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PROBABILITY INEQUALITIES FOR SUMS OF WUOD
RANDOM VARIABLES AND THEIR APPLICATIONS

LAMEI CHEN, KAIYONG WANG*, MIAOMIAO GAO AND YILUN DONG

(Communicated by X. Wang)

Abstract. Let n be a positive integer, Xi,...,X, be real-valued random variables and S, =
> Xi. When Xi,...,X, are widely upper orthant dependent, some inequalities for the tail
probability of S, have been given. The obtained results extend some existing results. As appli-
cations, the complete convergence of WOD random variables has been investigated.

1. Introduction

Let n be a positive integer, X1,...,X, be real-valued random variables (r.v.s) with
distributions Fj,...,F,, respectively. Denote the partial sum by S, = X7, X;. The
partial sums are important objects in the probability theory, which can be applied to
random walks, risk theory, queueing theory and so on. For example, in a renewal risk
model, let the claim sizes, {,,n > 1, form a sequence of nonnegative r.v.s and the inter-
arrival times, 1,,n > 1, constitute another sequence of r.v.s. Let ¢ > 0 be the premium
income rate and x > 0 be the initial capital. If set X;, = §, — cn,,n > 1, then the ruin
probability in infinite time

p(0) =P (sp Y (G—cm) > x

nzli=1

=P (supSn >x> ,
n>1

(see, e.g. Section 1.1 of Embrechts et al. (1997)). When Xj,..., X, are independent
identically distributed (i.i.d) r.v.s with EX; = 0 and VarX; = 1, Nagaev (1965) gave
an estimate for large deviation probability of S,,. Fuk and Nagaev (1971) extended and
improved Nagaev’s results to the case of independent non-identically distributed r.v.s.
The above results all considers the independent r.v.s. This paper will investigate the
dependent r.v.s and mainly consider the widely upper orthant dependent non-identically
distributed r.v.s. The widely upper orthant dependent structure is introduced by Wang
et al. (2013) when they investigated a dependent risk model.
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DEFINITION 1.1. For the rv.s {&, i > 1}, if there exists a finite real sequence
{gu(m), m > 1} satisfying for each integer m > 1 and for all x; € (—oo,00), 1 <i<m,

m

P(ﬁ{§i>xi}> <gu(m) [TP(& > x) (L.1)
i=1

i=1

then we say that the r.v.s {&;, i > 1} are widely upper orthant dependent (WUOD) with
dominating coefficients gy (m), m > 1, if there exists a finite real sequence {gr(m), m >
1} satisfying for each integer m > 1 and for all x; € (—oo,00), 1 <i < m,

P(ﬁ{éi Sxi}) <gr(m) P& <xi) (1.2)
i=1 i

then we say that the r.v.s {&, i > 1} are widely lower orthant dependent (WLOD) with
dominating coefficients g;(m), m > 1; if they are both WUOD and WLOD, then we
say that the rv.s {&;, i > 1} are widely orthant dependent (WOD).

For the r.v.s &p,...,&,, if for each 1 < m < n, &,...,&, satisfy (1.1), then we
say that &;,...,&, are WUOD with dominating coefficients gy (m), 1 < m < n; if for
each 1 <m < n, &,...,&, satisfy (1.2), then we say that &, ...,&, are WLOD with
dominating coefficients g (m), 1 <m < n.

Recall that when gy (m)=g(m) =1 forany n > 1 in Egs. (1.1) and (1.2), the r.v.s
{&;, i > 1} are called negatively upper orthant dependent (NUOD) and negatively lower
orthant dependent (NLOD), respectively, and say that r.v.s {&;, i > 1} are negatively
orthant dependent (NOD) if {&;, i > 1} are both NUOD and NLOD (see, Ebrahimi
and Ghosh (1981) and Block et al. (1982)). Say that the r.v.s {&;, i > 1} are pairwise
negatively quadrant dependent (NQD) or pairwise NOD, if for all positive integers i #
J, ther.vs & and &; are NOD (see, Lehmann (1966)). If both Egs. (1.1) and (1.2)
hold when gy (m)=g(m) = M for some positive constant M and for all m > 1, the
r.v.s {&;, i > 1} are called extended negatively ortnant dependent (ENOD)(see, e.g. Liu
(2009) and Chen et al. (2010)). The widely orthant dependent structure has been used
in risk models, regression models, limiting theory and so on. One can refer to Yang et
al. (2013), Wang, Cui et al. (2012), Wang, Yang et al. (2012), Qiu and Chen (2014),
Wang et al. (2014), Wang and Hu (2015), Huang et al. (2016), Li et al. (2016) , Gao et
al. (2018), Xia et al. (2018), Yang et al. (2018) and so on.

Wang et al. (2013) gave the following property of the widely orthant dependent
random variables.

PROPOSITION 1.1. (1) Let {&;, i > 1} be WUOD rv.s with dominating coeffi-
cients gy(m),m > 1. If {fi(-), i = 1} are nondecreasing, then {fi(&), i > 1} are still
WUOD r.v.s with dominating coefficients gy (m),m > 1.

(2) If the rv.s {&, i > 1} are nonnegative and WUOD with dominating coeffi-
cients gy(m), m > 1, then for each integer m > 1,

m

E[]é& < gU(m)ﬁEéi. (1.3)
i=1

i=1
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In particular, if the r.v.s {&, i > 1} are WUOD with dominating coefficients gy (m),
m > 1, then for each integer m > 1 and any s > 0,

Eexp{si’g’,} ggU(m)ﬁEexp{sé,-}. (1.4
i=1 i=1

2. Main results

For the probability inequalities for S, of dependent r.v.s, Asadian et al. (2006)
considered the NOD r.v.s and obtained some Rosenthal’s type inequalities. Shen (2011)
investigated the ENOD r.v.s and gave some probability inequalities and their applica-
tion. This paper will consider the r.v.s with a widely orthant dependent structure.

In the following, we assume that X1, ..., X, are WUOD r.v.s with dominating coef-

ficients gy (m),1 <m < n. yy,...,y, are n positive numbers and y = max{y,---,yn}.
Let Y = (y1, -+, yn) and ¢, = Y1 | Fi(y;). Now we give some inequalities for the tail
probability of S, .

THEOREM 2.1. Let 0 <t < 1.
(1)Forany x >0 and h > 0,

P(S, > x) < Y, P(X; > i)+ gu(n)Po, 2.1)
=1

where

hy

Py =exp { ¢ M(2;0,Y) — hx + (" — l)cn} (2.2)

and

7 Vi
M(t;O,Y):Z/ ' dFi(u).
i=170

(2)For any x > 0,

P(S, > x) < Y, P(Xi > i)+ gu(n)Py, (2.3)
i=1
where
X X xyf*1 cnxy’*l
Pr=expq-—=log| rmoom 1) +omos 24
: eXp{y yOg<M(t;0,Y)jL >+M(I;O7Y) 24

Ifxy ™' >M(t;0,Y) +cpy', then

n

P(S, >x) < Y, P(X; > i) +gu(n)Pa, (2.5)
=1
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xy ! M(1;0,Y)
P, = —1
2 eXp{ (M(t;O,Y)+cny’ ) ( ¥ en

N Xy
~21 A 2.
8 (M(z;o,Y)+cnyt) } (2.6)

where

and P2 < Pl

REMARK 2.1. For the ENOD r.v.s, Theorem 2.1 of Shen (2011) obtained the fol-
lowing result:

Assume that X1,...,X, are ENOD random variables with some constant M > 0.
Let 0 <t < 1. Then for any x >0 and 7 > 0,

n -1
P(S, > x) < ZPX>2+Mexp{———1g< Aj)}
t.n

i=1

where
n
My =Y E[Xi['.
i=1

We note that the above result can be obtained from Theorem 2.1(1). In fact, taking
vi =z,0i=1,2,...,n, we get that

P(S, > x)
n n hZ
< g{P(X >z)+gu(n)e” exp{é( / |ul'dF;(u )Fi(Z))}
hz _ o

e

[ wtar+ @) dE-(u)}

Z

|
M=

Il
—_

P(X; >z)+gu(n thexp

N
M=

Il
—_

il ( ' dF;(u +/ W' dFy( ))}

hz _
e
P(X; >2)+gu(n thexp{ E\X |’}

P(X; >z)+gu(n thexp

I
M=

—

=
P(X; > 2) + gu(n }“Hexp{ehz /\u|dF )/:u—tdF,-(u)}
{5

N

—

|
M=

Il
—_

—1
P(Xi > z)+gu(n)exp { ¢ 7 hx}
i=1

Now taking h = Llog (1 + ’;\Z/I ) Then we have that

Z

P(S, > x) < 3 P(X > 2) + guln )exp{g—glog<l+§[7nl)}.

i=1
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Since Xi,...,X, are ENOD, then gy(m)=gr(m) =M,m > 1. Thus,

n xzt—l
P(S, > x) < Y, P(Xi > z2) +Mexp{———log< 7 )}

i=1 t.n

THEOREM 2.2. Let 1 <t < 2. Then for any x > 0,

P(S, > 1) < 3 P0X; > i) + gu(n)Ps, )

Cnxyt_l
_—_ 2.8
+M(t;—Y,Y)}’ (2:8)

noryi noryi
YY) = 2/ udFi(u) and M(t;—Y,Y) = 2/ [ dF;(u)
i=17 Vi i=17 Vi

THEOREM 2.3. Lett >2, 0<a<land B=1—-a.If
By ! oy
maxy t,log MG0T) +1 < TV’ then for any x > 0,

P(S, > x) < ip(x > yi) +gu(n)Py (2.9)
and
P(S, > x) < éP(X > yi)+ gu(n)Ps, (2.10)
where
e {§1 e (5 1)+ 2550 200 s (1)
+%} 2.11)
and

Ps = em{é(«fﬂ(—l’,”_ (1_%))6_%)

+<M +cn> (e’—l)}- 2.12)

yt
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Ifmax{t,log (A%y—(t);) + 1)} > e,M(gifoY) then for any x > 0,

n
P(Sy > x) < Y P(X; > yi) +gu(n)Ps, (2.13)

i=1

where
1,22 -1
—s0°x* + xS (-Y,Y) cnBxy’
Pg = 2 ’ P (@ =DV Y. (214
6 GXP{ JM(2,—Y.Y) +maX{M(t;0,Y)’C"(e ) @19
3. Proofs of main results

Before giving the proofs of the theorems, we let X; = min{X;,y;},1 <i<n. By

Proposition 1.1(1) , we know X; (I <i< n) are still WUOD with dommatmg coeffi-

cients gy (m),1 <m < n. Set S,, =3 )?l Therefore, for any x > 0,
i=1

P(S, >x) =P (S,, > X, _fwl{x,- < yi}> +P (Sn > X, _Ql{xi > yi}>

<P<$ >x>+ZP(X,->yi). 3.1)
i=1
By Proposition 1.1(2), for any positive number #,

P (SA,, > x) < eithHeh)?"
i=1

< gu(n)e™™ ﬁEeh)?".
From this and (3.1), it follows that
P(S, > x) < iP(X > yi)+gu(n thEth (3.2)
i=1 i=1
In the following, we use (3.2) to prove Theorems 2.1-2.3.

Proof of Theorem 2.1.

(1) Suppose 0 <7 < 1. Itis easy to verify that the functions <= and & 71 are
nondecreasing for u > 0. So, we obtain

Ee'%i < / dF;(u) + / " dF;(u / "idF;(u)

_ 1+/0 (e “—l)dF,-(u)—i—/y_ (™ — 1)dFi(u)

- 1+/Oyl e”“u ' dF;(u) + (™ = 1)Fi(yi)

e —1

Vi —
<1 | éam) + @ = DFi).
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Hence, by (3.2), we can get

n

P(Sy>x) < Y P(Xi>yi) +gu(n h"Hexp{
i=1

iP(Xi > yi) + gu(n)e exp { -l " / u' dFi(u )Cn}

i=1

n hy_l
Y P(Xi > yi) + gu(n)exp { ¢ 5 M(1;0,Y) — hx + (e — l)cn} . (3.3)
i=1

hy_l

[ a0+ @ - DF)

where at the first step we use an inequality s+ 1 < ¢° for all s. This shows that (2.1)
holds. -

(2) Now we prove (2.3) and (2.5). We set h = hy = %log (% + 1) and sub-
stitute it into (3.3), it holds that

X x xy ! cpxy' 1
P(X; j -—-1 1
= +avtmpon{ T oe (e 1) + e

P(X; > yi) +gu(n)Py,

'M=

Il
—_

P(S, > x) <

Il
™=

Il
—_

where P is given by (2.4). Therefore, the inequality (2.3) is proved.
Now we prove (2.5). If we set

e —1

M(1;0,Y) — hx+ (¢ — 1)c,,

then it is easy to verify that the function Q(h) attains a minimum value at

1 xyt—l
h=hy==log| —>—,
2 y°g<M<t;o,Y>+cnyf)

and the minimum value is

xy ! M(1;0,Y) X xy !
)= (— 2 ) (2 g [ — P ),
Ql2) (M(t;O,Y)Jrcny’ )( v ) TS\ M0, f oy

which combining with (3.3) yields that

M:

P(S, >x) < D P(Xi > yi) +gu(n)exp{Q(h2)}

—_

Il
M=

P(Xi > yi) +gu(n)Pa,

—_

where P, is given by (2.6). Therefore, the inequality (2.5) is proved.
In addition, we can easily get P, = exp{Q(h2)} < exp{Q(h;)} =P, which holds
because of Q(hy) < Q(hy). This completes the proof of Theorem 2.1. [
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Proof of Theorem 2.2. Suppose 1 <t < 2. From the monotonicity of e’"‘;#

/ eMidF(u
Yi

+
— 1+ [ (" 1D)dFu)+ / & 1)dF;(u)
‘ ‘<Yt YI

hu
for u <y and w for u > 0, we get

EehXi </ dFi(u) + / A
Vi

—h _
< 1+/ hudF;(u +/ o A () + (€ — 1)Fi(y)
‘<Yt ‘<Yt u

—1—h _

<1+h | udFi(u)+ 72y udF(u) + (€ — DFi(y)

Jue] <yi y Jue| <yi
_ . hy Juf? . hy _ 1\E. (v
=1+h udF;(u) + (€™ —1—hy —-dFi(u) + (e = 1)Fi(y:)

Jue| <vi |ul<yi Y

) hy jul’ . hy Fo(v:

<1+h udF;(u)+ (€™ —1—hy —dFi(u) + (e™ — 1)Fi(yi)

Ju| <yi [u[<yi Y

hy 1 —h
1+ h/ udFy(u) + ——=
|<yi y

Jul' dF;(u) + (™ — 1)Fi(yi),
[ue| <y
2 t
where at the last step we use (l';—|> < (l';—|> for any |u| <y; and 1 <7 < 2. Thus, by
(3.2) it holds that

n

P(S, > x) < ZP(X >vyi)+gu(n thexp{ /II udF;i(u)
u|<y;

—

h—1—h —
LT R+ (- 1>Fi<yi>}
y [u|<yi
z e —1—hy
= Y P(X; >yi)+gu(n)expy —hx+hs(-Y,Y)+ TM(t;—Y,Y)
i=1
+(e™ — l)cn}, (3.4)

where the inequality s+ 1 < ¢° for all s has been used at the first step. Set
Xy
h= -1 —+1
e (it )

and substitute it into (3.4), it holds that

P(S, > (X, I A

> > yi S ——
x) < D P(Xi > yi) +gu(n )exp{y 0g<M(Z;_Y,Y)+ )

i=1
M(t;-Y,Y) +x—y(—Y,Y) cnxy 1
¥ y M(t;-Y.Y)

P(X; > yi)+gu(n)Ps,

M= T

1
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where Pj3 is given by (2.8). This completes the proof of Theorem 2.2. [

Proof of Theorem 2.3.
Suppose that + > 2. We first consider the case where hy < ¢, i.e. hy; <t for
i=1,...,n. For any fixed 0 < 6 < 1, it holds that

1

B <14 [ (M- 1)dR@)+ [ (™~ 1)dF(w)
|u|<y; i
<L+ [ ("= 1)dFu) + (" — DF;(n)
|"|<yz
1 [ (et SRR ) + (e — 1)Fi (i)
|"|<yz 2

1 _
=1+h udF;(u) + =h* / u?e"dF;(u) + (" — 1)Fi(v)
Jue <yi 2 || <yi

1 _
<1+4h / udFi(u) + = 2 / CAF () + (@ = DF(y),  (3.5)
< 2 | <y

where at the third step we use the Taylor’s formula (with Lagrange’s form of the re-
mainder) of e —1,ie.

["(6u) o

e —1=f(u)=f(0)+ f (0)u+ 2!

U, u € (—oo,00).

When hy > ¢, there exists an 7 such that 1 <i < n and hy; > ¢. We now use the
monotonicity of EM# for u > E to estimate Eth'. For any fixed 0 < 6 < 1,

B <14 f (" — 1)dFi(u) + (" = 1)Fi(y)
u|<y;

Vi
= 1+/ (hu+ = h2 2ghtuy dFi(u)—f—/ (" —1)dF(u) + (" — 1)Fi(y)
i n
n Vi
= 1+/I (hu—|—§h2uzeh9“)dF,-(u)—|—/t hudF;(u)
“y; L

vielt _1_p _
+/ uu’dﬁ-(u) + (™ — D)F;(y)

t t
h u

1
<1+h udF;(u) + —ethz/ u?dF;(u)
<y 2 sy

hy 1 _py i _
e [ dR ) + = DF (). (3.6)
0
It is clearly that the right-hand side of (3.5) is less than or equal to the right-hand

side of (3.6) for any positive number %. Therefore, we can get that the inequality (3.6)
holds for all 4> 0.
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By (3.2) and (3.6), it holds that for any x > 0 and & > 0,

n
P(S, >x) < D P(X;>yi)+gu(n thexp{ /H udF;(u)
ul<y;

=1

1 Y—1—h i T
—e’hz/ u2dﬁ(u)+¥/ ' dFi(u) + (" — I)F,-(y,-)}
|ue| <yi Y 0

+

2

n
1
= Y P(X; > y;) —|—gU(n)eXp{ —hx+hS (YY) + Eetth(Z;—Y,Y)
i=1
hy 1 —h
+e)]7tyM(t,O,Y) + (ehy — I)Cn} . (3.7

Let g1(h) = Y h*M(2;—Y,Y) — ahx and g>(h) = ehyfylfhyM(t;O,Y) — Bhx, where
0O<a<1and B =1-—0a. Thus, (3.7) can be written as

P(Sy > x) < Y P(Xi > y;)
i=1
+gu(njexp{gi(h) + g2(h) + s (~Y.Y) + (" = )ea }. (38)
Let h3:e,M(;§7)iyy) and h4—max{ log(ﬁ(toy)—i-l)}. If hy < h3 then
letting h = hs = élog <% + 1) in (3.8) , it holds that for any x > 0,

P(X; > yi)+gu(n )exp{h5<%eth5M(2;—Y,Y)—x)

M:

P(S, > x) <
—1

ey — 1 —hsy
yt

+

M(1;0,Y) + hs. (—=Y,Y) + cn(e"” — 1)}

P(X; > yi) +gu(n )exp{hs (%e’h3M(2;—Y,Y) —x) +%

M:

\
=1

—%hs +hs S (=Y, Y) +cp(ehsy — 1)}

1 o M(t;0,Y
=Y P(X;>yi)+gu(n )exp{ﬂ—+h5< i x—%
i—1 y 2 y

+y(—Y,Y)>+cn(eh5y—1)}
= 3B > yi) + gun exp{ ((%a_1> #

i=1

iP(X > yi) +gu(n)Pa,

—
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where Py is given by (2.11). Therefore, the inequality (2.9) is proved. Now we prove
(2.10). Let hg = é Then hg < hg < h3. Therefore, forany O < o < 1 and x > 0,

1 I yox 1

Hence, letting h = hg in (3.7), it holds that for any x > 0,

z 1
P(S, > x) < ZP(X >yi)+gu(n )exp{ —hex+he(—Y,Y) + Ewd%
i=1

ey —1— hey
yl

P(X; > y;) +gu(n )GXP{§<<7(_Y7Y)_ (1_%))6_1‘%)
AM—Fcn)(et—l)}

yt

_|_

M(1;0,Y) + ¢ (" — 1)}

'M=

1

+
ey

M=

P(X; > yi) + gu(n)Ps,
1

where Ps is given by (2.12). Therefore, the inequality (2.10) is proved.

If hg > h3, we prove (2.13) for two cases: hgq > h3 > § and hy > § > h3. We
consider the first case hy > h3 > § For the functions g1 (k) and g, (%), we can easily
get that g (h) and g,(h) are convex functions, g;(h) and gy(h) attain the minimum

values at & = h3 and h = hy, respectively, and g»(h3) < 0. Therefore, set h = h3 in
(3.8), it holds that

o%x? ox.’(-Y,Y)

P(S, > x) < iP(X > yi) +gu(n )exp{ T 2eM(2 YY) +82(h3) + ¢ M(2,—Y,Y)

=1

+cq (e — 1)}

< 3 P(X; > i)+ gu(n >exp{

—la?+ax s (-Y)Y)  c,Bxy ! (3.9)
e M(2,—Y,Y) M@0,Y) [

—

Now we consider the second case hy > § > h3. Set h = hs, then hy < t. Combin-
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ing (3.2) and (3.5), we obtain for any x > 0,

P(S, > x)

n

1
< Y P(X; > yi) +gu(n h3xHexp{h3/ udF,-(u)—i——e’h%/ u?dF;(u)
P 1 lul<yi 2 lu| i
L 1>E<yl->}

n
1
= Y P(X; > i) +gu(n )exp{ —h3x+h3.S (=Y, Y)+ Ee’th(Z;—Y,Y)

—

+cq(eM — 1)}

'M=

—

1
P(X; > yi)+gu(n )exp{ie’th(Z;—Y,Y)—ah3x—Bh3x+h3y(—Y,Y)

cnle — 1)}

+

—lo? +axS (YY)

e

P(X; >yi)+gU(”)eXP{ — Bhsx + cp(e" — l)}

fa eM(2;-Y,Y)
1 —L1o + xS (~Y,Y)

< 3P0 > ) +guln >exp{ el =1 G0
i=1 s )

By (3.9) and (3.10), we know that (2.13) holds. This completes the proof of The-
orem2.3. [

4. Application of main results in complete convergence

In Section 2, we have given some probability inequalities for sums of WUOD ran-
dom variables. In this section, we will give an application of main results in complete
convergence. For the complete convergence, Kruglov et al. (2006) obtained the follow-
ing complete convergence theorem for array of rowwise independent random variables
{Xni, 1 <i<ky,n>1}, where {k,,n > 1} be a sequence of positive integers.

THEOREM 4.1. Let {Xpi,1 <i< kn,n > 1} be an array of rowwise independent
random variables with EX,; =0 for all 1 <i<ky,n>1 and {by,n> 1} be asequence
of positive constant. suppose the following conditions hold:

(i) 51 ba SN P{|Xi| > €} < o forall £ >0,

(ii) there exist j >0 and p > 1 such that:

Then
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>8}<°°

Qiu et al. (2011) generalized the result of Kruglov et al. (2006) from independent
random variables to the case of negatively dependent random variables. Recently, Shen
et al. (2017) extended the result of Qiu et al. (2011) from negatively dependent random
variables to the case of ENOD random variables. For more details about the complete
convergence, one can refer to Gut (1992), Yan (2018), Cheng et al. (2002) and so on.

Now we consider the arrays of rowwise WOD random variables. In the following,
we assume that {X,;, 1 <i<k,,n> 1} are an array of rowwise WOD random variables,
i.e. forevery n > 1, {Xp;,1 <i<k,} is a sequence of WOD random variables.

k

ZXni

i=1

i b,,P{ max
n=1

1<k<ky

forany € > 0.

THEOREM 4.2. Let {Xy;, 1 <i<ky,n> 1} be an array of rowwise WOD random
variables and {by,n > 1} be a sequence of nonnegative constants. Suppose that the
following conditions hold:

(i) Ty ba 2y P{|Xui| > €} < oo forall € >0,

(ii) there exist constant j > 1, 0 < p <2 and a constant sequence {d,,n > 1}
such that:

ang <2Exml’) &M < oo, (4.1)

Then

oo kn
2 an ( 2 Xni
n=1 i=1

> 8) < oo 4.2)
forall € > 0.

Proof. To prove Theorem 4.2, we first give the following two inequalities by The-
orems 2.1 and 2.2.
(1) For (2.3) of Theorem 2.1, replacing X; by —X;, we have

P(=S, >x) < Y, P(—X; > yi) +2¢(n)Py,

—

where P is given by (2.4). Therefore, when 0 < < 1, for any x > 0, we obtain

=

(|S ‘ >x) < 2P(|Xl‘ >y,') +2g(l’l)P1. 4.3)
=1

(2) For (2.7) of Theorem 2.2, replacing X; by —X;, we have

P(=S, >x) < X, P(—X; > yi) +2g(n)P3,

M=

—
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where P is given by (2.8). Therefore, when 1 <t < 2, for any x > 0, we obtain

P([S,] > x) < Y P(IXi| > yi) +2g(n)P3 (4.4)
i=1

Now we prove Theorem 4.2 for two cases 0 < p < 1 and 1 < p < 2. When
O<p<l,fore>0,by@3)forx=¢,t=p, andy,:— i=1,2...n, it holds that

P<, >e)

< iP(XM > ?) +2g(kn)exp{j—jlog (1 + nL%)

i=1 ;1 fog/" |u|PdF;(u
ceb /Pl
o "/. /] }
&
Zlfo ?|u|PdF;(u)
cneP /P71

kn p—1 - efj
€ . ep /P z Jo 7 lulPar; )
< 2P<Xm-| > —,) +2g(kn)e’ (%) . 0 . 4.5)
J S Jy! ulrdFi(u)
i=1

>~

n
Xni
1

Thus by (4.5), it holds that

}ib,ﬁ( ‘kn ni >8>
<§bn{ZP<|Xm> )+28(" Jele e (Z/ P dFi{u ))j

i=1
C’nsp/jp71
e
5 JEN lulpar )
ei=1

cel’ -1
kn " /J

< S i J
< 2 b Zp (Xni| > ?) +2elg=ip jilp=1) Z <2E|Xm|p> o6 P ak “
n=1

n=1 i=1

which implies (4.2) holds by the conditions (i) and (ii).
When 1 < p <2, for € >0,by (44) forx=¢, t—p,andy,_ ,Ji=1,2..n,it
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holds that
kn
P(
i=1

> Xni| > e)

5 %&,udF() 3 [}, WP aFi(w)
<ZP<|Xm|>] +2g(kn)expq j+ —Jj

5 e/j (e/j)r
p/ip—1 p/ip—1
-log <1+ e'/i >+ 7 il }
zf” updFiu)) 3 [0 JulpdFi(u)
i=1

kn

p IXm|> +2g Jexpq Jj+ dE-(u)—j
l:l

&

‘log <1+ el /P! ) CnSP/J” ! }
JEL) lulPdFu S lulpdF(w)
< cnel /jP1

D uiparit
P{ X > )+2g(k Vel (eP /jP 1) <2/ Ju|PdF;(u ) o1 e) lra(
] i=1
cnel /P!

i e/ u (u
< P<|Xni| > ]) +2g <2EXn,p) (gp/jp—l)n—j,el,s/j\ |PdF;( ). (4.6)
1

—

§T‘

Thus by (4.6), it holds that

o kn
Y an< > e)
i=1
(nsp/]p 1

n=1
1 Z | ’”|> 28 ( E E|;(n1| ) (8‘ /]‘ l) fS/JH d ()}

1 i=1

ni

Ms

<

n

Ms

kn oo n J
£ . L
<Y by Y P(|Xni| > =) +2ele P jiP=D ang(kn)<ZE|Xm-p> e
n=1 i=1 J n=1 i=1
Cnsp/jp71
fsél/ lu|P dF; ()

)

which implies (4.2) holds by the conditions (i) and (ii). This complete the proof of
Theorem 4.2. [
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