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ORLICZ-FRACTIONAL MAXIMAL
OPERATORS ON WEIGHTED L7 SPACES

TAKESHI IIDA AND YOSHIHIRO SAWANO

(Communicated by J. Pecaric)

Abstract. Necessary and sufficient conditions for weight norm inequalities on Lebesgue spaces
to hold are given in the scale of Orlicz spaces for the fractional Orlicz maximal operators which
generalizes the fractional maximal operators. A similar argument for the Orlicz maximal op-
erators is due to Pérez, who generalizes for the Fefferman—Stein inequality. The main result
is the Fefferman—Stein inequality for the fractional maximal operators of the Sawyer type and
the Hardy-Littlewood—Sobolev type. In this paper, we establish that the L” -boundedness and
the Fefferman—Stein type inequality of Orlicz maximal operator are essentially equivalent to
the Saywer type inequality for the fractional Orlicz maximal operators. These inequalities are
stronger than the Hardy-Littlewood—Sobolev type inequalities. More generally, we consider sev-
eral mixed strong type inequalities for the ordinary and generalized fractional Orlicz maximal
operators. As an application, we investigate the weight norm inequalities of the commutator
[b,14], where b € BMO(RR"), and I, the fractional integral operator.

1. Introduction

This paper concerns the boundedness of the Hardy-Littlewood maximal function
M, the fractional maximal function M, and the fractional integral operator I, on
weighted Lebesgue spaces. Here by an weight we mean a non-negative measurable
function. Here and below for a measurable set E, the symbol yg denotes the charac-
teristic function of E C R" and the symbol |E| denotes the Lebesgue measure of E.
By a “cube” we mean a compact cube whose edges are parallel to cooridinate axes. Let
us recall their definition:

DEFINITION 1.1. Let f be a measurable function defined on R”.

(1) Given 0 < o < n, as long as the definition makes sense, define the fractional
integral operator Iy by:

Laf)i= [ Ly

n =yl
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(2) Given 0 < o < n, define the fractional maximal operator M, by:

Mgy = =
1= g B8 o

In particular, M := M, is called the Hardy-Littlewood maximal operator.

These operators M, M, and I, are fundamental tools in harmonic analysis and
potential theory (see [5, 13]).

Our aim in this paper is to obtain various weighted norm inequalities of the frac-
tional Orlicz maximal operators Mp and Mp . We will describe the Young functions,
B)-condition, the operators Mp and Mp . As usual, a function B : [0,00) — [0,e0) is
said to be a Young function if it is continuous, convex and increasing and it satisfies
B(0) =0 and B(t) — o as t — . Define the B-average of a measurable function f
over a cube Q by means of the Luxemburg norm.

DEFINITION 1.2. Given a Young function B and a cube Q, define the B-average
of a measurable function f over a cube Q by
>)dx<1}

. 1 |f(x
(1.1) T ::1nf{l>0:|E/QB< .

By (1.1), we can define the Orlicz maximal operator and the fractional Orlicz
maximal operator.

DEFINITION 1.3. Let B be a Young function, 0 < oo <n,and 0 < u < eo.

(1) Define the fractional Orlicz maximal operators by

(12) Mmmw=WMW—mmmu@ﬂww,

Q:cube

where Q ranges over all cubes. If or = 0, then abbreviate Mp o to Mp.
(2) Let 0 < u < o=. Define the powered fractional Orlicz maximal operators by

(1.3) M (1)) == (Mpa(|f1)(x)"  (xeR).

If oo = 0, then abbreviate ng()x to Mé"). Furthermore, if B(r) =t for t > 0,
we write M® instead of M\

Let 0 < o < n, and let B be a Young function. It is easy to check the following
inequality (see [1, p.108]): for a measurable function f

(1.4) My f(x) < CMp o f(x).

So, Mp , dominates M .
We study the weak (1,1) of the Fefferman—Stein type inequality for Mp: The
following theorem is a starting point of this paper:
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THEOREM 1.4. Let w be a weight and B be a Young function. Then for every
A>0

(1.5) / w(x)dx < 3" / B <4nf (x) ) Mw(x)dx.
{xeR":Mpf(x)>A} n A

One of our aims in this paper is to extend Theorem 1.4.
Write log* a = log(max(1,a)) for a > 0.

THEOREM 1.5. Let B be a Young function, Qg be a cube and f be a measurable
function supported on Q.

(1) There exists C > 0 independent of f and Q such that

1 ¢ + fW)l

001 QOMBf(x)deC—l-@ QOB(\f(x)Dlog B—l(l)dx'

(1.6)

(2) Let D(t) = B(t)log™ t for t > 0. Then
1
1.7 — M, dx<C .
(17 Gol ., Mo s < Clslng,

In particular, MoMpf < CMpf.

DEFINITION 1.6. A Young function B is said to satisfy the B),-condition with
1 < p<oo,if

/lw@dt@xv.

tp+1

The set B, collects all Young functions satisfying the B),-condition.

The classes {Bp}p e(1,09) of the set of functions are nested:

(1.8) B,GB, (1<p<g<eo).

Let 1 < p < oo and B be a Young function. Perez showed that Mp is bounded on
L? if and only if B € By;see [11,p.139].
The complementary Young function B of a Young function B is defined by

(1.9) B(t) :=sup (st — B(s)) (t > 0).

s>0

We next point out the following characterization of this class.

THEOREM 1.7. Let 0 < oo <nand 1 < p < . A Young function B belongs to
B, if and only if B satisfies one of the following equivalent conditions:
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(1) There is a constant C such that

Maf )P —20) gy [ o)

= My )

dy

for all measurable functions f, weights w and u such that u is positive almost
everywhere.
(2) There is a constant C > 0 such that

Mg o f (x)Pw(x)dx < C/ | f(x) [P Mgpw(x)dx
Rn R’l

for all measurable functions f and weights w.
(3) There is a constant C > 0 such that

Mo pw(y )d

Mef(y)P o) Y

ﬁdy<c/ lfF )P
M2 (u)(y)

B

Rn

for all measurable functions f, weights w and u such that u is positive almost
everywhere.

Theorem 1.7 reinforces the following characterization by Perez [11, p.139].

PROPOSITION 1.8. Let 1 < p < eo. A Young function B belongs to B, if and
only if B satisfies one of the following equivalent conditions:

(4) There is a constant C such that

Mpf(y)Pdy < C/ If) [Py
Rn Rn

for all measurable functions f.
(5) There is a constant C such that

P
[ Maf )y <C [ 176 Mty

for all measurable functions f and all weights w.

(6) There is a constant C such that
Mw(y
av<c [ o,
R" u(y)

Mf(y)P %
1
R7 »
v @)
for all measurable functions f, and all weights w and u such that u is positive
almost everywhere.
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Remark that Theorem 1.7 (1), (2) and (3) with or = 0 recapture Proposition 1.8 (4), (5)
and (6), respectively.

For each 1 < p < o, p’ will denote the dual exponent of p, i.e., p' = ﬁ with
the usual modifications 1’ = o and o’ = 1. We remark that Proposition 1.8 gives the
following estimate on the [p’ + 1]-fold iterated maximal operator M P+ of M. As
usual [¢] denotes the integer part of u € R.

COROLLARY 1.9. [11,p.139] Let 1 < p < oo. Then for all measurable functions
f and a measurable function u which is positive almost everywhere,

Mf(x)l’ (M[p’+l]u(x)>lfpdxgc/ ‘f()C)|pu(x)1_pdx.
R? R

As is pointed out in [11], the example of f = u = g 1)» shows that Corollary 1.9
is sharp in the sense that we can not replace M (p'+1] by M 48

Cruz-Uribe, Martell and Pérez obtained a necceary and sufficient condition of the
weak boundedness; see [2, p.100, Proposition 5.6].

PROPOSITION 1.10. Let 1 < p < oo. For a Young function B, the following are
eqivalent.

(W-1) There exists a constant C > 0 such that for sufficiently large t > 0, the growth
condition

(1.10) B(t) < Ct?:

is satisfied.
(W-2) The maximal operator Mp is weak LP -bounded, that is, there exists a constant
C > 0 such that for all measurable functions f and A >0

C
{x €R": Mpf(x) > A}| < ﬁ/w |f(x)[Pdx.

According to [1], if B € B),, then B satisfies condition (1.10).

Recall that a function @ : (0,00) — (0,0) is said to be almost increasing if there
exists a constant C > 0 such that Co(s) > ¢(z) for all 0 <7 < s < eo. In terms of
weights, we can further characterize the conditions of the weak boundedness of the
fractional Orlicz maximal operators. Here and below, given a weight w and a measur-
able set E, let w(E) := [ w(x)dx.

THEOREM 1.11. Let 0 < o <n, andlet 1 < p < q< g satisfy é =
a Young function B, assume that

— % For
n

(1.11)
1 €(0,00) — 17" *B(t) € (0,0) is almost decreasing and that t =" *B(t) — 0 (1 — o).

Then a Young function B satisfies the growth condition 1 if and only if B satisfies one
of the following equivalent conditions for all measurable functions f and weights w
and u such that u does not vanish almost everywhere:



374 T. [IDA AND Y. SAWANO
(W-3) There is a constant C > 0 independent of f and w such that for every A > 0,
w({x € R": Maf(x) > A}) < / ()| Mapw(x)dx

(W-4) There is a constant C > 0 independent of f, w and u such that for every
A >0,

w({re smarto > anny (i) 0} < 5 [ ror™ ey

(W-5) There is a constant C > 0 independent of f such that for every A >0,

1\ ¢4
e Rt My f(x) > A} < (% ([ 1reorar) ) .

(W-6) There is a constant C > 0 independent of f and w such that for every A > 0,

w({xr €R": Mpof(x) > A}) < ( (/ fx |PMw<>qu)l)q.

(W-7) There is a constant C > 0 independent of f, w and u such that for every
A>0,

w ({xe R™: Mo f(x) > AMp (ué) (x)})

(5 (e (i)'

(W-8) There is a constant C > 0 independent of f, w and u such that for every
A >0,

dx.

W({xeRn:Maﬂx)MMM(,,%)@}) w L, @I V(V<)>

In particular, a Young function B belongs to B, if and only if B satisfies the following
condition for all measurable functions f and all weights w:

(W-9) There is a constant C > 0 independent of the measurable functions f and w
such that for every A >0,

w({x € R": Mpf(x) > A}) < % /R S Mw()dx

We discuss relation between these weighted inequalities and the existing result.
We start with the Hardy—Littlewood—Sobolev theorem for the fractional maximal
operator My, (see [5, p.89]).
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PROPOSITION 1.12. Let 0 < o <n, andlet 1 < p < g < oo satisfy }1 = l%— o

o
(A) If p> 1, then there exists a constant C = C(n, p) such that for all measurable
functions f,

Mo fl Lamny < C Il o meny -

(B) If p=1, then there exists a constant C = C(n, 1) such that for A >0 and all
measurable functions f,

xR Maf(9)> )4 < T [ 1f)lax

We next recall the Fefferman—Stein dual inequality (see [5, p.37]):
PROPOSITION 1.13.

(A) If 1 < p < oo, then there exists a constant C = C(n,p) > 0 such that for all
measurable functions f and all weights w, w) < CI Lo (aaw) -
(B) There exists a constant C = C(n,1) > 0 such that for all A > 0 and for all

measurable functions [ and all weights w, w({x € R" : Mf(x) > 1}) < 1

/ | 00) [Mw(x)dx
Rn

We can mix Propositions 1.12 and 1.13. We add a statement with respect to a
Young function B:

PROPOSITION 1.14.  Let 0 < ov <n, andlet 1 <p < 7.

(1) [12] There exists a constant C = C(n,p) such that for all non-negative mea-
surable functions f and w

IMef1l oGy < CNF I (gpm) -

(2) [2, p.115] There exists a constant C = C(n,1) such that for all non-negative
measurable functions f and w and A > 0,

w{xeR" : My f(x) >A}) < %/Rn |f (x)| Mgw(x)dx.

(3) Let B be a Young function. Define q € (p,o) by é = }—)— O, Assume in
addition that B(t) < Ct* for some 1 < u < q. Then there is a constant C > 0
such that

(1.12) ([ mastrar)” <c( [ 1reopas)”.
Rn Rll

for all measurable functions f.
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The proof of (3) is a consequence of the Hardy-Littlewood—Sobolev inequality.
We invoke the following proposition from [9], which extends Proposition 1.12 in that
the operator My, or Mp ( in Proposition 1.12 is replaced by a more general operator of
Mp o (see [1, pp.115-116]).

PMW%HMNLU.La0<a<m1<p<%.&mmwmm$:
conclusion (1.12) in Proposition 1.14 holds if B € B,,.

1 a

REMARK 1.

(1) Suppose that Mg : LI’ — L4 is bounded. Then the dilation transform forces ¢
to satisfy 1 7= =1 _ 2 Which justifies the assumption ;1 =1_ o.

(2) In Proposition 1. 15 the condition B € B, is best possible: Let € >0. Then
as the example of B(¢) = P+¢~ % shows, there exists a Young function B such

that B € Bp+g but that MB O‘(%Q 0,1) ) ¢LQ(RH)

It might be interesting to ask ourselves whether the condition B € B, is the neces-
sary condition of Mp o : L” — L7 based on this remark. In this paper, we also investigate
the problem.

Going through an argument similar to Theorem 1.7, we will develop Proposi-
tion 1.15.

THEOREM 1.16. Let 0 < a<n, 1 <p< g and 1 < g <. Consider three
conditions with respect to a Young function B,

(8) There is a constant C > 0 such that

(fmarcrcoas) e ([ 1reormoias) |

for all measurable functions f and w.
(9) There is a constant C > 0 such that

. Maf(x)q%dx <C (/R F(x)|P (ﬂiwxx) ) ‘ dx> 5

for all measurable functions f and weights w and u such that u is positive
almost everywhere.
(10) B%+1 e B,

Then (3) < (8) = (9) = (10) hold.
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Having clarified the characterization of the class B, which we are going to prove,
we will obtain general inequalities related to Mp . To proceed further we recall the
Aj-condition and the A..-condition. Here and below for a measurable function F de-

fined on Q, we write
][F(x)dxzz L/F()c)dx.
0 10l Jo

DEFINITION 1.17. Let 1 < p <. One says that a weight w satisfies the A,-

condition if
P p=l
[W]a, == sup (7[ w(x)dx) (7[ w(x)ﬁdx) < oo,
Q:cube \JQ (0]

where the supremum is taken over all cubes Q in R". Write A, for the set of all
weights satisfying the Aj,-condition. Finally, define Aw(R") := U~ Ap(R").

Itis well known that the class A, emerged from the following celebrated theorem:

THEOREM 1.18. ([8]) Let 1 < p < co. Then the following statements are equiva-
lent:
(A) weA,.
(B) There exists a constant C > 0 such that |Mf| 15 < Cfll () for all mea-
surable functions f.
For the proof of Theorem 1.18 we also refer to the textbooks [5, 6].

Going back to the general estimates of Mp ¢, we note that estimates in Theorem
1.16 are useful since they will give us further estimates.

THEOREM 1.19. Let 0<a<n, 1 <p< g, A, B and C be Young functions
such that

(1.13) AN 1) <B7H(1).

Moreover we assume that V € Ao(R"),

(1.14) K = QS:EEeV(Q)% (@/Qv(x)v(x)dxy WP r0 <"
and

(1.15) Mc: LP(W) — LP(V).

Then

W16 [ Munaf @ eV@ar<C [ 70w s

where My p o f (x) := sup xQ(x)V(Q)% 1fllp,q for x € R,
Q:cube
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As a special case in Theorem 1.19, we get the following general weight estimate:

COROLLARY 1.20. Let 0 < oo <n, 1 <p < ¢ and B be a Young function.
Moreover we assume that V € A(R") and that

(1.17) Mg : LP(W) — LP(V).

Then
1

aw ([ MV,,,af<x>P|g<x>|v<x>dx)% <o [ ueirmasew )

where My ¢pg(x) 1= qu[t)) )(Q()C)V(Q)Ofl_p_1 /Q gV (y)dy for x € R™.
:cube

To prove Corollary 1.20, in Theorem 1.19 we simply take v = |g|, w = My,¢pg.,
1 _1
B B (t)B!(t
and we let A~! = —— and C =B, so that AN HC () = B 0B ()
Moreover, taking V =W = 1, we learn that Corollary 1.20 boils down to Propo-
sition 1.14.
Furthermore, we obtain the following result:

<t.

THEOREM 1.21. Let O<a<n, 1<p<g< %, and let v, w be weights such
that w is positive almost everywhere. Suppose that A,B and C are Young functions
which satisfy (1.13). Moreover we assume that V € Aw(R"), that

1
1 ) 1
(1.19) K, = Qs:.i%e <@/QV(X)V(XMX> wop Ao < oo
and that
(1.20) Mo : LP(W) — LY(V).

Then for all measurable functions f
1
P

(1.21) ( /| MB,af(x>qv<x>v<x>dx); <c ( L If(X)”W(X)W(X)dX)

As a special case in Theorem 1.21, we get Corollary 1.22 below by taking v = |g|,

1 .
P B B (t)B7l(t
= (Mvg)s ,andlet A=l = - and C = B. Note that A~ (1)C~ (1) = %

w
<t

COROLLARY 1.22. Let0< o <n, 1 <p<gq <y and B be a Young function.
Let V and W be weights. Moreover we assume that V € Aw(R") and

(1.22) Mg : LP(W) — LI(V).
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Then for all measurable functions f and g

1
P

29 ([ Marilsvas) <c( [ 1rermyemiwea)

Moreover, taking V=W =1, W = |g| and

o =

)

n

p

we see that Corollary 1.22 reduces ||Mof|1q(,) < C|f]| 2\ - Meanwhile, as
LP( (Mw)4

the other case in Theorem 1.21, we can recover (8) = (9). In fact, replacing weight
H N\ v
q

functions V by w, v by ( . u) , Wby (Mw)s, wby u~!, Aby B and C by B

in Theorem 1.21, respectively, then, (1.20) reduces matters to (8) and the estimate of

1 / w(x)
K> = su dx .
? Q:cuIt))e w(Q) 0 Mﬁ)u(x) ‘ B,0

1 / w(x)
su dx
Q:cuIt))e W(Q) 0 (%) ‘

Applying Theorem 1.21, we get estimate (9).

For the sufficient condition, the following result can be found in [3, Theorem 3.3
in p.428].

PROPOSITION 1.23.  Given 0 < oo <n, 1 < p < 5 and define q by: é = 11;— g,
let B be a Young function satisfying (1.11) and B? € By. Then for all measurable
functions f

1Mp.o.fll g < CISflLo-

REMARK 2. It seems that [3, Theorem 3.3 in p.428] does not seem to contain
condition (1.11). However, Proposition 1.23 seems to need condition (1.11). We prove
Proposition 1.23 in Section 5.

Meanwhile, the weighted version of Proposition 1.15 is in [1, p.115].
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PROPOSITION 1.24. LetO0< o <n, 1 <p<q< . Let A, B and C be Young
functions such that (1.13) holds, and that C is doubling and satisfies the B, condition.
If (u,v) is a pair of weights such that for every cube Q,

1
(1.24) \Q|%+$7% (][ u(x)qu) ' v, 0<%
0 :

then, for all f € LP(vP),

(1.25) ( y MB,af(x)q”(x)qu) ' S Cl ooy -

According to [2, p.115], the following proposition does not seem to have been
stated explicitly in the literature, but the proof is almost identical to that for the analo-
golous result for the Hardy-Littlewood maximal operator.

PROPOSITION 1.25. Let 0 < ox <n and 1 < p < g < oo. For a pair of weights
(u,v), the following are equivalent:

(1)

1 1
(1.26) sup \Q|%+%_% (7[ u(x)qu> ’ (7[ v(x)_p,dx) " < oo,
Q:cube 0 (@)

1
When p =1, (JCQ v(x)_pldx> " is understood as esssup ., ﬁ

(2) Forall & >0 and measurable functions f defined on R",

1 q
(1.27) ul ({x €R": Mo f(x) > 1}) <C (I f||L,,(V,,)> .

For p > 1, the fractional Orlicz maximal function Mp ¢ is also of weak type (p,q)
provided that B satifies condition (1.10):
Let oo = % — g . As a spacial case of Proposition 1.23, we obtain the following:

REMARK 3. Let 1 < p < g <o and B be a Young function. If Br € By, then
Mgn n:LP— L9,
'Pq

By Remark 3, we can improve Proposition 1.24:

THEOREM 1.26. Let 0 < a<n, 1 <p<q<g. Let A, B and C be Young

functions such that A~'(t)C~'(t) < B~\(t), and that Ch € By. If a pair of weights
(u,v) satisfies (1.24). Then for all f € LP(vP), inequality (1.25) holds.
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Since we need only modify slightly the proof of Proposition 1.24 to prove Theo-
rem 1.26, we omit the proof.

The following notation is used: The letter C always denotes a positive constant,
which is independent of the essential parameters, but is not necessary the same at each
occurrence. We will use the following observation on the class A..: Assume that V €
A(R"). Then V satisfies doubling condition:

(1.28) V(20) <CV(Q) (Q:cube)

The rest of this paper is organized as follows. In Section 2, we list some lemmas
needed in this paper. Section 3 is devoted to the proof of the main results. In Section
4, we consider the applications: We prove the boundedness of the commutator [b,1],
where b € BMO(RR"). Section 5 is an appendix: We prove Proposition 1.23 in Section
5.

2. Some lemmas

We invoke the properties of Young functions to prove main results.
LEMMA 2.1.  Write

+

D" B(t) = limsup w

h—0+ h
The Young function B satisfies that
2.1) B(1)~iD'B(t) (1>0).
and
2.2) aB(1) < B(at) and B (2) < BTI) (a>1).
Inequalities (2.2) entail
(2.3) BTO<¥ 0<r<s).

The functions B and B satisfy the following inequality:
(2.4) t<BY1)-B (1)<2 (t>0).

It is also well known that generalized Holder’s inequality holds:

2.5) ]é Mgy <21 fllpg lell5 o-

More generally, if A, B and C are Young functions such that forall t >0, A= (t)C~1(¢)
< B’l(t), then

(2.6) 178llso <2l fllagllgllco-
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We need the following two-sided estimate to prove Theorem 1.7.
LEMMA 2.2. Let 0 < o < n. Given a Young function B, Whenever |x| > 1,
~ Al -1
2.7 My o (Xo(0.1) () = [x|*B ~(Ix") ",

where the center of the cube Q(0,1) is the origin and the side-length £(Q(0,1)) equals
1.

Proof. By definition,

=1 0 !
MROC(%Q(O,I))(X):QS:EEC%Q(X)E(Q) B (WM) :

We omit further details since (2.7) can be obtained from a geometric observation;
see Figure 1.

FIGURE 1. (In the case of n =2)

0o O

REMARK 4. In particular taking B(z) = ¢ in (2.7), we obtain My, (Xo(0.1))(x) =
(Ix| > 1).

|x|n—06

Denote by 2 = Z(R") the set of all dyadic cubes. To analyze simply the operator
My o, we study the equivalent of the dyadic version:

LEMMA 2.3. Let 0 < o < n. Given a Young function B and a weight function
V, the following equivalence holds:

My o32f(x) < Mypaf(x) SMypaszaf(x),
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where
Mypasaf(x):= sup V(3O)" |fllps0-
x€QeP(R")

Proof. 1t suffices to verify My p o f(x) < CMy g o 35f(x). Fix a point x € R". For
every cube Q C R”" such that Q > x, there exists a unique integer k € Z such that
2~k < |Q| < 27% . Then we can choose dyadic cubes J; (i =1,2,...,2") such that
|J;| = 27%" and the dyadic cubes J; (i = 1,2,...,2") cover Q (see Figure 2).

3J1
2—]«, 2—k
J
k 7. | S k
2- 2 ; 2-
Q} xT -
2=k J3 | Jy 27k
I
27k 27k

FIGURE 2. (In the case of n=2)

That is,
2n
2.8) oc|JJi
i=1
and
(2.9) 10| < |Ji] <2"|Q].
Hence,
(2.10) VIO T Iflpo=V(Q) 7 If1]l50-

2”

where J := UJ,-. Obviously, for i = 1,2,...,2",
i=1

(2.11) |J| = 2"|Ji.

By (2.3),

2}1
(2.12) V(@) Ifallgo <VQ)T™ DI 2rllp0-
i=1
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By (2.9),

(2.13) 1 xlls g < 1nf{7L>0 IJ\/ (f;x)dx@}.
Since J; C 3J4,

(2.14)

, 2 fx) , 6" )

By (2.2),

(2.15) inf{/l ~0: |36J1| B (%) dx < 1} <6"(|fllj3, -
1
Estimates (2.10)—(2.15) imply
V(Q)T "V(34)" [RAIPEE

Since the cube J; 3 x is a dyadic cube, we obtain Theorem 2.3. [ [

We invoke the following Lemmain [11, p.146].

LEMMA 2.4.  Suppose that B is a Young function, and that f is a non-negative
bounded function with compact support. For each A >0, let Q) = {x € R": Mpf(x) >
A}. Then if Q; is not empty, we have

(2.16) Q, c [ J30;.

where {0 j};"z | is a family of non-overlapping maximal dyadic cubes satisfying

A A
@17) <o, < 5

for each integer j. Furthermore, it follows that

(2.18) 19, <C0/ B(ﬁ) dy.
{yeR":f(y)>i} A

on

Lemma 2.4 gives us the weak (1,1) of the Fefferman—Stein type inequality for
Mpf (see Theorem 1.4). Similarly, we use the following lemma without weight.

LEMMA 2.5. Let 0 < o < n. Given a Young function B, suppose f is a non-
negative function such that |30|7 ||f]| 3o tends to zero as |Q| tends to infinity. Then
given a > max{2-6"Cy,2"}, where Cy is the constant in inequality (2.18), for each
k € Z there exists a disjoint collection of maximal dyadic cubes {Qk7 j} such that for
each j,

(2.19) d“ < |30k I/p3g,, < 2"d"
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Moreover,

(2.20) {xeR": Myosof(x) > d'} = U Ok,

holds. Further, let Dy, = Uj Ox,j and Ey ; = Oy \ Dyy1. Then the Ey j’s are pairwise
disjoint for all j and k. Moreover

(2.21) Ok j| < 2|Ey

holds.

We use the following calculation to show that our results are sharp.

LEMMA 2.6. Let 0 < o < n, and let wy(x) = (14 |x|)~% x € R". Then

Mowgy € L7
Proof. Recall that .7 (R") is the set of all measurable functions f for which

1.1
||fHL//qf’: sup [Q]” qu”L‘I(Q)
02 (R")

is finite. It is well known that w € . *(R"). Since M, maps .#"*(R") boundedly
to L= (R"), it follows that Mowo € L~. O O

We use the Holder inequality to decompose the fractional maximal operator.

LEMMA 2.7. Let 0 < a < n, B be a Young function. Then for all measurable
1 1
Sunctions f:R" — C and u: R" — (0,00), My f < 2Mp (fu_5> ‘Mg, <u5> .

Proof. Let x € R" be fixed. Note that

Maf () = Mo (fu™b ) (9= s 20)0(0)" f F@I(o) Pute)ba
Q:cube
By (2.5),
1 af L
Maf) <2 s 2009173 0%

< 2Mp <fu_%> (x) - Mg ,, <u%> (x). O
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3. Proofs of the results

Proof of Theorem 1.4. We use Lemma 2.4. Let Q; := {x € R" : Mpf(x) >
A}. We may assume that Q; is not empty; otherwise the left-hand side of the conclu-
sion in Theorem 1.4 is zero. Assuming €2, is not empty, we are in the position of using
Lemma 2.4. By (2.16),

/Qx w(x)dx < /UngjW(x)dx< ;/3ij(x)dx'
Meanwhile, by (2.17),
1<{ s (410 0
Therefore, we get '
o 3";<z£g,w ) ((4)+)
3 (%5) (£ )
cx ([ o )< (25 ). <

Proof of Theorem 1.5.

(1) We estimate | Mpf(x)dx by the Layer Cake Formula. We calculate
Qo

MBf(x)dxzz/: 1{x € Qo : Mpf(x) > 22} dA

:2</Ol+/l°°> {x € Qo: Mpf(x) > 24} |dA

1 oo
<2</0 ‘Q()‘dx—l—/l {x € Qo : Mpf(x) >2A}|dl>

-2 <|Q0| +/1°° 1{x € Qo : My f(x) > zx}m) :

We evaluate |[{x € Qo : Mpf(x) >2A}| for A > 0. Write f} :=f
X{xe0u|f()>B- (12} and f> := f — f1, so that we have Mpf < Mpfi +Mgf>.
This gives that
|{x € Qo:Mpf(x) > 22,}‘ < ‘{XG Qo : Mpfi(x) > 2,}‘
+ HX € Q() IMBfQ(X) > A}‘ .

Qo
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Since Mpf> < A, we have [{x € Qp : Mpf>(x) > A}| = 0. Hence, we get

(3.1) [{x € Qo: Mpf(x) > 21} < [{x € Qo : Mpfi(x) > A}].
By (2.18),

[x€ Qo< Mafi () > 1) <C0/R,,B(ﬂix))dx

G2 =Co /{erO S)>B-1 (1A} <%> e

Estimates (3.1) and (3.2) imply that

f(x)|>

33 M, 26 ' "

(33)  [{reQo:Mpf(x) >22}] O/{erof >5102} ( VA
By (3.3),

/ml{x € Qo : Mpf(x) > 2A}|dA

<c/ /QO <|f ) Xfcop -1 (1) (9)dxdA.

Using Fubini’s theorem, we calculate

//Qo <|f )x{xegof o112} (W)dxdA
/Qo/ ( )X{bof )51 A}(l)dﬂtdx

L (e

By (2.2), we have

\f(x ()] } g

/Q/ =l ( (;”)WK /Q B [max{l’Bf”” T

o)
= [ Bscoptos” gy

~ t
(2) Let B(t) := B(t)log™ iy (¢ = 0)- Then we have

(1)

POl [ B as
|, B’ gEsac= [ B(seona
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Taking F(x) := |||JJ:||(1)§C)Q

, we apply (1.6):

QOMBF(x)dx <2 (l +C07[QO§(F(x))dx> )

By the definition of || - [|5 o, . We get

N Al A
][QOB(F(x))dx_][QOB<fB7QO> dr< 1.

This implies that
MpF (x)dx <2(14+Cy),
Qo
that is,

) Mpf(x)dx <2(1+Co) Ifll5,0, = Ifl5(1)10gL.00- B
0

Proof of Theorem 1.7. We plan to verify the following keeping in mind that (4)—(6)
are equivalent to the fact that B € B):

e (BeEB, <)) = (1) = BeEB,,
e (BeEBy <— )4 = (2)= (3)= BEB,.

(1) We prove (5) = (1). Lemma 2.7 implies that

w(y)

Aéfww

Mo f(y)?
Rn

dy <2 / Mg (fu*;?> )Pw(y)dy.

By (5),

Mw(y)
u(y)

/ Ms (f“_%> WPwy)dy <C [ |f)I° dy.
, g

Hence (1) holds.
(2) We prove B € B, assuming (1). Let /' = xp(,1), u = f+€& and w= 1, where
€ > 0 is chosen arbitrarily. By (1) and the monotone convergence theorem,

dx
Ma(%00.1))(x)" <C/ dx=C.
/Rn *\A00.1) Mg, (x0(0.1)) ()P 0(0,1)
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We insert Mz (x0(0,1)) (), x € R". By (2.7) itself and (2.7) with B(r) =1,

dx
e P

0

__1 p
1 1 (B (\y\"))
>C/ pdy:c/ ~ 7 gy
\ [y[>1

(n—o)p ’ ——1 -1 np
V=1 Yl 1y (B (Iy[") ) vl

Using polar coordinates, we have

——1 p

=1, P iy
/H 1<B (b)) dy:c/l‘”’” (B e)
y|>

[ r

We change variables r — ¢ = r"*. Then we have

_ |

et (B )’ -l
/1 ( ) dr:c/1 BTf’)”dt.

rp

“B 0y 1
/1 " "”:/1 oy

Taking ¢ = B! (¢), we obtain

~ 1 [T B0
/1 (B-1(1))" dt_/glm w

oo / 3
[ B [ 20,
B’l(l) 24 B’l(l) op

If we combine all these observations, we obtain

“  B({) /
—at<c| M r
/Bl(l) s Ry @ (ew0.n) ) Mg, (

Hence we obtain B € B),.

(3) We provethat (4) = (2). We may assume that f € LY. Let a > max{2-6"Cy,2"},
and let Q; = {x € R" : Mp 4 35 f(x) > a*™'}. We may assume that € is not
empty; otherwise there is nothing to prove. By Lemma 2.5, there exists a dis-
joint collection of maximal dyadic cubes {Qy ;}, Qi = U, Ox,; holds. Then

By (2.4),

By (2.1),

dx
Xo(.1)) ()P

< C <o,

/Rn Mg o f (x)Pw(x)dx = 2 Mg o.f (x)Pw(x)dx

k S\

= 2/ Mg o f (x)Pw(x)dx.
kj Ok j\ i1
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By Lemma 2.3,

2/ Mp ocf 2 MB,a,3@f(x)pW(x)dx'
kj 7 Ok j\ Qs kj 7 Ok j\ Qs

By the definition of €.,

S Mpeanfrw@ar< Tat £ wiody oy
kj 7 Ok j\ Qs k.j 30k,

By (2.19) and (2.21),

Za(k+1)1’][ w(x)dx - 30
3ij

k.j

<cz|3Qk,| 115 50, ][Q w(x)dx - ||
k.j

1P

ap r
n ][ w(y)dy dx.
30k

B30 ;

ez (ke

k.j Erj

From the definition of the maximal operator, we have

1P
ap P
2 . ( il ]f W(y)dY> dx
k.j Ok, j B30,
P
<2 ’f (Mopw)P» H dx < 2 Mg (f(Mapw)%> (x)Pdx
kej ? Ex,j B30k ko B j

< [ Ma (7 0¥ (o7

By (4), we have (2).
(4) We prove that (2) = (3). By (2.5), we obtain the point-wise inequality:

Maf () < 250p¢(Q)" <M (fu ) )My (w7 ) ().

1
ur

B.Q ‘ B0

Hence inserting this pointwise estimate into the left-hand side of (3), we obtain

Maf oy —2 gy
B My () ()7

<Z‘D/WI"’B,oc (flf%) (y)" - My (u%) (;;)PL

<27 / M (flfé) ()Pw(y)dy.

By (2), we obtain (3).
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(5) We next prove that 3)if B€ B),. Let f=u= Xo(.1)- Then

/ o) Mer Oy [ M)y,
Rn u(y) 0(0,1)

1

Let w(x) = T Then by Lemma 2.6, Mq,w(x) < C. Hence, we have

/ o Mer™)
R" (x)

u

Meanwhile,

Mo f(x) ﬁdx > ! dx
Rn

Mp (ﬁ) (x)? |x|>1Ma(XQ(O"1))(x)MB (x00,1)) ()7 (1 +[x[)*"

Note that

1
> —— whenever |x| > 1. Thus,
L+ 1x] 7 2|

1 dx
Mg (x00.1)) ()7 (1+[x)*”

1 dx
>C M X .
x>1 (oo )MB (xo(0.1)) ()P [x[@P

My, (%Q(o,l)) (x)

[x[>1

By Lemma 2.7,

—1
1 dx B (|x|m*
Mo (x X 2/ ————dx.
(o) )MB (%Q(o,l))(x)p |x[P W1 X

[x|>1

(6) If (3) holds, we can show B € B, similar to the proof of (1) = B € B,. We
omit the further details. [

Proof of Theorem 1.16.

Clearly, as a special case of w = 1, (8) implies (3). In the rest of the proof,
we will verify implications (3) = (8) = (9) = (10). The sufficient condition on
which Mp o : L? — L9 is bounded is due to [3]: Assume that the function 7 € (0,e0) —
t="/®B(t) € (0,0) is almost decreasing, that ~"/*B(r) — 0 (r — o) and (10) with the

condition é = 11—)— %, Mp.q : LP — L7 is bounded (see Proposition 1.23).

(1) We prove that (3) implies (8). By Lemma 2.3, we have only to analyze the

weighted norm of Mp ¢35 f. We may assume that f € L by the monotone
convergence theorem to show (8). For k € Z, let ; :=

{x€R": Mg y35f(x) >da"} in Lemma 2.5. Since f € LY, we have

R" = [ Q\ Qs
keZ
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Thus,
/ My 39.f (x) w(x)dx = 3, Mp o 39f(x)Tw(x)dx.

keZJ U\t 1
By the definition of €.,

| Mpasas@asat-an [ wan
Q A\t 1 Qs

Since 4\ Q1 CU; Ok,

D akq/ w(x)dx < Y Y, (/ w(x)dx> ok
keZ Q A\ 1 keZ j Ok,j

. o
Since @t < 30411 [ flly0,,

([, o)

<Y 330" (fQ w(x)dx) 118 50,120

keZ j

=Y Y130 ;)™ ‘f mwya-w) 1 |. w(on,).
kez’ j B30
If x € 30y ;, then Mw(x) > m3g, ;(w). Thus
L 1y
Y > (30)™ \f-(Mw)q ()| wl(0n)
keZ j B30y j
224 30k;)* ‘f MW 3Qk‘,-(w)7lw(Qk,j)
kez'j B3Qy;
<3y 24 30))* ‘f (Mw)7 Ok -
keZ j B30y j
Since |Q ;| < C|E |,
030 )% ’ (Mw) :
ke%; O )™ f-( 230k, Ok,
q
<Yy ( (30x,)” |11+ (vw) ) dx
keZ j Y Eg; B30

<CY 2 Mp [ Mw)ﬂ (x)9dx.

keZ j JEg;

Since the Ej ;’s are disjoint, we obtain

> {MBa[ (MW)%](x)}qug/RnMBﬂ[f-(MW)%](x)qu.

keZ j JEr;
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By (3),

([, fa [ 01w o)) "<c ([ 1roramiot

This implies that

1

1
P
dx) .

< - MB,af(x)qW(x)dx> <C (/R" f(x)|pr(x)§dx) "

(2) We prove that (8) = (9). By (2.5),

Mo f(x) < 2Mp.q ( fu—%) (x)M; (ﬁ) (x) (xeR").

Hence
( RnMaf(x)fl.A%dx) ‘ <2 (/n {MBa (fu q> ( )}qW(x)dx)
By (8),
([, (e (57 0} ) e </ e (i

Hence, we obtain (9).

AN
)dx.

(3) We prove that (9) = (10). Let f=u= 20(0,1) and w=1. Then

(oo () -

dx d
= Maf()’)q Y

By (2.7),

Mo f(x)

) )

R" Mg (XQ(O,l)) (x)4 ly[>1 (XQ(O 1) d

= Y1798~ (y]")?
/|y|>1 |>’|”‘1

Using polar coordinates, we have

oq l—ng+aq ) ¢
y|%B " (|y / " r dr.
L B o = )

393
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Taking t = *, we obtain

_| q
* _ “ « B
/ P imnatoq, (B 1(r"))lldr:C/ tnd ®) dt.
1 1 t

By (2.4),
oo ——1 4q oo
/Z%q B ® dt%/ tnd 711 dr.
1 t 1 B=l(1)4

Taking ¢ = B~!(¢), we obtain

“ « 1 °° a1
nl——dt = B(¢)"1—B )
/1 A /B L BB

” a1 = B!
B(¢)n9—B'(£)dl = ——dV.
J BR[|

Hence 10 holds. [

Proof of Theorem 1.11. We plan to show Theorem 1.11 as follows:

e ()= (9 = ) = (1),
e ()= 0B) = @ = (),
o S ()= (6)= (7)== ().

(1) Condition (9) follows readily from (1) and the Fefferman—Stein inequality. In
fact, by assumption 1, Mg f(x) < CMP) f(x) for all x € R". Furthermore by
the Fefferman—Stein inequality for p =1,

w({x eR": Mpf(x) > A}) Sw({x e R" : M(|f]7) (x) > A7})

C
-~ p
< 7 Jn |f (x)|P Mw(x)dx.

Hence, we obtain (9).
(2) We verify (9) = (8). By (2.5),

w {xeR" : A% >7L} < w({xeR“:ZMB (fu7%> (x) > %}) .

By assumption (9),

w({xeR" : Mg (fu—%) (x) > %}) < {% ( 5 |f(x)pﬂ/f;:)§;)dx)%}p.

Hence, we obtain (8).
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(3) Thirdly, we verify (8) = (1). Fix t > 1, Qo = Q(0,1), |Q1| =1, Qo C 0.
Taking w =1, f =u = xg,, for every 2 >0, we calculate || /][, = 1.
Meanwhile,

n.  Maf(x)
w({xeR .Miaa (W>(x) >l})

>w ({xe 304, |x| > g(Ql)’MO)(X)) > l}) .

Mg o (X0,) (x

If x € 30, then
(3.4) Mo (%0,) (x) = £(301) ][ Xo,(y)dy =17,

If x€3Q; and |x| > £(Q1)(> 1), then £(Q1) < |x| < £(301). By property (2.7)
in Lemma 2.2,

Mg o (X0,) () 2 [x[%B™" (1) ™ < €(301)°B ' (£(01)") ' =3%"B (1)
By (2.4),

(3.5) Mg (X0,) () 215 B7L(1).

these inequalities (3.4) and (3.5) give

My (XQO) (x)
ME,a (XQO) (x)

Taking A = B~!(r)~!, we obtain

({xe 301, x| > £(Q1), % >A}> p

>w(G30\ (x| < U@} =017 =17

This implies that

> AP < Aw ({x63Q17x > 0(0)), %0)(’“)) >x}>p.

2B ()7

Mg, (XQO) (

By assumption (8),
~1 1L 1
B (1) tp§1andB<tp>§t.

1
Letting s = ¢7 , we obtain (1).
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(4) We verify (1)== (3). By assumption (1), Mp o f(x) < Mo, (|f7) (x)% holds.
We check condition (1.26) for o« — op, p and g — 1:

Sup|Q‘ P11 <][Qw(x)dx> <eiselanMapw( ))1
<supl0] ¥4 (][Q (o) (1(0)7 / w(y)dy)_1 —1.

By Proposition 1.25,

1\ P
w({x €R" : Map (1f17) (6) > A7}) < (% (/ ()1 Mapwi(x )dx) ) .

Therefore we obtain (3).
(5) We verify (3)= (4). By (2.5),

(e R (R )

By assumption (3),

w({xeR":ZMB,a (fu ) ) > %}) < {% (/R |f(x)pﬁ%2})(x)dx)%}p.

Hence, we obtain (4).
(6) We verify (4) = (1). Fix r > 1. Letting Qo = 0(0,1), |Q1| =17, Qo C Oy,

w(x) = and f=u= yg,, by Lemma 2.6,

(1 [x[)o

(3.6) (/I \"M“”w ><1

Meanwhile,

Maf(x)
wldxeR": ——————>1
<{ Mg (u7) (x) })
Sw ({xe 301, x] >5(Q1),A%§°;8 > x}) |

If x € 30y, then (3.4) holds. If x € 3Q; and |x| > £(Q;)(> 1), note that
£(01) < |x| < £(3Q). by property (2.7) in Lemma 2.2.

Mg (x0,) () =B ()~ <B ' (e(e)) " =B (t(e)") ' =B ()"
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By (2.4),

B~'(1)
.

(3.7) Mg (x0,) (x) <

these inequalities (3.4) and (3.7) give

Moy (%Qo) (x) > r
Mg o (x0,) (x) ~ B7H(r)

a

In

B10)

w ({xGSth >€(Q1)7% >l}> '

> / ) s / 1
300\ {xi<e(on)y (1+x)oP 300\ (<t £ (D)

1
_a b 1_a 1_a
:|Ql| n / dx g|Ql‘p n —¢p n,
301\ {Ix[<0(01)}

This implies that

Taking A =

, We obtain

1 1
LA Mo (20) () /
> Apn <
510 At wa<{xe3Q1,|x| >£(Q1),M§(ZQO)(X) > A .
By assumption (4),

1
tr
B~1(1)

<l andB(t%> <t.

Letting s = t% , we obtain (1).

(7) We will prove that (5)== (1). For every t > 1, let |Q| =1, |Qo| = | such
that Q1 O Qo and f = xp,. Note that {x e R" : Mp o f(x) >A} D{x€ Qs :
Mp.o (x0,) (x) > A}. If x € Oy, then

M (x0,) () = (20 [0yl 0, = £ (@) B (1) =587 ()"

Letting A =B~ (1)7",

{x €R": Mpof(x) > A} = ){x €01 Mp.af(x) > 158! (z)—l}‘ =10 =1.

Meanwhile, by (5),

q o
(xR Mag (20,) (¥) > A} < (% /R |f(x)1’dx> 5ap (1)1,
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That is,
rath < BY(r) andB(téJr%) <t
Letting s —tq o , We see
(3.8) B(s) §s(%+%>7l.
Since }1 = }—) — 2, we obtain
B(s) S s7,

that is, 1 holds.
(8) We verify (1) = (5). By (1),

(3.9) Mp.o.f (x) S Moy (117) ()7
This implies that
(3.10) {x €R" :Mpof(x) > A} S|{x €R" : My, (|f]7) (x) > A7}

. oy o
Applying statement (B) of Proposition 1.12 for ;—’ =1-2£,

G [ R Map (1) @) > A7} E S T IV e = 77 [ £

By (3.10) and (3.11), we obtain (5):

{xeR": Mpaf(x) > A} < (% (/R If(X)”dxy)q-

(9) We verify that (1) = (6). By (1), inequality (3.9) holds. We check condi-
tion (1.26) with o = £ — 2, u(x) = w(x)g, and v(x) = Mw(x)g. For every
cube Q C R",

a4 (ftan) (esgren)
— (J[QW(x)dx>§ (eiseianMw(x)Z>l < (][Qw(x)dx)g ((][Qw(y)dy)§>l

=1 < oo,

Applying Proposition 1.25, we learn

w{x € R Mpaf () > 21)1 < {u ({x €R": May (If17) () > 27}) 7}

1 P b \?
sl imlon ) =5 ([ veimmte)
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(10) We verify (6) = (7). By (2.5),

w({xeR":%(;)()>l}> <W({x€Rn:2M3,a (f“_%> (x)>l}>'

B

w <{x eR":2Mp <fu_é> (x) > l})

P A
1 Mw(x)\ ¢ '
<| = P d .
N(A<Agﬂn(u@)) x>>
(11) Finally, we verify that (7) = (1). For 7 > 1, letting Qo = 0(0,1) and |Q;| =7
such that Qp C Q1, w= x30, and f =u= yg,, for A >0,

1

. Ma(f)() ’
kw({xeR 'Mil?(u%) = >l}>

(3.12)
My, (XQO) (x) ‘
> 30 : 14 , 2L S A
{XE O1: |x[ > £(01) My (200) (¥ > }
and
(3.13)

P 5 1
q P p 1
) dx) = ( M(X3Q1)(x)‘1dx) < |Q0|1’ = 1<
Qo

(@mwﬁﬁﬁ)

hold. If x € 30y, then
G149 Ma(xg,) (x) > ((301)" <]£Q xQo<y)dy) =)t =ra,
1
If x€30Q; and |x| > £(Q;1)(> 1), by property (2.7) in Lemma 2.2,

(3.15) Mg (10,) ®) =B (W) <B (o) =B ()"
(3.13) and (3.15) imply that

My, (XQo) (x) %,1——1
Mg (x0,) (x) SHR

Taking 2 221518 (r), we have

w({xeR":M>l}> 2101 =1t.
Mg (u7) (x)
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N,

(3.16)  Aw verr: MeN® >Aloifr =B ).

1
My (1) (x)
By (2.4),
@_ 41— |
3.17 (BT () e T ———
(3.17) B0 >
holds. By assumption (7), inequalities (3.12), (3.13), (3.16) and (3.17) give
Q+l
tn o 1
’ <l andB(t"Jr‘ll) <t
B~ (1)
Taking s =2 t%J’% , we conclude

By <558

Since 1 =
q

1 .
5 o . we obtain (1). [

Proof of Theorem 1.19. By Lemma 2.3, we have only to analyze the mixed weighted
norm of My g o 39f. We may assume that f € LT as before. For k € Z, let Q; :=
{xeR": My g 439f(x) >a*} in Lemma2.5. Since f € L, we have

R = [ Q\ Q1
keZ
Thus

/ Myp.a3af(x)Pv(x)V(x)dx = 2/ My p.o3af(x)"v(x)V (x)dx
R keZJ U\ p1

< Ea(kﬂ)”/ v(x)V (x)dx.
keZ QA

Since Q\Qi1 CU;j Ok s

X‘a(kﬂ)”/g\Q v(x)V (x)dx <al Y, </Q .v(x)V(x)dx> a.

keZ kjeZ

. ap
Since a*? <V (3Qy ;) Hngng‘j,

v(x)V (x)dx | d? < vV (x)dx 3 ,,% b
szE‘IZ </Qkﬁj Ve ) <k.,j2€‘Z </QA/ v )V( Q) Hf”BﬁQlw

= (W%k,)ék »v(x)V(x)dX> V(3Qk,j)% ||fH§,3Qk>_,-V(Qk7J')'

k,jEZ
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Since V(Qx ;) < CV(Ey ),
1 ap
k,jze‘{z (Wk/) /QkﬁjV(X)V(X)dx> VEC) ||fH§=3Qk,./V(Qk’j)

1 ap
gckéz (WW/Q;(JV(X)V(XMQ V(30i)) ™ Ifl53g,, V (Ek.s)-

1 1
By 2.6). [[fllsa0,, <2 H fwr > . This implies that

A30k

C30y,;

3z (@ /Q v<x>v<x>dx> VG0N 17150,V (Ery)

<ngjv<3gk, we ] o, WﬁHZngJ (V(QLW/QMV() ()dx) V(Er;).
By (1.28) and (1.14)
sveen ® [l 1L, (@ v <>dx> V(EL)
CI’KPZH fwill” gy, VB = C”KPE ’ Fwr C3QMV(x)dx
UIRY.
< CI’Kf’kZ; N {Mc (pr) (x)} V(x)dx
- CW({’% e {me ( fw%) (x)}pV(x)dx

= CI’K{’/W {Mc (fw%> (x)}pV(x)dx.

By assumption (1.15),

[ e (1) @} viax < [ (i) wess
= [ W@Iw s

This completes the proof. [l

Proof of Theorem 1.21. By Lemma 2.3, we have only to analyze the mixed weighted
norm of Mp o 35 f. We may assume that f € L. For k € Z, let  :=
{xeR":Mp y35f(x) >a"} in Lemma 2.5. Since f € LY, we have

= J e\ Qe
keZ
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Based on this partition, we decompose the integrals:

/R" Mg o 39.f (x)v(x)V (x)dx = kg%/(zk\ﬂkﬂ Mg o35 (x)Tv(x)V (x)dx.

By the definition of €,
S [ Mpass V@ <a a0 [ v
keZ Y U\t keZ QD

Since Q\ 11 CU;Ok,j»

Zakq/ v(xX)V(x)dx < 2 dak v(x)V (x)dx.
keZ Q41 k,jez Ok,j

Since a4 < £(3Q ;)™ ||fH%,3QkJ.,

%Zakq/gkj v(x)V (x)dx < 2 €3Qk71)0‘quHBng / v(x)V (x)dx.

k,jeZ Ok, j

P . This implies that

By (2.6), [|fllz3g,; < wap A30k;
) 5]

C30y,;

> 1306) £} 50, /Q V(s

k,JEZ .Jj

<1 Y U(30k;)™ ’pr

kjeZ C30;

q

v(x)V(x)dx.
. /Q v

1
w P

Since V(Qx,;) < CV(Ek’j)’

E 3Q th WI’ w p /
z;ez k)% C30:, a30:; Jo,,
(3 wr x)dx | V(E; ;).
kXG‘Z Qk’j Hf €30, A3Qk/ (V Qk,J YV ) ( ki’j)
By (1.28) and (1.19),
€3 HW" v(x)V (x)dx | V(Ey
k,%Z(Qk f Cte, A3Qk,<V ()V (x) ) (Ex.j)
1
<C'K] 3, (E(?’Qk,j)aHpr ) V(Ey;)
k,jEZ C30,;
q
=CK} ), (5(3Qk,/)°‘“fwz" ) V(x)dx
k,jeZJ Ex j ) C30;

<CIKY Y Mc o (fw;> (x)7V (x)dx.

kjeZ Ex.j
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Therefore, we have

1 1

( o e VY <x>dX> " <ck, (/R Me (fw7) (X)qV(x)dX> R

By assumption (1.20),

Meo (fw? ) ()7 (x)dx égc L () [Pw(x)W (x)dx %.
([ Mea () wevena) <c( [ )

This completes the proof. [l

4. Applications and related results

REMARK 5. We consider the duality for I, : for non-negative measurable func-
tions f and g,

| taf@stods= [ fotagiax
Rn Rn

Note that

@.1) ( /]R n Iaf(x)qu(x)dx> "< C< 5 f(x)”v(x)dx) '

holds for all nonnegative measurable functions f and g if and only if the “dual” in-
equality

q

4.2) ( / ,1 Iaf(x)f”v(x)””dx> 7 <c ( g f(x)‘f’u(x)“f'dx)

holds for all nonnegative measurable functions f and g.
In contrast, for non-negative measurable functions f and g,

(43 [ Mpe()ax= | oMgx)as

fails as the example of f = x(p 1 and g(x) = 1. In fact, Mf(x)g(x)dx = oo >
Rn
/ f(x)Mg(x)dx = 1. This implies that it is not trivial whether or not the boundedness
Rn
of M : LP(u) — LP(v) yields to the dual inequality M : LF' (v'7") — L (u'~7") in
general weights u and v. In the case of Proposition 1.18, the dual inequality holds. In
fact, since w € A, if and only if wi=P ¢ Ay,

1Ml S Clflpy < weA, S W P eay
Aad ||Mf||Ll7/(w1*l’/) < C”fHLp’(wl*P’) :
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In contrast, let us consider the classical weighted inequality of Fefferman and
Stein:

P
@4 [ Mpwrwax<c [ @i

Then the natural “dual” inequality

45) M () (Mw(x)' 7 dx< C / LI W) dx
Rn Rn

fails even as the example of f =w = x(g,1)» shows. Corollary 1.9 can be located as a
modificated result in inequality (4.5).

From these observations we learn that it is natural and important to ask ourselves
whether the “dual” of the weighted inequalities of the maximal operators M or My,
holds.

REMARK 6. According to [10, 11], we have the following inequality: If k =
1,2,3,..., then there exists a constant C = C,; such that for all bounded functions f
with support contained in Q

4.6) 11z g ][M"f ()dy.

where M¥ =MoMo---oM denotes the k-fold composition of M. Estimate 4.6 gives
the following 1nequahty. Let 0< o <n,

.7 My tog 0 () () < CMa (M ) (x).

Theorem 1.7 1 gives the dual type inequality. The proofs of Corollaries 4.1, 4.2
and 4.3 below are based on the proof of Corollary 1.8 in [11, p.151].

COROLLARY 4.1. Let 0< a<n, 1 <p <o satisfy 1 <p' < & Suppose that
u is a weight. Then

Maf (5)7 - Moy (MVl) () ~7dx < C / £ ()Pux)!Pdx
R R

for all measurable functions f and all weights u.

REMARK 7. In Corollary 4.1 the result is sharp in the sense that it does not
hold for M¥] replaced by the pointwise smaller operator M P1=1 a5 the example of
S =u= 20,1 shows.

Theorem 1.7 (3) gives the dual type inequality.
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COROLLARY 4.2. LetO0< o <nand 1<p<g. Letalso u and w be weights.
Then

@8) [ Maf )M ) Py <C [ FOPH0) P Moy

As we will check after the proof of Theorem 4.10, Corollary 4.2 is sharp in the
sense that it does not hold with M +1] replaced by the pointwise smaller operator
Ml

Likewise Theorem 1.16 (9) gives the dual type inequality.

COROLLARY 4.3. Let 0<a<n, 1 <p<g,and 1 <q<-e. Suppose that

1_1_oa 7
i~ 7 hen,

4.9) ( Maf(x)qL>
R" M[P/Jrllu(x)?

for all measurable functions f and u.

_—=

lo

<c ( /| If(X)”u(X)l"’dX> %

We prove Corollary 4.3 only since Corollaries 4.1 and 4.2 can be proved similarly.

Proof of Corollary 4.3. Let A(r) = tlog!?’ (1 +1¢) and choose a Young function B
so that B(r) ~ 7' log[pl](l +1). Write v= u'7 . Then

Mg (I/L$> (x) =My (vp%l> (x) < CM[I’/H]v(x)% (xeRY).
Hence
Mo f(x)?

Rn

By Theorem 1.16 9

X _ow) X % X Mwix) 5 X %
< RnMaf( )qM[P,""l]v(x)”‘I,d) <C< R” |f( )p< I/l(x) ) d)

= ([ vt fas)

Taking w = 1, and replacing the weight v with the weight u, we obtain

( Maf(X)”Lq>q<C< / f<x>|f’u<x>‘f’dx)”. o
R" M[P""l]u(x)? R”
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Given 0 < a < n and b € BMO, define the first order commutator [b,1,] to be
the operator

btals) = [ b) =0 1)y,

R [x =y
Theorem 1.7 has an application to the commutator [b,/,] on weighted Lebesgue spaces.

THEOREM 44. Let 0 < a<nand 1 <p < g. If b€ BMO(R") and w €
Aw(R"). Then,

1D Za) fl 1oy < ClIBlIgao 11l r( (Mg (w y (f €LY,

where
1bllo == sup f 1b(x) — mo (b)|dx.
QCR"JQ

To prove Theorem 4.4, we use Lemmas 4.5, 4.6, and 4.7. Denote by f* the de-
creasing rearrangement of a measurable function f. The following inequality is a well-
known result (see [1, p.127]):

LEMMA 4.5. We assume that f*(t) — 0 (1 — o). If w € A(R"), then for all
p > 0, there exists a constant C such that

/ Mo f()Pw()dr < C [ M F(Pw(ods,

Rr

where M* is the sharp maximal operator:

M*F(x) == sup xolx ][ FG) — mo(f)] dy,

Q:cube

and My is the dyadic maximal operator:

Mof(x):=  sup ][\f )l dy.

XEQEP(RM)

The following point-wise inequality is due to [1].

LEMMA 4.6. Let B(t) =tlog(e+1t), Given o, 0 < oo <n, b € BMO and a
non-negative function f € LT (R"), there exists a constant C such that for all x,

M* ([b,10]f) (x) < C||bllgpo Toef (x) + Mp o f(x)) -

The following inequality is a well-known result (see [7, p.143]) which we use for
the proof of Theorem 4.4.
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LEMMA 4.7, If w € Au(R"), then || f | 1p () < CIMaf| 1oy forall f € LZ(R").

Proof of Theorem 4.4. Since |[b,1y]f(x)] < Mg ([b,14]f) (x) by the Lebesgue dif-
ferentiation theorem,

116, 26) f Nl oy < (1M (B3 Tl )] o o)
Since [b,1,]f € L*(R") as long as u satisfies
I o
l<u<e, —+4+—¢€(0,1),
u n

([b,1a]f)*(A) — 0 as A — . Since w € Aw(R"), we are in the position of using
Lemma 4.5. The result is

Mg (b6 )| 1) < C[|[M* (B, 1) ) |

LP(w) "

By Lemma 4.6, if B(t) =tlog(e+1), then

(|M* (b1 )|

2y < ClPlyio (e f ooy + M. )
By Lemma 4.7 and (1.4) in Theorem 1.7,
||Iocf||Lp(w) < CHMB,afHLp(W)-

By (2),
||MB705f||LI’(W) < CHf”LP(Map(w))'

This implies that we get the desired result. []

Theorem 1.16 has an application to the commutator [b,1,] on weighted Lebesgue
spaces.

THEOREM 4.8. Let 0 <o <n, 1 <p <% and ;=
and w € A (R"), forall f € LY,

1 n
L2 JfbecBMO(R")

It < € Pl 1,0

The proof of Theorem 4.8 is omitted since it is similar to the one of Theorem 4.4.
Since

[ 1ol gty == [ (b fale(a)- fx)a

forall f,g € LT(R"), we can dualize Theorems 4.4 and 4.8.
THEOREM 4.9. Let 0 < a <nand 1 < p < Z. Suppose that b € BMO(R").
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(A) If w € Au(R"), then for all f € LT (R") and weights w

L
o

(/ b1 £06) P Mool >?dx)” <CbBMORn( WP () d)

(B) Suppose that é = 11—7 — % and w € Au(R"). Then for all f € L7 (R") and

weights w

_ =

L
7

([ 1ted o bt Fax ) < Clbllaose ([ ol Fax)’

We now discuss the sharpness of Corollary 4.2. We have an explicit formula for the
iterated operator of one-dimensional uncentered Hardy—Littlewood maximal operator

M.

THEOREM 4.10. Let Q = (a,b) be an interval and k € N. Then

b—a k=11 x—M 4 ba
M 0) )= 209 20 | e B <1og%>
(<),

in particular, if x > b, then,

b—afl 1 x—a\’
e A
—0J*

and if x < a then,

In particular, if Q = (0,1) and x > 1, then,

lkfl 1 .
k
M* (x0.1)) (x) = < 2 i (logx)’.
Jj=07"

It is interesting that the k-th approximation of ¢’ at r = 0 naturally appears in the
right-hand side. We prove Theorem 4.10.

Proof of Theorem 4.10. We induct on k € N. Firstly, we prove the base case of
k=1. Clearly, if x € Q, then, M (xp) (x) = 1. If x > b, then,

b b—a

1 /X )y = 1 e
ioa ), KOy == [ dy =0,

M (x0) (x) =
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If x < a, then,

I I b—a
M) W) =5 [ty =5 [ dy=7=2.

a —X

Hence, in the case of k = 1, Theorem 4.10 holds.
We assume that Theorem 4.10 is true in the case of k = N. Obviously, if x € Q,
then MM (x0)(x) = 1. If x > b, then,

MY () () = —— [ MY (0) )y

x—alj,

b X
:xia (/ MY (x0) 1)y + /b M (x0) (y)dy>.

By the assumption of the induction,

MN“(XQ)(X):b:a( / y— a<logb ") dy)

=
S

I
=S
[
QI
/N
—
_|_
~
M7
<
+
-
/‘\
0‘0
wx
QQ
~
~.
=
N———

If x < a, then,

b
MY (o) (x) = ﬁ / MY (x0) (v)dy

a b
= ( | M ) [ o) (y)dy>.

Similar argument of the case x > b gives

b—ad 1 b—x\’
M (o) (9= =03 L (l‘)gb_a)-

/0]

Therefore, Theorem 4.10 holds in the case of k =N + 1. This completes the proof. [
We end this section with the proof of the sharpness of Corollary 4.2.

REMARK 8. Corollary 4.2 is sharp in the sense that it does not hold with M [P’ +1]

replaced by the pointwise smaller operator M V'] as the example of f'=u= ¥ ) and

1
w = —————— shows. In fact, by Lemma 2.6,

T+

L 17O ) M)y <
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Meanwhile,

dy

M) M) )y > [ M (0) 0947 (t0) 0

Rll
By Theorem 4.10,

- , d
/e Ma (0.1)) 0)"M"" (x0,1)) Wﬁﬁﬁ

G I-p
2 logy) P11 dy = ) dy
>C a1y | ( :/ ap=1(] (P1-n-p__2>
/e(y ) ( y (L+y)erJe (o)™ (1+y)or

By the change of variables s = logy,

* / dy * es op /
/ ap- 1(10gy)([p1—1>(1—p>mz/1 <1+es> (-D00-p) g,

s op
Since the function F(s) = ( 1 j_es> is an increasing function,
oo P op oo
/ ( ¢ ) s([P/]*l)(I*I’)dS>F(1)/ S(-D(1-p) g
1 \1l+e 1

e®p

_ m/ JP1-D0-p) g
1

Since ([p'] = 1)(1—p) > (p/ = )(1—p) = —1,

ﬁ/wsqﬂmumdﬁn
1

Therefore,

Mo f ()P MP () Pw(x)dx < C [ |£(x)[Pu(x)' " Mg,w(x)dx
R~ Rn

fails.
5. Appendix-Proof of Proposition 1.23

We prove Proposition 1.23. For every cube Q, we assume supp (f) C Q and that
1
f(x) > 0 for almost every x € R". Let B,(t) :=B <tF> . We use the following scaling

1
property of the maximal operators: Mp o f(x) = Mp, ap (f¥) (x)? . From (2.18) we

have
n—op P
z <C1/ B,,(ﬂx) )dx.
{(xeQ:f (x)>1/C2} t

5.1 }{xe Q: Mg, ap (" x0) (x >’}
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Since
([ satraaioras) = ([ oo (720) 01y )
=y dt 7
= (%/0 tr }{xEQ:MBp,ap(f”xQ)(x)>t}}7> )
we have
“ g dt\ 1
</0 tp {xG QZMB,,,ap(prQ) (x) >t}| ?)
“q f(x)p) e di '
<C » B, —— |d —
</o t </{xegz.f<x)v>z/c} p< ! x> ' )
by i .1). Si n_”p:%,wehave

Q=

00 n— Ofp
/ t% / B, (f(x d—
0 {(x€Q:f(x)P>1/Cy} d d
q
oo p
0 {(x€Q:f ()P >1/Cr} !
8 Far)
= Fx)P v dt
= { (/O (/Qth ( ; )X{xeR":f(x)l’>t/C2}(x)dx> 7)

We use the Minkowski inequality:

([ (2
UL e

==

<
==

q
P dt
)%{xeR" l’>t/C2}( )d> 7)
1
L v
dr\’
) X{r>0:1<Cr f () }(07) dx}
p 1

s
———
==

By the change of the variables s = fl
1

Cof(x)P i oo
R,
0 t /[7 1 G
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TN IAY = B(s)7

{/Q‘ A t?B (m) 7 dx = /; pf(x)q/;z[l] st dx
i = B(s)?

:{< [trrad) ([ 20 )

=

=p

T. IIDA AND Y. SAWANO

Hence,

<

([ roran) ([ 0
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