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GENERALIZATIONS AND REFINEMENTS OF STECKIN-TYPE
INEQUALITY FOR TANGENT AND SECANT FUNCTIONS

CHAO-PING CHEN* AND NEVEN ELEZOVIC

(Communicated by J. Pecaric)

Abstract. In this paper, we generalize and refine Steckin-type inequality for the tangent function.
We develop an inequality of Chen and Sandor for the secant function to produce a general form.
We also present some refinements of the inequality for the secant function.

1. Introduction

It is known in the literature that, for 0 < x < /2,

4/ tanx T
T—2x X T—2x

(1.1)

The left-hand side inequality (1.1) was presented by Steckin [18], while the right-hand
side inequality (1.1) was proved by Ge [14]. This inequality is now known as Steckin’s
inequality, see, e.g., [0, p. 246].

Becker and Stark [8] showed that for 0 < x < /2,

8 tanx n?
— 2= 1.2
72 — 4x2 x w2 —d4x2’ 1.2
or alternatively
2
2 2 tan(7z/2) 1
— < < 1.3
(n) 1—172 nt )2 1—12 (13)

forO<r<1.

The inequalities (1.2) are shaper than the inequalities (1.1). The Becker-Stark
inequality (1.2) has attracted much interest of many mathematicians and has motivated
a large number of research papers (cf. [7,9, 11, 13, 16, 19, 20, 21, 22] and the references
cited therein).

Chen and Elezovi¢ [10] gave a unified treatment of the inequalities (1.1) and (1.2)
and proved the following result:
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Let p > 0 be a real number. Consider the following inequalities for 0 < x < 7/2:

n? tanx  4pmP? ’ (L4)
P — (2x)P X P — (2x)P
or alternatively
1 an(t/2)  (2\* p
< <\|—= 1.5
1—¢P mt/2 (n) 1—¢P (15)

for 0 <t < 1. The left-hand side of (1.5) holds if and only if p > 2 /4, while the
reversed inequality holds if and only if 0 < p < 2. The right-hand side of (1.5) holds if
and only if p > 3, while the reversed inequality holds if and only if 0 < p < 72 /4.

The choice p =1 in (1.4) yields Steckin’s inequality (1.1). The choice p =2
in (1.4) yields Becker-Stark inequality (1.2). The choice p = 3 in (1.4) yields, for
0<x<m/2,

3 tanx 127
e < < 1.6
m3 — (2x)3 x 3 —(2x)3 (16)
or alternatively
1 t 2) 12/n?
an(rzt/2) /T (1.7)

1-23 mt/2 1-23
for0<r<1.
Recently, Debnath [13] et al. refined Steckin’s inequality (1.1) and obtained The-
orems 1.1 and 1.2 below.
Theorem 1.1 improves Steckin’s inequality, on a neighborhood of 7/2.

THEOREM 1.1. Forevery x € (0,7/2) it holds
2 1w 4 X 2 1y/m
2 LE ) e b2 18
n2<2 x) e r—» ST 3\ (18)

Theorem 1.2 presents the following refinement of Steckin’s inequality which gives
good results near the origin.

THEOREM 1.2. Forevery x € (0,1), it holds

4 8 4 x 4
(1—?>x—ﬁx gtanx—E-n_2x<<1—?>x- (1.9)

Chen and Sdndor [12, Theorem 3.1(i)] proved in 2015 that for 0 < |x| < /2,

2 _ _ A
—  <secx < ——
2 —4x2 w2 —4x2’

which is an analogous result to (1.2). In 2017, Chen and Paris [1 1] improved (1.10) and
obtained the following inequalities:

(1.10)

2 3
24+ 28;87rx2 + 167;;48)64 n2_ 8}” 2 47172;3128)64
<secx < (1.11)

2 — 4x2 w2 —4x2
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for0<x<m/2.

Nishizawa [17] gave some inequalities with power exponential functions derived
from the right hand side of Chen and Sandor’s inequality (1.10).

In this paper, we generalize and refine the inequalities (1.1), (1.8) and (1.9). We
develop (1.10) to produce a general form. We also present some refinements of (1.10).

The numerical values given have been calculated using the computer program
MAPLE 13.

2. Lemmas

The Bernoulli polynomials B, (x) and Euler polynomials E,(x) are defined, re-
spectively, by the generating functions:

re i)Bn(x);—n! (fl<27) and —25- :iEn(x)—. (t] < 7).

el —1 -
n

The numbers B, = B,(0) and E, = 2"E,(3), which are known to be rational numbers
and integers, respectively, are called Bernoulli and Euler numbers.
The following lemmas will be useful in our present investigation.

LEMMA 2.1. The following elementary power series expansions hold (see [15,
pp- 42-43]):

tanx = k:1 W}c%l, x| < g, 2.1)
cotx = % —Jil 22(;;2!j|x2~f1, x| <, (2.2)
secx = gf) gj,g[xzj, x| < g, (2.3)
cser= +,i1 - (_25))!|sz"‘2" L e 24)

LEMMA 2.2. Forallne N:={1,2,...},

2 B 2
2n < ‘ 2"| < 2n ’ (25)
@2m)* (1—20-2) ~ (2n)! = (27)*" (1 —2B-2)
with the best possible constants
In(1-6/7°
a=0 and fﬁ:2+w:o,6491.... (2.6)

In2
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Lemma 2.2 was proved by Alzer [2]. Lemma 2.2 improves the following inequal-
ities (see [1, p. 805]):

2 _ |Bal 2 . neN. 2.7)
2r)*™ ~ @n)! " (2m)* (1 -21-2n)
LEMMA 2.3. Forall n € N,
2(~2n+2 2n
722242 _ 1) (22 1)
W|an+2| < W‘BML (2.8)

The inequality (2.8) can be found in [22].

LEMMA 2.4. Forall n € Ny :=NU{0},

4n+l 1 E 4n+l
> < Bul : (2.9)
2+l \ 1 +3—1—2n (2n)! r2n+1

The inequality (2.9) can be found in [1, p. 805].

LEMMA 2.5. Forall n € N,

|E2n| 2\? |Eznos
- —. 2.10
2n)! - \7) 2n-2) .10)
Proof. Ttis well known that
(—1)"Ey, > 0.
Using the series expansion (see [15, p. 592])
4(2n)! & sin ((2k + 1)7x)
Ez(x) = (= n2n+1 2 (k4 1)2n1
we have
Bl _ 4 & (D
(2n)! T og2ntl = (2k+ 1)2n+1'
We then obtain that
m|Ey|  4|E2| _ gl = (L1t 1 B 1
(2n)! (2n—2)! p2n-l & (2k+1)2n=1 (2k+1)2n+]
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where

Ak (k+1)

uk(n):m, k,neN.

We find that

4k(k+1)  4k+1)(k+2)
(2k+ 1)+~ (2k +3) 2T

“a| () ()
| () - ()]

 8(k+1)%(4k*+8k—1)
2k +1)3(2k +3)2nt1

ug(n) — ugy1(n) =

> 0.

We then obtain that

n(zzlf)z;J _ (4252_"_22)|! — ;::_11 { (m(n) —uz(n)) + (ug(n) — u4(n)> +} > 0.

The proof is complete. []

LEMMA 2.6. (see [3,4,5]) Let —o < a<b <o, andlet f, g: la,b] = R be
continuous on |a,b|, differentiable on (a,b). Let g'(x) #0 on (a,b). If f'(x)/g (x)
is increasing (decreasing) on (a,b), then so are

[f () = f(@)]/[g(x) =g (a)] and [f (x) = £(b)]/ [g (x) — g (b))

If f'(x)/g'(x) is strictly monotone, then the monotonicity in the conclusion is also strict.

3. Generalizations and refinements of (1.8) and (1.9)

Using the expansion (2.2), we find that, for 0 <7 < 7/2,

4 %_t 1 \321\ 201
tft—— —=———~=cott ——+—= — — I 3.1
co p 2(%_ ) co t Z 3.1
Replacing # by 7 —x in (3.1), we obtain that, for 0 <x < /2,
4 x 2 & 2Y|Byl 2j-1
tanx — — - =Z_ h(Z- 32
B, T 21 2! (2 x) ’ (3-2)

that is,

an 4 X 21(71 ) l(n )3 2(7t )5 (3.3)
I r—x m 3\27Y) s\ Toas\p ) T
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REMARK 3.1. It follows by truncation of (3.2) that

N 22j|B, 2j—1
* 2y 2B (5-+)" (3.4)

T 2

4
tanx — — - < -
mr-2x w5 2))!

for 0 <7< m/2 and N € N. This improves the upper bound of (1.8).

Theorem 3.1 improves the lower bound of (1.8).

THEOREM 3.1. The following inequalities hold:

2 4 /n 4 X 2 1/m T
2 AT N L (T 0 T @35
T n2<2 x><anx T n—2x<7t 3(2 x)’ <x<27 (3.5)

and the constants % and % are the best possible.

Proof. Clearly, the right-hand side of (3.5) holds. We now prove the left-hand
side of (3.5). Replacing x by 7 —x in the left-hand side of (3.5) leads to equivalent
inequality:

1 4
cotx——+ x>0, 0<x<= (3.6)
X T 2

After some elementary computations, (3.6) can be rewritten as the right-hand side of
(1.2).
If we write (3.5) as

4 X 2

R =T

n2 x—5 3’
we find that

4 X 2 4 X 2

. otanx— oS — o 4 .o tanx— o omse— o 1
lim L2 T —040528... and lim I Tk W
x—07F X—3 T X—mw/2™ X—3 3

Hence, the inequalities (3.5) hold, and the constants % and % are the best possible.

The proof is complete. [
We obtain by (2.1) that, for 0 < x < /2,

. 4 . 4x 1
anx— — - =tanx— — - ——
T T T 1-Z

o 22 DByl 5i 3 (2)"“ N 4 Y
=Y ——————— L =N (= x/=Zajx2/_1—ijx/
a0 @) ST = =

—

a —bl)x—b2X2 + (a2 —b3)x3 —b4x4 +-- (aj —sz_l)xzjil —szx2~f+ ey
(3.7)
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where
221227 — 1)|By] 27!
That is,
4 X 4 8 I 16\ 5 32,
tanx—;-n_2x2<l—ﬁ)x—gx +<§_F>X_Fx +... (3.9

forO0<x<m/2.
We find by the left-hand side of (2.5) that, for j € N,

22j+1(92j _ 2\ 2/ 2\ %
aj—byj 1> %(—j - (—) - (—) >0 (3.10)
2m)¥(1-272) \=® ™

so that (3.7) is an alternating series for 0 < x < /2. This fact motivated us to establish
Theorem 3.2. Theorem 3.2 develops Theorem 1.2 to produce a general result.

THEOREM 3.2. Forall 0 <x < 1/2 and N € N, the following inequalities hold
true:

M=

{ — sz—zxzjf2 +(aj— sz—l)xzj*1 } — by
1

j
X
T—2x

4 N
<tanx — —-
T —1

<2

{ —byj x4 (aj— by )x* ! } (3.11)
J

where by =0,

22i(227 — 1)|By| 2\/*! ,
aj:Tj and bj:<E> for jeN.

Proof. 1f we write (3.7) as

4 X
tanx — — -
T mT—2x

= ((al —Dby)x— b2x2> + ((az — bg)x3 — b4x4>
oot (@ =boy )P = bl ) 4, BD)
we find by (3.10) that, for 0 < x < /2 and j € N,
(aj_sz_l)xlf*l —szx2j = (aj—sz_l —szx>x2j71 > 0.

We then obtain the left-hand side of (3.11) by truncation of (3.12).
We now prove the right-hand side of (3.11). Let us denote
X

4
S(x) :=tanx — — - ——— 3.13
(@) = tanx— (3.13)
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by =10, and

en(x) = —boy X 24 (an —bap )XY,

WV

We should prove

N
S(x) < Sy(x 2 ), VN, V0<x<g. (3.14)

1) It holds S(x) < ¢1(x), that is,

4 4
anx—— — < (1-2)x,  o0<x<Z. (3.15)
T w—2x 2 2

Using the right-hand side of (1.2), we find that for 0 < x < /2,

tanx4114<71:24114
X T m—2x 2 n2—4x2 ©m m—2x 2

4x<27t —(n?— 4)x>

0.
m2 (w2 — 4x?) =
This proves S(x) < ¢j(x).
2) Relation ¢, (x) < 0 is equivalent to
an T
< —+1 3.16
b2n71 2x M ( )
Using (2.5) we have
a 2P+l 2
<2 2 as oo
b1 + 4n 2B ! "

For any x € (0,7/2), we see that (3.16) is true for sufficiently large n. Therefore,

for each x € (0,7/2) the sequence (c,(x)) became eventually negative for sufficiently
large n.

3) The sequence (c,) changes its sign at most once. We have, using Lemma 2.3.

cnt1(x) = —bznxzn + (ans1 — b2n+1)x2n+1

2n n n 2n+2
_ _E 2_)6 n 4 +1(4 +_ )|B2n+2| _ g * x2n+1
T\ T (2n+2)! T
- _z g 2n+ i 4"(4n—1)|32n| B g 2n+2 x2n+1

T\ T 2 (2n)! T
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Therefore, (c,) is decreasing while being positive, and remains negative once it takes
negative value.

Denote by n*(x) the first index n for which ¢,(x) < 0. Then, c(x) > 0 for
k <n*(x) and ¢x(x) <O for k > n*(x).

4) We have, VN,

= ick(x)zSN(x)—i- Y clx).
k=1 k=N+1

Let us take any x, 0 <x < /2.
a) If n*(x) <N+ 1, then ¢x(x) <0 for each k > N+ 1, therefore S(x) < Sy(x).
b) If n*(x) > N+ 1, then ¢;(x) > 0 for each k < N, therefore S(x) < Sy(x) since
Sx) <ci(x).
Theorem is complete. [

REMARK 3.2. Forevery j € N, the function
X —bypx® o (a1 = bajir )T

change its sign on (0,7/2).

4. New results related to Steckin’s inequality

Noting that
tan
hma—(n 2x)=m
x—0 X
holds, we consider the expansion of function 2% — _%— near the origin. Using (2.1),
we have
tanx n tanx 1
— = -
by T —2x X l—2x
N i 2% (2% - 1)\sz|x2j—2_ i <3>ij
= (2))! “\m
_ i 2HT2(2212 —1)|Byj o 20 i ( )jxj
j=1 (2j+2)! i=1
i 22/+2(22]+2 |B2,+2| (2) i (2)211 2jo1
= — — X s
= (2j+2)! T o\r
4.1)
that is,
tanx n 2 12-7%, 8 5 2(120—x% ,
Rk =Sy PRSP DA 42
X T—2x T a2 o 1574 “4.2)
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We find from (2.7) that

22j+2 (22j+2 —1 )

|B2'+2| 2_22j+2(22j+2_1)
J
2j+2)!

(27‘6)2j+2 (1 _ 2172(j+1))
2\ 72\? 1 2\ /2\? 1

(= il I | (- z ) o1 ——
() () 2(mms) < (5) (2) 20 5)
2\% 60 2\% ,

= (E) ﬁ < <—) s 7] c N.

T

We then obtain Theorem 4.1 by truncation of (4.1).

(4.3)
THEOREM 4.1. For 0 <x<m/2 and N € N,
N 2j-1
tanx T _ 3 (3) i1
X T—2x S\m
j=
N 2] H2j+2(92j+2 _ ,
_2 (z) _2j (2J . 1)|B2./+2‘ 2j (44)
o\ (2j+2)!
The choice N =1 in (4.4) yields
tanx n 2 12-n%,
—< ——X— 4.5
x T2 n  an? )
Noting that
t 4
lim ﬂ(n—Zx) =—
x—m/2- X
holds, we consider the expansion of function “‘% — ; 1 gx , on a neighborhood of /2.
As x approaches /2, with x < /2, we find by Maple,
tanx 4/rm 4

- +2uz—n%
X T—2x 72

T 4(12 — 7?)
3n3 (§—x>+
2(720 — * — 601?)

T 2
3mt (5 —x)
T 3 4(720 — n* — 607?)

4573 <——x> +

™ 46
2 4570 (E”_x> toe (46
Even though we can obtain as many coefficients as we please in the right-hand
side of (4.6) by using Maple, here we aim at giving a formula for determining these
coefficients.

2

Replacing x by 7 —1, it is sufficient to consider the expansion of function
— near the origin.

cott
For 0 <t < /2, we have

Tt

4.7
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We obtain from (2.2) and (4.7) that, for 0 <7 < 7/2,
o j+2 o H2j o i+1
cott Z ( )j (Y 22]+%‘32j+2|t2j+1 3 (3)’ y
——t nt s = 2j+2)! i—0 \TT

-,

o j+2 o i—k+1
=y 2 " ,j_zi% 2 +,j+k+1
S\r & 2k+2)! \=m
1 _
_ i 2 szf— i LiJ 22642\ By | 2 ¢ 2kt€
S\rw a5 (2k+2)! T

+2 |G 02k
) i 22k+2|32k+2\ ( ) i
b
T

|
=|M|.|;
_|_
™M
7N\
a0

& (2k+2)!
or alternatively
cott 2 < ./
T n2+€:21c€ 7 (4.8)
where
+2 |5 Aokt -2k
2 o 27| Boy o ( )
== — —_ , ¢eN. (4.9)
(n) ,Za (2k+2)! \~&m
Setting £ =2j+1 and ¢ = 2j in (4.9), respectively, yields
2\ 2/t3 j 22k+2‘ Boso| (2 2j—2k+1
Cj+1= | = 2"y |\ o
/ (n) ,Za (2k+2)! (n)
2\ L % 2By
== -y —————— >, Jj€Ny (4.10)
(n) g{) (2k+2)!
and

2\ 222 By |
C2j = E — 2

9\ 22
& (2k+2)! (E)
2 2j42 J 2|
:<_) P it QR N
T 2

& 2k

(4.11)
(an empty sum is understood to be zero)

Uses of (4.10) and (4.11) are easily seen to generate the values

4 _2(12—7?) _4(12—7?)
o = 7_[27 1 = 377:3 , €= 377:4 5
2(720 — * — 601?) 4(720 — * — 607?)
3= y C4=
4573

4576 o

)
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which are the same coefficients as in (4.6).
Replacing ¢ by 7 —x in (4.8), we obtain Theorem 4.2.

THEOREM 4.2. For 0 <x < /2, we have

oo

anx  4/m :Zc£<g_x>é’ (4.12)

X T-2x /3 2

where the coefficients cy can be calculated using (4.10) and (4.11).
THEOREM 4.3. Forall { € Ny, ¢, > 0.

Proof. In order to prove Theorem 4.3, it is sufficient to prove that

2k\32k|

M\

<1, jeN. (4.13)
k=1

Since

n|Ba| _ 28(2k)
k) 4k

where {(s) denotes the zeta function, it is sufficient to prove that

< C(2k) 1

s=y e _ L

= 4k 2

Now, interchanging the order of summation we have
v v | | 1 1 1 1
S = . = . = - -
j=11§1]2k4k ;412—1 2;(2]—1 2]—|—1) 2

The proof is complete. [

COROLLARY 4.1. For 0 <x< /2 and N € Ny,

N ¢ 4
Zc£<g_x> <tanx_ /T , (4.14)

=0 X T—2x

where the coefficients cy can be calculated using (4.10) and (4.11).

The choice N =1 in (4.14) yields

T—2x w2 3n3

> < —. (4.15)

4/ 4 2(12—n2)<n_x> tanx
X
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5. A general form of (1.10)

Theorem 5.1 below develops (1.10) to produce a general form.

THEOREM 5.1. Let p > 0 be a real number. Consider the following inequalities:

n? 2pmP~!
—_— —_— 5.1
0= (20 <secx < 7P — (207 (5.1

Sfor 0 < x < /2, or alternatively

2
nt ()
1—tP<SeC?<l—tP

(5.2)
for 0 <t < 1. The left-hand side of (5.2) holds if and only if p > 2, while the reversed

inequality holds if and only if 0 < p < w/2. The right-hand side of (5.2) holds if and
only if p = 1 /2, while the reversed inequality holds if and only if 0 < p < 1.

Proof. The left-hand side of (5.2) can be written for p > 0 as

In (l —cos %’)

< p, 0<r<l1.
Int p

For0<t<1,let

fi(t)=In <l —cos %) and  f>(1) =Int,

and let

Then,

Differentiation yields

Therefore, the functions g(¢) and f{(r)/f3(¢) are strictly decreasing on (0,1) . By
Lemma 2.6, the function

Al Al -AQ)
) = L@ LO)-£1)
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is strictly decreasing on (0, 1). And hence, we have, 0 <7 < 1,

T In (1 —cos %) .

Hence, the left-hand side of (5.2) holds for 0 <7 < 1 if and only if p > 2, while the
reversed inequality holds if and only if 0 < p < /2.
By (5.3), we have, for 0 <7 < 1,

1
< | O

1
< sec % (5.4)

1 -t
where the constants p; =2 and p, = /2 are the best possible, in the sense that p; =2
can not be replaced by a smaller number, and p, = /2 can not be replaced by a larger
number.

By the right-hand side of (5.4) and the monotonically increasing property of func-
tion p+— £ (for p € R), we obtain that, for p > /2,

mt 1 (%)p
T ST S

(5.5)

This shows that, for p > /2, the right-hand side of (5.2) holds for 0 < ¢ < I.
As t approaches 0, with # > 0, we find that

Mo w2 Lon 2o,

2 1-w w8
2
It then follows that it is necessary to have p > /2 for sec & — (l’izf to be negative on
(0,1). Hence, the right-hand side of (5.2) holds if and only if p > /2.
We now show that the right-hand side of (5.2) is reversed if and only if 0 < p < 1.
We first prove that

2
.
—; < sec > (5.6)

Replacing 7 by 1 — u leads to equivalent inequality:

Tu U
in— < — 0 1
sin — < 7 <u<l,
which is true. Hence, (5.6) holds.
By (5.6) and the monotonically increasing property of function p — £ (for
p € R), we obtain that, for 0 < p < 1,
1

(2)p
< —.
— ST—; %€

Q2

This shows that, for 0 < p < 1, the right-hand side of (5.2) is reversed.
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As t approaches 1, with # < 1, we find that

nt (%)P:l—p_’_2—|-77:2—2p2

= -1 0<l—t2>.
T T T x ora-hrol=n)
2
It then follows that it is necessary to have p < 1 for sec ”7’ — (1’1 1,1,’ to be positive on

(0,1). Hence, the right-hand side of (5.2) is reversed for 0 <7 < 1 if and only if
0 < p < 1. The proof is complete. [

REMARK 5.1. In order to ensure that the lower bound of (5.2) is positive, we
restrict p > 0. In Theorem 5.1, we do not think about the case p = 0, since

1
lim =
p—0+t 1 —1tP

oo,

REMARK 5.2. Computing limit of the upper bound in (5.2) yields

. (2p 2
T wln(1/1) -7

For p = 0, the right-hand side of (5.2) is reversed, which is understood as

e 2
> — 0 1. 5.8
Sec2>77:1n(l/t)’ <t< (5.8)

In fact, the right-hand side of (5.2) is reversed for all p < 1.

6. Refinements of (1.10)

Noting that

lim secx(n2 - 4x2) =

x—0

. . . 2 .
holds, we consider the expansion of function secx — —"_— near the origin.
Using (2.3), we have

2 I I I 2j
T v Byl o 1 v Byl o) 2 2j
seex n2—4x2_2(2j)!x 1—( x)2_2(2j)!x 2(5) «

2
j=0 b Jj=0 J=0
. 2j
— 2 |E2/‘ _ E ! 2] (6 1)
e \# ’ '
that is,
2 2 4 6
—8 Sn*—384 611° — 46080
Secx — id = n X+ n x4 n +.... (6.2)

2 —4x2 27?2 2474 72070
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We find by the left-hand side of (2.9) that

|Eajl (2 2j> 47+1 1 (2 Y
(2))! T m2iH\ 14371727 T

2\ (4—m)32tl— g
—(2) B8 T jeN 6.3
(n) (32t 4+1) J ©.3)

We then obtain Theorem 6.1 by truncation of (6.1).

THEOREM 6.1. For 0 <x<m/2 and N € N,

n? &) 1Byl 2\
m‘f’ Z (ZJ.S! - (E) x*) < secx. (6.4)

Jj=1

The inequality (6.4) improves the lower bounds of (1.10).
Noting that

lim secx(m?—4x%) =4r
x—m/2~

holds, we consider the expansion of function secx — ﬁ, on a neighborhood of
m/2. Replacing x by T —1, it is sufficient to consider the expansion of function cscz —

4rn fol
g near the origin.

Using (2.4), we have, for 0 <t < 1/2,

csct 4n =csct !
mr—4(F—1)? 1(1-1)
1L &Y =2)[Byl nj1 & (1)j i—1
= —+ e — t J - - tJ
t Z‘l (2))! Zb T
-3 (2% =2)|B| 51 5 (1)’“,,-_ 1
j=1 (2))! =1 \T T
1 & iy &
:—;‘anjlj —Zﬁjl‘j
j=1 j=1
1
=—;+(O¢1—ﬁ1)t—ﬁ2t2+(062—ﬁ3)t3—[34t4
oo (0= By )T = Bt (6.5)

where

2j . J+l1
aj:(ZJ ?)\Bzﬂ and ﬁj:<l> . (6.6)
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We find by the left-hand side of (2.5) that, for j € N,
2(2% - 2) 1\ 253 /2\¥
(Xj ﬁll 1 (27'[)2] (1 - 272]') (ﬂ) 22] 1\

so that (6.5) is an alternating series for 0 < x < /2.
Formula (6.5) motivated us to establish Theorem 6.2.

THEOREM 6.2. For 0 <x < m/2 and N € Ny,

4w N - 4 J
74—2(—1)1_1(1]- <——x> < secx
2 — 4x2 fr) 2

2N+1 ;
where
dyj 1 =0;—PBrj-1, jEN and dyj= P, J € No,
and o and B; are given in (6.6).
Proof. 1f we write (6.5) as

csct — % + % = ((al —Bi)r— ﬁzﬂ) + <(062 —B3)t’ — [34t4>

2
ot ((a,- — By —ﬁzjﬂf) .
we find by the left-hand side of (2.5) that, for j > 2,

(0 = Baj1)t ™ = Bojt™ = <06j = Baj-1 _ﬁ2jt>t2j_l
Aopiom (@) S5 ()

2,
. 2i i 2j
202y 3N g 295 (1N i
@em)¥(1-2-2) 2\=m 22712\ & '
Noting that

1 1 1

2 2

— t—pot" "= —-—— |t — —t 0
(061 ﬁl) ﬁz (6 ) 3 >

2
holds, we obtain that

(0j—Baj-)t* ' =Bt >0 for all jeN.
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(6.9)
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Replacing # by 7 —x in (6.9), we obtain, by truncation of (6.9), the left-hand side of
(6.7).
If we write (6.5) as

csct — % =- (% — (o —ﬁl)f) - (ﬂ2t2 - (052—133)f3>

2
e (ﬁzjﬂf— (aji1 _52.,.“);2”1) —, (6.10)

we find by the right-hand side of (2.5) that, for j € Np,

Bojt™ — (atj1 — Bajs1 )t <[32] (041 _ﬁ2j+1)l>l2j
> {ﬂzj— (1= Baj1) (g) }t2~f
2j+1 242 ) ‘
SHONESE Sl

eV 2j+l_ 2(22j+2_2) ( ) p
“N2\n (27;)2/*2(1_2!372(#1)) 2

22244328 £ 1\PT .
Sl ek (—) >0
2<22j+2_2/3> T

]

where f3 is given in (2.6).

Replacing # by J —x in (6.10), we obtain, by truncation of (6.10), the right-hand
side of (6.7). The proof is complete. [

We now consider the expansion of function secx(n2 — 4x2) near the origin. Using
(2.3), we have

i=0 (2))! j=0 (2))!
oo 2
_ 2 mo Byl AEzja| \ o
—7 +,=21{ I X% (6.11)

Noting that (2.10) holds, we obtain Theorem 6.3 by truncation of (6.11).

THEOREM 6.3. For 0 <x<m/2 and N € N,

2
14x2 {n - 2 ( “;2" 2?2’ 22)|) } < secx. (6.12)
Jj=1 )

The choice N =2 in (6.12) yields

2, 728 2 5248 4
T +TX +Tx

— 42

< secx. (6.13)
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There is no strict comparison between the two lower bounds in equations (1.11) and
(6.13).

We now consider the expansion of function secx(7? —4x?), on a neighborhood
of m/2. Replacing x by 7 —t, it is sufficient to consider the expansion of function

csct (77: —4(%- t)2> near the origin. Using (2.4), we have

T 2 2
csct [ —4(§—t> = cscr (4wt —41°)
 an(@ DBy @ AR =2 e

e L ) 2

=47 — 4t + Z At =N et
=1 =1

:M—uot—l—?tltz—ulﬁ+/12t4—u2t5+--- -l—ljtzj [leﬁ_l TN (6.14)
or alternatively

secx(n2 - 4x2)

ctomtn(5=2) e (5 o) - (5-0) s () - (5o

b iy (F) o () (6.15)

where
% =4rn, Uo=4,
47(2%7 —2)| By
2i)!
If we write (6.14) as

csct <n2 —4 (g —t)z)
Z().o—uot> + (Altz—ull‘g) + (2,2)64 —,LL21‘5> +- 4+ <)th2j_‘ujt2j+l> + -
(6.17)

4(2%7 —2)|By |

b= 2))!

and ;= for jeN. (6.16)

we find that, for j € Ny,

2j 2
427 2j+1 Jj TR E 2j 2”(2 )‘B2]| 2/
Ajt™ — it <7L u,)t >{/l, y,<2>}t —(2]) > 0.

We obtain by truncation of (6.17) that, for 0 <7 < /2 and N € Ny,

csct <n2 —4 (g —t)2)

> — Hot 4+ Mt — it + dox* — por® + -+ e — une?N L (6.18)
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If we write (6.14) as

csct <n2 —4 (g —t>2>
=y — (uot—JLlﬂ) — <u1t3 —JLgx“) e (,uj_ltzf'*1 —Ajt2~f> —e,(6.19)

we find by (2.8) that for j > 2,

T S (#./—1 —%f)fzj_l > {Mjl —A (g) }fzj_l

_ 42572 =2)[By)] { |Baj—a| nz(zzj_z)(zj_z)!}t2jl

2j-2)! Byl 22 7-2)(2))!

4222 2)|Byy| [ Y~ 1)(2j-2)! (Y =2)(2j -1 55
2j—2)! { PN 222 -2)2) }t

2m2(2%572 —2)|Byj| [ 16/ —12-47 +8 -

N T { (222 = 1)(4/—8) }’2J o

>

Noting that

2 27 , T
Ut —At"=dt——1">0, 0<r<=
3 2

holds, we obtain by truncation of (6.19) that, for 0 <t < ©/2 and N € Ny,

2 T 2
t —4 (— - t)
csc (n 5 )
<Ao — Mot —|—7L1t2 — ,Ltll‘3 + lgx“ — = ,UN_ltzN_l —|—7LNI2N. (6.20)

Replacing 7 by % —x in (6.18) and (6.20), we obtain Theorem 6.4.

THEOREM 6.4. For 0 <x < m/2 and N € Ny,

Pl seex < S0 621)
with
Pan() = 20— o (5 —x) + 4 (5 —x>2 w2 _x> a2 _x>4
e (5T (2
and

Ponii(x) = Py (x) — uy <E —X) o

b

where A; and [Lj are given in (6.16).
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The choice N =1 in (6.21) yields
1 T 2% /T 2 2/rm 3
i {-a G0 G916
n2—4x2{” 2x+3<2x 3277
1 T 2w /T 2
<secx<m{4ﬂ:—4<5—x>+?(5—x> } (622)
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