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SOME IMPROVED INEQUALITIES IN AN INNER PRODUCT SPACE

NICUSOR MINCULETE AND RADU PALTANEA

(Communicated by J. Pecaric)

Abstract. The aim of the paper is to present some improvements of an extended Cauchy-Schwarz
inequality for four vectors in a real inner product space and derive certain consequences.

1. Introduction

In [5], Harvey generalizes the well-known Cauchy-Schwarz inequality,
2
lalPlbI? > (a)", ab e R, ()

to an inequality involving four vectors, namely:
2015112 207112 T T T,\? T\ T\ A%
llall? 12117+ llcll7|d||” = 2a" cb d—i—(a b) + (c d) - (a d) - <b c) , 2

for a,b,c,d € R", where || - || denotes the Euclidean norm in the space R”.
In [2], Choi proved a stronger result than in [5], namely:

2 2
lall2l] + el P> > (a) "+ (cTd) +2)a’cbTd—aTabel, ()

for all a,b,c,d € R". The equality holds if and only if a;b; —a;b; = c;d; — c;d;, for
all 1 <i,j <n,where a;,b;,c;,d; are the components of vectors a,b,c,d, respectively.
We also find in [2] a similar inequality of (3) for complex vectors.

Next, we show a refinement of inequalities (2) and (3) in a real inner product space.

2. Main results

Let X be a real inner product space over the field of real numbers R. The inner
product {-,-) induces an associated norm, given by ||x|| = /{x,x), for all x € X and
thus X is a normed space.

We introduce the following notation for a,b,c,d € X :

[(a,b;c,d) = {(a,c){b,d) — (a,d){b,c). 4)
Below we present several properties of I'(a,b;c,d).
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LEMMA 1. Forany a,b,c,d,e, f,u,v € X we have
a) T(a,bia,b) = |lal*|[b]]* —(a,0)* > 0;
b) T(c,d;a,b) =T(a,b;c,d);

¢) T(a,b;c,c) =0;

d) T(a,b;d,c) = —T(a,b;c,d);
e) T(a,b;b,c) = {a,b){b,c)— (a,c)|b|?;
f) T is linear in each argument;
g) Ifela, eluandul a,then T'(a,use,f) =0, T'(a,u;e,a) =0;
h) {a,c)T'(a,b;b,v) —{a,v)T(a,b;b,c) = (a,b)T(a,b;c,v);
i) T(a,b;a,c)l(a,b;b,v) —T(a,b;a,v)(a,b;b,c) =T (a,b;a,b)(a,b;c,v);

j) (a,c)T(a,b;d,a) + (a,d)T(a,b;a,c) = —||a||*T(a,b;c,d).
Proof. By simple calculations, we obtain the statements. [

THEOREM 1. Let X be an inner product space. For any elements a,b,c,d € X,
there are u,e,f € X, u 1 a, e L Sp{a,u}, f L Sp{a,u} and a,B,p,q € R, such that

[(a,b;a,b)-T(c,d;c,d) — [[(a,b;c,d))? (5)
- F(aab;aab) F(a,af—pe;a,ocf—pe)+F(u,ﬁf—qe;u,ﬁf—q6) +F(€,f;€,f):|
Proof. Thereis A € R and u € X, such that b = Aa+u and u L a. Also there is

neR and ve X, such that d = uc+v and v L ¢. We obtain

[(a,b;a,b) = T(a,Aa+u,a,Aa+u) =T(a,u;a,u),
I(c,d;c,d) = T(c,pc+vse,uc+v) =T(c,v;c,v).

On the other hand, using Lemma 1 - b), ¢), f) we obtain

T(a,b;c,d) = Aul(a,a;c,c) + Al (a,a;c,v) + ul(a,u;c,c) + T(a,u;c,v)
= T(a,u;c,v).

There are o, ,p,q € R and ¢, f € X, such that

c=oa+Pu+e ande L Sp{a,u};
v=pa+qu+ f,and f L Sp{a,u}.
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But using relations b)-g) from Lemma 1, we have

[(a,u;c,v) = al'(a,u;a,v) + BT (a,u;u,v) +T(a,u,e,v)

opl(a,usa,a) + aql (a,u;a,u) + ol (a,usa, f) + pBT(a,u;u,a)
+BqT (a,usu,u) + BT (a,usu, f) + pT(a,use,a) + gl (a,u; e u)
+T(a,use, f)

— (g Bp)T(a,u50,u).

Also

I'(c,v;e,v) =T(aa+ PBu+e,v;oa+ Pu+e,v)
= o’T(a,v;a,v) +20BT(a,viu,v) + BT (u,v;u,v)
+2al(a,v;e,v) +2BT (u,v;e,v) +T(e,v;e,v). (6)

Then we get

T(a,v;a,v) = [(a,qu+ f;a,.qu+ f) = ¢’T(a,usa,u) + T(a, f;a, f),
L(a,viu,v) = T(a,qu+ f;u,pa+ f) = —2pql(a,u;a,u),
(u

T(u,viu,v) = T(u,pa+ fiu,pa+ f) = p2r(a,u;a,u) +(u, fru, f),
I(a,v;e,v) =T(a,qu+ f;e,v) =T(a, f;e,v) = pI'(a, f;e,a),
T(u,v;e,v) = T(u,pa+ fi;e,v) =T(u, f;e,v) = ql(u, f;e,u),
[(e,vie,v) = p°T(a,e;a,e) +q°T(e,use,u) + (e, fie, f).

By replacing these relations in (6) we obtain

[(c,vie,v) = (og— Bp)*T(a,u;a,u)
+a’T(a, fra, ) +20pl(a, fe,a) + p°T(e,a;e,a)
+B2C(u, fiu, f) +2BqU(u, f,e,u) + ¢*T(e,u,e,u) + T(e, f;e, f)
= (ag— ﬁp)zl"(a,u;a,u) + B,

where
B=T(a,af —pe;a,of —pe) + T(u,Bf —qe;u, Bf —qe) + (e, fse, f).
Therefore we have
[(a,b;a,b)T(c,d;c,d) = T'(a,u;a,u)T(c,v;c,v)
= (aig— Bp)°T?(a,u;a,u) +T(a,u;a,u)B

= I'*(a,u;c,v) +T(a,b;a,b)B
=T?(a,b;c,d) +T(a,b;a,b)B.

We obtained (5). [
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REMARK 1. Relation (5) from Theorem 1 can be written in an equivalent mode

[(a,b;a,b)T(c,d;c,d) —T?(a,bc,d)
=T(a,b;a,b)[||al*leef — pell® + [ul*|IBf —qell*+ lel*|.f1* = (e, /)*, ()

because a L (o.f — pe) and u L (Bf —qe).
COROLLARY 1. Let X be an inner product space. For any elements a,b,c,d € X
[(a,b;a,b) - T(c,d;c,d) > T(a,b;c,d)]*. (8)
REMARK 2. Another proof of Corollary 1 can be given using the Gramian.

COROLLARY 2. Let X be a real inner product space. For any a,b,c,d € X we
have

lal* 6] — ((a,5))> + llel*[1d||* = ({c.d))* > 2|{a.c){(b.d) — (a,d)(c,b)|. ~ (9)

Proof. We apply Theorem 2 and the inequality (x-+y)? > 4|xy|, with x = ||a||?||5||?
—({a,b))? and y = [[c|*[|d|]* = ({e,d))*. O

REMARK 3. The inequality in Corollary 2 is the generalization for arbitary inner
space of the result given [5], for the space R".

We pass now to obtain an other improvement of inequality (8).

LEMMA 2. Forany a,b,c,d € X we have

[(a,b;a,c)T(a,b;a,d)||c||* — (a,c)T(a,b;a,b)[(a,c;c,d) — (c,d)T*(a,b,a,c)
= ||a|? [r(a,b;bc)r(mc;qd) + F(a,b;qa)l"(bm;qd)] .

Proof. Using the definition of I'(a,b;c,d) we deduce

T(a,bia,c)T(a,bia,d) = ([lal*(b.c) — (a.c)a,b) ) (lalP (b, d) — (a.b)(a.d) )
= Ha\\“(b,c)(b,d} - HaH2(b,c><a7b><a7d>
—llall*(a.c){a,b)(b.d) + {a,b)*(a,c)(a.d).

M(a,biab)T(a,cie,d) = (Jlal1b] = (@,)?) ({a.c)(e.d) = [le]*(a,d))

= llal*[o]P*a.c){e,d) — llall?llble]*(a,d)
—(a,b)*{a,c){e,d) +|c[*(a.b)*(a,d).
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P(abib.e) = (|l ’(b.c) — {ab) a.c))
= llal[*(b,c) ~2lal*(b, ) a,b)ac) + (a,b)Xac)™

Therefore we obtain

e||*T(a,b;a,c)T(a,b;a,d) — (a,c)T(a,b;a,b)[(a,c;c,d) — {c,d)[*(a,b;b,c)
lall2[llel2llali? (5.} (b d) = el P(b,c) (s d) = llel*{asc) (@, b)) b, d)
~bl12asc)ed) + b1l (@, d) (@) — llal (e, d) (b, )2
+x@@@ﬁxm@¢@ﬂ

lall*[ ((@b) (b.) — 1Bl12a,c) ) ({a.c) (@ d) — {a.d) [c])

+ (@ )b,a) — llalX(b,c) ) (b e,d) — lel*(b.a))|
lall*[T(@,bsbe)T(a,c;e.d) + Ta,bse,a)(bcie,d) .

It follows the statement. []
Using the above lemma we obtain:

THEOREM 2. Let X be an inner product space. For any elements a,b,c,d € X
with {a,b} linearly independent and ¢ nonzero vector, we have

[(a,b;a,b) -T(c,d;c,d) —T>(a,b;c,d)
1

2
el T%(a, bya,b) '

I(a,b;b,c)l(a,c;c,d) +T(a,b;c,a)l(b, c;qd)}

Proof. AsinTheorem 1is A € R and u € X such that b=Aa+u and u L a. Also
thereis ¢ € R and v € R, such that d = uc+v and v L ¢. We obtain I'(a,b;a,b) =
C(a,u;a,u), T(c,d;c,d) = ||c|*||v||* and T(a,b;c,d) = T(a,u;c,v).

There are o, ,p,q € R and ¢, f € X, such that

c=oa+Pu+e, ande L Sp{a,u};
v=pa+qu+ f,and f L Sp{a,u}.

With these notations we have
. 201,112
[(a,u;c,v) = (ag—Bp)|all[|ull".
On the other hand,

el = o[lal[* + B2|ful* + [le]|?,

2 2
a1 = p?llall +¢* lull* + £
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But
L(e,d;c,d) = [le|*v? = (o2 lall* + B2[lul®) (p* all* + o |ull*)
= (aplal* + Bqllul|u®)* + (ap — Ba)?(lal||ul®
which implies the following inequality
T(a,b;a,b)-T(c,d;c,d) =T a,u;c,v) + (apllal|> + Bqlul|u?)?. (10)
From the proof of Theorem 1, we find

(a,c)  {a,v) B I'(a,b,a,c)  T(a,b;a,v)
el P~ Jal>> P ~ T(a,b,a,6)" 17 Ta,bya,b)"

o=

So, we can calculate the following

2 s (a,c)(a,v)l(a,b;a,b) +T(a,b;a,c)l(a,b;a,v)
+ = . 11

We know that v=d — 2>c which implies

e,
vl

I'(a,c;c,d)
@ =T
d
I(a,b;a,v) =T(a,b;a,d)— <CC7||2> -T(a,b;a,c).
Relation (11) becomes
1
2 2

T'(a,b;a,c)l'(a,b;a,d

aplalf+Ballul = 1t [Ma bl b

—(a,e)l(a,b;a,b)(a,c;c,d) — (c,d)l"z(a,b,a,c)} .

and using Lemma 2 we obtain

2
(apllall®+ Ballull?)
1 2
= W[F(a,b,b,c)l"(am,qd)+1"(a,b,c7a)l"(b7c,c,d)] . (12)

Combining relations (10), (12) and taking into account that I'(a,u;c.v) =T'(a,b;c,d)
we obtain the statement [
The result given in Corollary 2 could be extended in the following mode.

COROLLARY 3. Let X be a real inner product space. For any integer n > 2 and
any elements x1,x2,...,X, € X, Y1,¥2,...,Yn € X there holds

n—li(lxi\\zllyi\\z—(%yz Hz2 Y ‘(x,-7x,-><y,-7y,->—<x,-,y,-><x,-7y,->.(13)

i=1 1<i<j<n
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Proof. We have

(=1 i(\xinHyin—(<Xi»yi>>2)

1

3 [l = (o) s Pyl = (G2

1<i<j<n

Therefore the inequality given in (13) reduces to the following inequalities
112 = (Gx i)+ 1 P11 = (o))

> 2 b 0is3) = isy) 00

2
[ | [l

for all the pairs of integers (i, ), such that 1 <i < j < n. Then we can apply
Corollary 1, for any pair (i, j), taking a :=x;, b:=y;, c:=x;,d:=y;. 0O

REMARK 4. If in Corollary 1 we take a =x, c=y, b=d = e, with |l¢|| =1,
then we have

(17— tx,22) (V1P = 267 > () — (wedienn))

Therefore, we deduce

) - 1< Il = () Ibl12 = (e

< minflxll\/[[YI> = (€)%, Iyl / 1x]* = (x,€)*3

This inequality is an improvement of the inequality

[(x,) = (x,€) (e, )| < min{{lxl[\/[Y]I> = (v €)%, [y 1/ 11x]1* = (x, €)%},
given by Dragomir ([4], Theorem 2.1).

We present an application of Theorem 2 to S,, numbers. Recall that if (X, (-,-)) is
a inner product space and {ej,...,e,} is an orthonormal system of vectors of X, then
for any vectors x,y € X, we define as in [6]:

n

Su(x,y) = (6,3) = X (x,e) (v ex),

k=0

=

Il

><
M=

(x ek> €.

k=0

COROLLARY 4. Let {ey,...,e,} be an orthonormal system in the inner product
space X. Let £1,0, € X, llnearly independent, such that {ey,{;) =0, for k = 1,n and
i=1,2. Then, for any vectors x,y € X we have

2(x7y;£17£2)

Sn(x,2) 8, (,y) — S2(x,y) > T(1, 0201, 05)

+T(£7ﬁa£la£2)v (14)
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where

2
T(@.9:5, 00T (e £, 62) + T34, DT (3 130, 62)|
161142 (%, 95 %, )T (€1, 2541, £2)

T(£7y\7£17£2) =

Proof.
With the above notation we obtain immediately
(&9) = (£,3) = (6,9) = Salx,¥). (15)
From relations (4) and (15) we obtain
T(%,5:%,9) = Su(x,2)8n(3,y) = (Su(x,3))*, x,y €X. (16)

From the properties of vectors ¢, ¢, we obtain for any vectors x,y € X :

L&, 9;01,62) =T (x,y;41,42). a7
We apply Theorem 2 with the choice a :=%, =79, ¢ := /{1, d := ¢, and we get
I2(%,5;61,62)
L(Cy, 0231, 42)
From relations (16), (18) and (17) we obtain relation (14). [

1"()2,)?,)27)7)2 +T(XA7)’1\,€17£2) (18)

REMARK 5. Relation given in (14) and is an improvment of the inequality given
by Kechriniotis and Delibasis [6]:

1S (6, 9)[* < S(x,2)8u (3, ) — R(x,3,61,£2), (19)
where )
[r.0) (1 82) = (L2} 0, 1)
Rt ) = e e aF
since

2
[t~ eI 123501,
TPIGP =T 2P TG, 6)

An other variant of inequality (8) is given in the next theorem.

(20)

THEOREM 3. Let X be a real inner product space. Then for any vectors a,b,c,d €
X, the following inequality

(el + Ga, b e,y ) (1P + {a, b e, d) )
> ({a.bllel>+ (e ) 1bI) ({a. )| + (c.d) a]*)

+((a.e)b.d) — (a.d) (b.0))
holds.
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Proof. We consider the matrices
a2m@> (dew)
= and B= .
<%@HW2 (c,d) |ld|?

(lalPllelP+ {a,bye.d) llaled) + a,b) ]
AB_Q%@W2+®AMM2@M®AH-bzdg'

It follows

But, we have the property
detAB = detA - detB.

So, we deduce

(NalP el + (a.b) (e, ) (1211 + {a, b e, d) )
= ({ab)llcl+ (e, a)gl?) (@ b) dIIP + (e.d) |al?)
= (NalP 1612 = (@0)) (HellPlld]? = (e,d)?)-

Using inequality (5) we obtain the desired inequality. [J
For nonzero vectors x and y in X we define the angular distance o/[x,y] between
x and y by

X y
a[xu)}} = U — e (21)
[l Il
see ([2]).
Therefore, from [ 1], using the relation:
2
we obtain that
1
\MHM—@M=§WWWWWMW? (23)

In what follows we obtain an other inequality in conection with relation (2).

THEOREM 4. Let X be a real inner product space. Then for any nonzero vectors
a,b,c,d € X, with {a,b), {c,d) > 0, the following inequality

a1 = 0,52+ el ] = (e,d)? > % - all - o] -l ] - (@la ] - e, a])?

(24)

l\.)

holds.
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Proof. Using the following identity [|a|[2|[b]? — (a,b)? = H Iblla— &2 bH
real inner product space, we have:

(ab 2

||b||

{,d)

el 0.0+ el - e = | el G
)

2|sta- o Tk
2l 16 - |<a,b>\)(||cu ]l = le. ) ).

d

H Idlle—

Therefore, using (22), we deduce

||a||2||b||2— {a, b>2+ lel?l1d]1* ~ (c.d)

b 2

]

Combining this inequality with relation (21) we get the statement. [

REMARK 6. In certain cases inequality (24) is stronger than inequality (3), while
in other cases the second one is stronger. For instance, if X =R?, a = (1,1), b= (1,0),
c=(1,-1),d=(-1,1), then we deduce

% all 1151 lle]l - 1] - (etfa,b] - exle, d])* > 0 = 2|{a,c) (b.d) — (a,d){b,c)].

On the other hand, for X =R?, a= (1,%), b= (1,1), c= (3,1), d = (1,0), then

2‘<a7c><b’d> - <a7d><b7c>‘ =
(V10-3)(V5-1)
- 2

= % Nall - 160 - llell - 1]l - (erla, b] - e, ).

REMARK 7. As in Corollary 2, if (x;,y;) >0, Vi = 1,n, we obtain the following
generalization of inequality (24):

—1) i (el Plyill® = (Geyi))®) = X lill- el yill -1yl - (el ] - ey v )P

i=1 1<i<j<n
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