n-tuple of self-
adjoint operators in By () such that m < Aj < M for some scalars m < M, ® =
(®y,..., D) be atotally unital n-tuple of positive linear mappings ®; on B(H) and
ej, j=1,...,n, be the standard basis vector in R".

If @ : [m,M] — R is a strictly monotone function such that ¢~ is concave on @([m,M])
and Y;_ @; preserves the operator Ag = ¥ Py (Ag), then

Mo (A;®) + (Bo+ B) L — S(A+A) < Y @ (My(Asrej+ (1 —1)®)) + Bly —SA

~.
I Ms
o

<M (A; D)
B B (6.1)
forall t €[0,1], where B, Bo, A; and A are as in Theorem 5.2.
But, if 9~ is convex on @([m,M)), then the reverse inequalities are valid in (6.1).
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THEOREM 6.2. (Ratio case) Let the assumptions of Theorem 5.2 hold. If ¢ :
I — R is a strictly monotone function such that ¢~ is strictly positive concave on
@([m,M]) and X;_, @; preserves the operator Ay, then

Mo (A @) <1 Y, @j(Mp(Asrej+ (1 —1)®@)) <1y M(A;@)  (62)
j=1

forallt €[0,1],, where vy, o are as in Theorem 5.3.

But, if 9~ is convex on @([m,M)), then the reverse inequalities are valid in (6.2).

Proof. We omit the proofs of the above two theorems because it is proved in a
similar method as Theorem 3.1. [

REMARK 6.3. The interested reader can obtain other results. E.g.

1) Combining inequalities in Theorem 6.1 can be obtained a converse of inequal-
ities in Corollary 3.2. Combining inequalities in Theorem 6.2 can be obtained another
converse of these inequalities.

2) Similar, can be obtained converses of inequalities in Corollary 3.3 and 3.4.
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