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ON THE COMPLETE CONVERGENCE FOR WEIGHTED SUMS OF
EXTENDED NEGATIVELY DEPENDENT RANDOM VARIABLES

YONGFENG WU, MINGQING ZHAI AND JIANGYAN PENG

(Communicated by Z. S. Szewczak)

Abstract. The authors investigate the complete convergence for weighted sums of extended neg-
atively dependent (END) random variables. The main results obtained in the paper extend and
improve the corresponding result of Zarei and Jabbari [Zarei, H., Jabbari, H., 2011. Complete
convergence of weighted sums under negative dependence. Stat. Papers, 52, 413-418].

1. Introduction

The following concept of negatively orthant dependent (NOD) random variables
was introduced by Ebrahimi and Ghosh (1981).

DEFINITION 1.1. The random variables X1, ---, X} are said to be negatively upper
orthant dependent (NUOD) if for all real xy,---,xz,

—

Il
-

PX;>x;,i=1,2,--- k) < | | P(X; > x;),

and negatively lower orthant dependent (NLOD) if
k
P(X; <xi,i =12, k) < []P(XG < x).

Random variables X7, ---, X, are said to be negatively orthant dependent (NOD) if they
are both NUOD and NLOD.

Liu (2009) extended the above NOD dependent structure. She introduced a new
dependent concept of extended negatively dependent (END) random variables.

DEFINITION 1.2. The random variables {X;,i > 1} are said to be END if for each
n=1,2,--- and all xy,---,x,, there exists a constant M > 0 such that both

n
P(Xl gxiyi: 1,2,"',1’1) gMHP(Xl <X[)
i=1
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and
n

P(X;>x;,i=1,2,---.n) <M][P(X; > xi),
i=1

hold.

Obviously, the notion of NOD random variables is the special case M =1 for
the notion of END random variables. As stated in Liu (2009), the END structure is
more wide than the NOD structure, because it includes not only some negative de-
pendence structures but also some positive ones. On the other hand, Joag-Dev and
Proschan (1983) mentioned that the negatively associated (NA) dependent structure
must be NOD, but NOD is not necessarily NA. Therefore, we know that NA random
variables are END random variables. Hence it is very interesting to investigate the limit
theory of this wider END random variables.

As we know, since the concept of NOD random variables was presented by Ebrahimi
and Ghosh (1981), the limit theorems of NOD random variables have been discussed
by many researchers. Taylor et al. (2002) discussed the strong law of large numbers for
arrays of rowwise NOD random variables, Volodin (2002) studied the Kolmogorov ex-
ponential inequality for NOD random variables, Amini and Bozorgnia (2003), Volodin
et al. (2006), Gan and Chen (2008), Wu (2010), Wu and Zhu (2010), Qiu et al. (2011)
studied the complete convergence for NOD random variables, Mi-Hwa Ko et al. (2005,
2006), Wang et al. (2011), Wu et al. (2013) investigated some strong limit theorems
for sequences of NOD random variables.

On the other hand, as far as we know, some scholars also studied the limiting
behaviour for sequences or arrays of END random variables. The authors can refer the
readers to Chen et al. (2010), Qiu et al. (2013), Wu and Guan (2012), Wang and Wang
(2013), Zhang (2014), Wu et al. (2015) and Shen (2017).

The following concept of the complete convergence was introduced by Hsu and
Robbins (1947). A sequence of random variables {U,,n > 1} is said to converge com-
pletely to a constant 6 if for any € >0,

> P(|Uy— 6] > €) < eo.

n=1
By the Borel-Cantelli lemma, it is clearly that the above complete convergence result
implies that U, — 6 almost surely. Hence, the complete convergence is an important
tool in studying some strong limit convergence of sums of random variables.

Zarei and Jabbari (2011) studied the complete convergence for weighted sums of
NOD random variables and presented the following result.

THEOREM A. Let {X,,n > 1} be a sequence of NOD and identically distributed
random variables with EX, =0, and let {ay,1 <k <n,n > 1} be an array of real
numbers satisfying

n
Ap= zaizik < Cn_a» ‘ank| < CA, (11)
k=1
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for some 0 <C <ooand 0 < o <1.If
EJxy [ < o (1.2)
then

o

n=1

n
Y auXy| >
k=1

8) <eco for all €>0. (1.3)

In this work, the authors will investigate the complete convergence for weighted
sums of END random variables. We shall extend and improve Theorem A by consid-
ering END instead of NOD, the maximal partial sums instead of the common partial
sums, and obtaining some stronger conclusions under the same or weaker conditions.

Throughout the current paper, C will be used to stand for various positive con-
stants, which may differ from one place to another. The symbol 7(A) will be used to
indicate the indicator function of A.

2. Main results

To prove our main results, we need the following important technical lemmas.

LEMMA 2.1. (Liu, 2009) If random variables {X,,n > 1} are END, then { f,,(X,),
n > 1} are still END, where {f,(-),n > 1} are either all monotone increasing or all
monotone decreasing.

LEMMA 2.2. (Shen, 2011) Let {X,,n > 1} be a sequence of END random vari-
ables with EX,, = 0 and E|X,|P < e for some p >2 and any n > 1. Then there exist
positive constants C depending only on p such that forany n > 1,

P n n P/2
<C{ZE|Xk|p+<ZEXk2) }
k=1 k=1

By a similar way of Stout (1974, Theorem 2.3.1), Zhang (2014) obtained the fol-
lowing lemma, which is very important in the proof of our main results.

LEMMA 2.3. Let {X,,n > 1} be a sequence of END random variables with
EX, =0 and E|X,|P < e for some p > 2 and any n > 1. Then there exist positive
constants C depending only on p such that for any n > 1,

E< max
l<J<n

Now we state our main results. The proofs will be presented in the next section.

p n n p/2
Exk’} g(:logl’n{zExku(ZEX,f) }
k=1 k=1
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THEOREM 2.1. Let {X,,n > 1} be a sequence of END and identically distributed
random variables with EX, =0, and let {ay,1 <k <n,n > 1} be an array of real
numbers satisfying

n
2 a,%k =0(n~% (2.1)
k=1
and
_ -
[max. || = O(n™") (22)

forsome 1/p<o<1landp>2.If
X[ <o, (23)
then

2 n%P= 2P< max

n—1 1</<n

2 Xy | =

Letting p =2/ in Theorem 2.1, we obtain the following conclusion.

) <eo for all € >0. (2.4)

COROLLARY 2.1. Let {X,,n > 1} be a sequence of END and identically dis-
tributed random variables with EX; = 0, and let {a, 1 <k <n,n> 1} be an array
of real numbers satisfying (2.1) and (2.2) for some 0 < o < 1. If (1.2) holds, then

Z P( max Z anka

—1 l<j<n

) <o for all €>0. (2.5)

REMARK 2.1. Since NOD implies END and (2.5) is more stronger than (1.3),
Corollary 2.1 extends and improves Theorem A.

For the case 1/p < o0 < 2/p, we can remove the condition (2.2) of Theorem 2.1
and obtain the following theorem.

THEOREM 2.2. Let {X,,n > 1} be a sequence of END and identically distributed
random variables with EX, =0, and let {ay,1 <k <n,n > 1} be an array of real
numbers satisfying (2.1) for some 1/p < o0 <2/p and p > 2. Then (2.3) implies (2.4).

Letting p = 1/o in Theorem 2.2, we obtain the following strong convergence

result.

COROLLARY 2.2. Let {Xy,n > 1} be a sequence of END and identically dis-
tributed random variables with EX; = 0, and let {a, 1 <k <n,n> 1} be an array
of real numbers satisfying (2.1) for some 0 < oo < 1/2. If

E|X; Y% < oo, (2.6)
then

in 1P(max

=1 1<j<n

Z anXi| 2

) <o for all €>0. (2.7)
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Moreover, we have

Y auXi—0  as. (2.8)
k=1

REMARK 2.2. By Theorem A and the Borel-Cantelli lemma, one get directly
(2.8). However, the moment conditon (1.2) is stronger than (2.6). In addition, we
remove the condition |a,;| < Cn~% of (1.1) in Theorem A. Therefore, to some extent,
Corollary 2.2 improves Theorem A.

3. The proofs

Proof of Theorem 2.1. If 1 < ap <2, we take f§ > max{a,;_T‘f}. If ap>2,we
take max{o, —“} <B<a+ ( ) .Fixed n > 1, let

Yoo = —nP1(X < —nP) + Xl (X, < nP) + 0P 1(Xe > nP),
Zoe = (X +0PVI(X < —nP) + (X — nP)1(X, > nP).

Then Y+ Zu = Xi, and {Y,k > 1,n > 1} and {Z,k > 1,n > 1} are both END by
Lemma 2.1. Then

Zn P 2P(max Eanka

n—1 1<j<n

) n

; Z‘ (X >nﬁ) r;nap 2P<1I£lja§n EankYnk )
L+ D

For I, from (2.3) and > o, we can gat

L <CY n®7P(1x;] > nP)

n=1

CY n "B @rp X, |P1(|X| > nP) <

Next we prove I, < eo. We first prove that

max —0 as n— co. (3.1)

1<j<n

Z ankEYnk
k=1

By (2.1) and Holder inequality, we obtain

n n 1/2 s n 1/2
D lam] < (Zagk> (2 1) < conll=9)/2, (3.2)
k=1 k=1
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Then from EX; =0, |Zu| < |Xi|I(|Xx| > nP) and B > ;_T“, we have

max
l<J<n

2 ankEY | =

= max ZankEan

1</<n

Z |k | E Xl (| Xe| > nP)

n
<n PO Jau|EXiPI(1X;] > nP)
k=1

< Cn P=D+0=02E 1%, 1P1(|X)| > nP) = 0 as n— oo,

Therefore, while n is sufﬁciently large, we obtain max;< /<n}zé 1a,,kEY,,k} €/2.

Hence, for max{ p, 2ot } <g<p+ /3 <, by the Markov inequality and Lemma
2.3, we have
L < Znap 2P<max Zank nk_EYnk) = 8/2)
n—1 1<j<n =1

CZno‘p 2E(max

=1 1<j<n

2 ank Yo — EYnk)

)’1
<C Z n®2login Z |ank|E | Yor — EYe|?
k=1

n=1

o n ’1/2
+C Y n* 2login (2 @ E (Y — EYnk)2>
n=1 k=1
=:6hL+1.
We first show I3 < oo. Note that

oo n
C Y n®2log'n Y |au|!E|Yul?
n=1 k=1

C 2 n®2login 2 || E | Xe|91(| Xk | < nP)

I

N

n=1 k=1
+C Y n®P 2 P0g1n Y [an|1P(|X,| > nP)
n=1 k=1
=:L+1.

We have by (2.1), (2.2), (2.3)and ap — 1 + Bg— Bp — g+ a < O that

I<c 2 n@=2tBa—Bryggd 2 || TE| X, |

n=1

n
<C Z n®P=2Ba=BP1ogd n( max |am|)’ > ax
1<k<n =1

n=1
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<C 2 nap*2+ﬁqfﬂpfaq+a10gqn < oo,

n=1

By ¢ > p and similar argument as in the proof of I§ < e, we obtain

S czn“f’ 2+Ba- ﬁf’logqnx\ank\‘fmxkvvuxu nP)

n=1 k=

<C 2 nap—2+13q—l3p—aq+alogqn < oo,

n=1

Then we prove that I; < co. We can find that

oo n q/2
I < CY n login (2 aﬁkEYnzk)
k=1

n=1

o n q/2
< €Y n®?login (2 A EXA(1X] < nﬁ))

n=1 k=1

oo n q/2
+C Y n**login (Z 2n*PP(1X] > n ))

n=1

=:L+1I.

By (2.1), (2.3) and ¢ > 2(ap —1)/a, we have

oo n q/2
L <CY n®20gin( ¥ & EX2I()X1| < nP))??
4 nk
k=1

n=1
<C 2 nop—2-04q/2 log?n < oo

n=1

and

o0 q/2
I'<Cy n® 2login a nmP X;| >nP
4 g n nk

n=1

q/2

<C 2 nor=2=(r=2)B4/21504 (2 ank) (E|Xi|P1(1%:] < nﬁ))q/2
n=1

<C i noP=2-0a/2=(P=2)B4/21504 ;) < oo,

n=1

The proof is completed. [
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Proof of Theorem 2.2. We take 8 > max{c, —O‘} and max{p, ap } <g<

%. Following the notations and the methods of the proof in Theorem 21, L <

oo, (3.1) and I4 < e hold. So we only need to show I; < eo and 1§ < eo.

Elementary Jensen’s inequality and (2.1) imply that for any 0 < 2 < ¢,

n n q/2 w

D laml? < (Z aﬁk) <Cn 7. (3.3)
k=1

Then by ¢ > p, (2.3),(3.3)and (B —a/2)q— (B —o)p < 1, we have

L < CZ”W 2tBa=Priogin 2 || TE [ Xe|PL(|Xi | < nP)

n=1 k=1
<C 2 nap*2+ﬁqfﬁpfaq/210gqn < oo
n=1

and

=) n
L <CY n 2P Priogin Y |au|'E|X;|?

n=1 k=1
<C Z nap—2+ﬁq—ﬁp—aq/210gqn < oo,
n=1

The proof is completed. [

Proof of Corollary 2.2. Take p = 1/c in Theorem 2.2, one can get directly (2.7).
Then we only need to show (2.8). It follows from (2.7) that

00 > Zn 1P(max Eanka )

n—1 1<j<n
Z Xy | =

o 2m+1 1
Z Z n P( max
2m

)

=0 n— l<J<n
> l i max 2 Llnka
2 = \igj<am|f
By the Borel-Cantelli Lemma, we have
li X =0 .S. 3.4
mlilzo lg}i)é’" 2 Ankk s ( )

For all given positive integers 7, there exists a positive integer mq such that 20~ <
n < 2™ . We obtain by (3.4) that

n
Y auXi| <
k=1

< max
20~ p<2mo

Z ank Xk

k=1
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J
Y auXe

k=1

< max

— 0 a.s. as mgy — oo.
1<j<2m0

The proof is completed. [
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