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SOME GENERALIZED NONLINEAR GAMIDOV TYPE
INTEGRAL INEQUALITIES WITH MAXIMA IN TWO
VARIABLES AND THEIR WEAKLY SINGULAR ANALOGUES

RUN XU* AND XIANGTING MA

(Communicated by Q.-H. Ma)

Abstract. In this paper, some new nonlinear Gronwall-Bellman-Gamidov type integral inequal-
ities with maxima in two variables and their weakly singular analogues are discussed. By using
analysis techniques, such as change of variable, amplification method, differential and integra-
tion, inverse function, we estimated the upper bounds of the unknown functions. For illustrating
the validity of the inequalities established, some examples are given to study the boundedness
and uniqueness of solutions of a certain Gamidov type weakly singular integral equations.

1. Introduction

With the development of the theory of differential equations, The Gronwall-
Bellman inequality [1,2] and Bihari inequality [3] are widely used in the qualitative
and quantitative analysis of differential equations, as it can provide explicit bound for
an unknown function lying in the inequality. The study of inequality has always been
a hot topic, see the literature [4-39]. During the past few years, many researchers have
established various generalizations of the Gronwall-Bellman inequality. For example,
in [7-8], the authors discussed some Gronwall-Like type inequalities; in [9-14], some
inequalities with weakly singular kernel were studied; in [4-6, 15-17], the authors re-
searched some Gamidov type inequalities; in [18-20], generalized Volterra-Fredholm
type inequalities were investigated.

In 1992, Banov and Simeonov [5] established the following useful integral in-
equality:

; p
u(t) <c+ /a F(s)u(s)ds+ /a g(s)uls)ds, 1€ o, fl. (1.1)
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In 2007, Wu-Sheng Wang [8] discussed a generalized retard Gronwall-Like in-
equality in two variables:

WP (x,y) < alx,y) +2/ Y e y,5,)@i(u(s,0))deds. (1.2)

G VO

In 2014, Kelong Cheng et al. [15] researched a generalized nonlinear Gronwall-
Bellman-Gamidov type integral inequality:

" (1) <a(t) +b(t /f s)ds + c(t /g s, t€0,T), (1.3)

and its weakly singular analogue:

1
W (1) <al(t) + b(1) / (19 — sYB=1 =T £(0) (5)ds
0
T
o) / (T% — s\ 1n=l o (i (s)ds, 1€[0,7),  (1.4)
0
where m>n>0, m>r=>0.
Along with the development of automatic control theory and its applications to
computational mathematics and modeling, many Gronwall-Bellman integral inequali-

ties with the maxima of the unknown function are established, see [21-24].

In 2013, Yong Yan [23] studied a generalized nonlinear Gronwall-Bellman in-
equalities with maxima in two variables:

Bi(y
u(x,y) <a(x,y —1—2/ / i(s,0)hi(u(s,t))dsdt
a;(xo) i (

/ / ( max u(&,r ))dsdt, (x,y) €A, (1.5)
j=m+1 (v0) E€[s—h.s)
u(x,y) <y(xy), (x,y) €. (1.6)

In 2015, Yong Yan [24] investigated a generalized nonlinear weakly singular Volterra
integral inequalities with maxima:

o) <at) + 3, [0 s BV g1,5) ()
i=1 (t0)
m+n
/ ki(Bj— )qu(yj_l)gj(t,s)(l)j
j=m+1 (o)
max fu ds, tE€|ty,t), (1.7)
(&q s A (é))) fo.1)

u(t) <y(t), te[b*(to)— h,to, (1.8)
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where b* () = min {min| i<y, bi(to), min, 1< j<mncj(bj(t0)) } .

However, we notice that there are few literature to investigate the Gamidov type
integral inequalities with the unknown function that composed with the given function
in the integrals. In this paper, based on the work of Wang [8], Cheng [15] and Yan
[24], we deal with some classes of nonlinear Gamidov type integral inequalities with
maxima in two variables and their weakly singular analogues. The other importance of
the paper is the applications that show the boundedness and uniqueness of solutions for
weakly singular Gamidov type integral equations with maxima.

2. Preliminary knowledge

In what follows, R denotes the set of real numbers, Ry = [0,+o), Ry =
(0,420). C'(U,V) denotes the class of all continuously differentiable functions defined
on set U with range in the set V., C(U,V) denotes the class of all continuous functions
defined on set U with range in the set V.

Consider the sets A, ¥, A defined by:

A= {(x,y) ER?:x€ [xo,M),y€ [yO,N)};
Y= {(x,y) € R?: x € [Bb.(x0),x0],y € [y07N)};

A= {()@y) €R?:x € [Bbu(x0),M),y € [yo,N)} =AUY;

where b, (xg) = minj<;<abi(xg), 0 < f < 1.

For convenience, we cite some useful lemmas in the discussion of our proof as
follows.

LEMMA 2.1. (See [25]). Assume that a >0, m >n >0, and m # 0. then for any
K >0,

Ko+ " g, @.1)

n
am < —
m m

LEMMA 2.2. (See [9]). Let o, B, v and p be positive constants. Then

t 0 _
/O(t“—so‘)p(ﬁ_l)sp(y_l)dSZ%B w,p(ﬁ—l)—i—l , TE€ER,, (2.2)

where BE,n] = [) s (1 —s)1'ds (Re & > 0,Re 1 > 0) is the well-known B-
functionand 0 = plo(B—1)+y—1]+1=0.

LEMMA 2.3. (Discrete Jensen Inequality). Let Ay,A3,---,A, be nonnegative real
numbers and r > 1 is a real number. Then

(Aj+Ay+- -+ A) < HATH AL+ AT, (2.3)
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3. Main results

THEOREM 3.1. Let the following conditions be fulfilled:
(i) The functions b; € C'([xo,M),Ry) and ¢; € C'([yo,N),[yo,N)) (i = 1,2,3,4) are
nondecreasing with b;(x) < x on |[xo,M), ci(y) <y on [yo,N) and ci(yo) =yo;
(ii) The functions a(x,y) € C(A,[1,%0)), fi(x,y) € C(A,R4) (i =1,2,3,4) are nonde-
creasing in each of the variables, h;i(x,y) € C(A,R;) (i =1,2,3,4);
(iii) The function ¢(x,y) € C(W,Ry.) satisfies max, ey ¢(1,7) < a(xo,yo);
(iv) The functions @; € C(R+,Cy+) are nondecreasing with @;(u) >0 for u>0 (i =
1,2), such that @) & @,, and @; are submultiplicative, that is ;(tx) > tw;(x) for
0<r<1;
(v) The function u € C(A,Ry) satisfies:

bi(x) rer(y)
) Snaley) + i) [ [t dsde
1X0) “c1(yo

2 ()
+ fa(x,y / /2 hz(s,t)a)z< max u(é,t))dsdt
ba(xg) Y ea(yo) Se€[Bs.s]

+ f3(x,y /h3 xo / u(s,t)dsdt
+f4(x7y)/h / 4(s,1) 52?[2515%_@”(5’”‘1“”’ (x,y) €A,  (3.1)
u(x,y) <¢(x,y), (x,y ) E‘P~ (3.2)

Then, we have the following explicit estimation

u(,y) < alw )Wy {Wz {WZ[WI(HGI‘(Bl(M,N»)+A1<x,y>]+Bl<x,y>}},

(3.3)
Sorall (x,y) € A, where Wi_l is the inverse function of W;:
¢ d 2 oo (W, !
Wi = [ S W= [ o 15) g (3.4)
c oi(s) c (W, (s))
¢ > 0 is a given constant.
Ai(x,y) =f1(x,y / / (s,1)dsdt, (3.5)
bl X() cl yo
Bi(x,y) =f2(x,y) / 2(s,1)dsdt, (3.6)
bz X()
Dy(M,N) =f3(M,N) / S0 s
b3(xg) (o) x07y0)

+ f4(M,N) / S st >0, 3.7)
by(xp) (v0) anO)
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u
where Gy(u) is increasing in R .
Proof. Define the nondecreasing function a(x,y) € C(A,[1,+o0)) by
~ a(x,y), (x,y) €A,
ax,y) = (3.9)
) {a(XOJO): (x,y) €W
L <1, we obtain
alx,y)
a1 (y)
u(x.y) <1+ fi(x,y) / 1 hl(s,t)w1<u(s’t)>dsdt
a(x,y) bl %) Je1(v0) a(x,y)
qu(ét
+f2 X y / hz(s,t)a)z (M)d“h
ba( xo 02 () a(x,y)
+ (M) / LI
b3 XO c3 yo x y)
S, ?t
AN / “‘a"éew—&“@)dsd,, (ry) €A,
by(xp) a(xvy)
that is
u(x,y) a0) (u(s,f))
<1+ / hi(s,t — dsdt
a(xa}’) filxy) hl x0) Jer (v s 1) a(s,t) ’
8,8 t
+ f(x,y) / (5,1) (maxée[ﬁ (&, )>dsdt
b2 XO C2 yo (S t)
+ f3(M,N) / als,t) w1 o
b3 xo 3 )’0 xO:)’O) a(s,t)
1
) / als,r) .maX5e~[;35,s]M(§ )dsdt,
ba(xp) anyO) a(s7t)
(x,y) €A, (3.10)
afx,y) ~a(xo,yo)
For s € [b.(x0),b+(M)], t € [yo,N), we have
maXge g 4(6:1) _ w(§0) _ulSit) u(€.1)
= =eb 8 max =221 (3.12)
(1(5‘,[) Cl(S,t) (1(51,[) E€[Bs,s] (1(5,[)
Let
u(x,y)
z2(x,y) = = (3.13)
)= Gy
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From (3.12), it follows that the inequalities (3.10), (3.11) may be written in the form

2(x,y) <L+ fi(xy) / (5,0 @1 (2(s,7))dsdt
bl XQ Cl

+ fo(x,y) / (s,1) ( max z(é,t))dsdt—kC(M,N),
ba(xo) /ca(yo)

Ee[Bs,s]
(x,y) €A,
2(x,y) <1, (x,y) €Y,

where
C(M,N) =f5(M,N) / alst) s tdsdr
b3(xo) (o) x07y())
als,r)
+ f4(M,N) / 8,1 ’ max Jt)dsdt.
f4 by(xp) (vo) )C()7y()) E€(Bs.s] (5 )

VX € [x0,M), Y € [yo,N), forall (x,y) € [x0,X] % [vo,¥] = A;, we have

(xy)<1+f1XY/( / (5, 0) 01 (2(s,1))dsd

+ A(X,Y) 2 / hz(s,t)a)z< max z(é,t))dsdH—C(M,N),
(Yo

CE[Bs.s]

b2 XO
for (x,y) € [Bbs(x0),x0] X [yo,Y] = W1, we have

2(x,y) < 1.

Define the function z; (x,y) € C(A,R+) (A; = A UW¥)) by:

LAY J o oo I (s.) @1 (<(s.1)dsdi

+mxn@mg&MQMnmmw”@ﬁyw

Zl(X,Y): _|_C(M7N)7 (x,y)EAl,

1+C(M,N), (x,y)€¥;.

Which is positive and nondecreasing in each of the variables, and
21 (x0,y) = 1 +C(M,N).

From (3.17), (3.18) and the definition of the z;(x,y), we have

2(x,y) <z1(x,y),  (x,y) € Ag,

(3.14)
(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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max y) £ max z y
(max A5y) < max ai(S.)

<z (.X,y), (x7y) € [b*(XO),b*(X)} X [y07Y) (321)
Differentiating z; (x,y) on A; with respect to x, and from (3.20), (3.21), we have

w — (X, V), (%) /q(y)hl(bl(@ﬁ@ (2(b1(x),1))dt

c1(yo)
e (y)
+ X,Yb’x/ h bx,tm( max ¢ ,t)dt
fz( ) 2( ) Cz(yo) 2( 2( ) ) .‘;e[ﬂbz(x),hz(x)] (5 )
c1(y)

<f1(X»Y)b'1(X)/ h(bi(x), 1)@ (21 (b1 (x),1))dr

c1(v)

AW [ ha(balo). n(aa (bt ), (3.22)

c2(v)

by the monotonicity of @;, z; and the property of b;, ¢; (i =1,2), we get

(9/9x)z1(x,y)

p ()
o)) S [ mtoiaya

c1(vo)
@ (z1(b2(x),1))

o (z1 (bz(x),t))dt' (3.23)

, e (y)
+ (X, Y)Bh(x) / GO

Replace x to s, and integrating it from xq to x, we obtain

c1(y)
Wi (x3) <Wa(aa o) + 1Y) [ / (s.1)dsdr
1 xO €1 YO

(z1(s,0))
RECCIL A /62 zl( 0.0 P
<Wi(z1 (xo,y ))+A1(X Y)
2 (z1(s,1))
+ f(X,Y) o) / w1 0 t))d sdt, (3.24)

where A[(X,Y) is defined in (3.5). Let z2(x,y) denote the function of the right-hand
side of (3.24), which is positive and nondecreasing in each of the variables, and

2(x0,y) = Wi(z1(x0,y)) +A1(X,Y), (3.25)
21(x,y) < W (22 (x,y)). (3.26)

Differentiating z,(x,y) on A; with respect to x, and from (3.26), we have

X C2( ) X
/ 20) o (W, (z2(b2(x),1)))
<H(X,Y)by(x) /Cz(yo) ha(by(x),1) o (W}l(Q(bz(x),t)))dt. (3.27)
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From the condition w; o w,, we obtain that is nondecreasing, by the monotonicity
of z» and the property of by, ¢z, we get

o1 (W] (22(x,9)))(9/9x) 22 (x,y)
(W) (22(x,y)))

Replace x to s, and integrating it from xq to x, we obtain

, 2 (y)
< HX, V) (%) / ho(ba(x),0)di. (328

e2(v0)

WQ(Z2(X,_Y)) g W2(12(x07y)) +Bl (x7y7XaY)a (329)

where

Bi(x,».X.Y) = fo(X.Y) / / (s,1)dsdt, (3.30)
ba(xo) Je2(yo)

obviously, Bi(x,y,x,y) = By(x,y), which is defined in (3.6). From (3.19), (3.20),
(3.25), (3.26) and (3.29), we get

2(x,y) < z(xy) < W (za(x,y)

< Wl_l{Wz_l [Wz <W1(1 +C(M,N)) —|—A1(X,Y)> —|—Bl(x,y,X,Y)] } (3.31)
Since X, Y are chosen arbitrarily, we have

Z()C,y) g Zl(xay)

< Wfl{Wz_l {Wg <W1(1 +C(M,N)) +A1(x,y)> —|—Bl(x,y)} } (x,y) €A.
(3.32)

By (3.20), (3.21) and the definition of C(M,N), we have
C(MaN) < Zl(MaN)Dl(MaN)

<w! {W;l [Wz (Wl(l +C(M,N)) +A1(M,N)) +BI(M7N)} }DI(M7N)7
ie.

W, [W(%)] — W, [WI<1+C(M,N)> +A1(M,N)] <B(M,N), (3.33)

where D1 (M,N) is defined in (3.7). By (3.8), we have
C(M,N) < G{'(Bi(M,N)). (3.34)

Combining (3.13), (3.32) and (3.34), we get the desired result (3.3). [
If w;(u) = @, (u) = u in Theorem 3.1, we get an interesting result as follows.
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COROLLARY 3.2. Assume that the conditions (i)-(iii) of Theorem 3.1 are satisfied,
u(x,y) € C(A,Ry) satisfies

u(x,y) <alx,y)+ fi(x,y) / (5,0 )u(s, )dsdi
by (x0) Jc1(yo)

)
+ fa ,y/ / (s,1) max u(&,r)dsdt
hz x0)

56[15S 5]
+ f3(x / u(s,t)dsdt
b3 xo 3 J’O
+ fa(x,y) / 4(s,1) max u(&,t)dsdt, (x,y) €A, (3.35)
by(xo) 56[/35,s]
u(x,y) <¢(x,y), (x,y)€¥. (3.36)
Then
a(x,y)
< PR ZVEN N A ) B ) ) ) A7 37
u(x,y) =Dy M) exp (A1 (x,y) +Bi(x,y)), (xy)€ (3.37)
where
Da(x,y / / h3(s 1)exp (A1 (s,1) + By (s,1))dsdi
bs( Xo C3 (o) xO»yO

+ fa(M,N) / ha(s,t)exp (A (s,7)+ Bi(s,t))dsdt < 1.
b4(xo) (o) alx0,¥0)
(3.38)

Proof. Applying Theorem 3.1 to (3.35), (3.36), then

%
D2(M7N)

—u,

zds
Wl(z):Wz(z):/ ?zlnz—lnc, Gi(u) =

obviously, G;(u) is a strictly increasing function, we get the desired result. [

THEOREM 3.3. Let the following conditions be fulfilled:
(i) The conditions (i), (ii) of Theorem 3.1 are satisfied;
(ii) The functions @; € C(R4,R..) are nondecreasing with @;(u) >0 for u>0 (i =
1,2), such that @y o< @,, and @; are subadditive and submultiplicative, that is
o;(x+y) < 0(x) + 0;(y), @i(tx) Ztwi(x) for 0<r <15
(iti) The function ¢ € C(W,R) satisfies max(, 1y ¢(1,7) < at (x0,¥0)
(iv) The function u € C(A,R.) satisfies:

c1(y)
ul (x,y) <a(x,y) + fi(x,y) /C yy hy(s,t) o (u(s,t))dsdt

by ( xo

+ f2(x,y) / ( max u(€,z ))dsdt
by (xo) Jea(yo0) GE[Bs.s]
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+ falx,y / / (s,0)u™ (s,1)dsdt
bs( X() yo

+ faley / / (5.0) max 1 (§.0)dsdr, - (vy) €4, (339)

u(x,y) <o (x,y), (x,y) €V, (3.40)

where 1, m, r are constants and satisfy [ >m >0, >r>0, 1> 1.
Then, we have the following explicit estimation

() <fatr)+ By {ws o i (1465 o))

1
T
+A1(x7y)] +BI(X7Y)}}} , (vYy) €A, (3.41)
where
1 10 [—1 1
Ey(x,y) =1+ fi(x,y) / 1(s,0)oy | =K' T al(s,t) + ——KT |dsdt
b1 XQ Cl l l
2(x) 1 120 [—1 1
+ /ol 7)’/ / 2s,t)aon | =K T a(s,t)+ ——K7 |dsdt
bz Xo 13 J’O l l
m—Il __ l— m
+ f3(x,y) / (mKTIa(sJ)—l——mKT)dsdt
b3 Xo 3 J’O l l

for any constant K > 1.

mE1 (s,1) m—l
M,N (M,N) / h s,0)K T dsdt
( ) f3 b3(xo) Jez(vo) lEl an}’O 3( )
E 1) r—
+ f4(M,N) / rEi(s, h4(s,t)KTldsdt, (3.43)
b4 XO C4 yo lEl -x07y0
B El(x7y)7 (xvy) € A7
Ei(x,y) = (3.44)
El(anyO)? (x7y) eVv.
u
G =W | Wi (————=) | =W Wi (1 A{(M,N 3.45
2(u) 2( 1(D3(M,N)>> 2( 1(1+u) +A (M, )) (3.45)

where Gy (u) is increasing in Ry.. Wy, Wy are defined as in (3.4).
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Proof. Define the functions z(x,y) € C(A,Ry) by

filx »y)fbl (o) fc1 o) hl(s 1)y (u(s,t))dsdt
+/2(x,y) sz xo ;2 yo 1) (maX;;e[ﬁs gu(é ))dsdt

+£3(x, y)fb3 xO fc3 gh( Y™ (s,1)dsdt
Z(x,y) = +f1(x,y) fb4 (o) f¢4(y0))h4( s,t)maxe gy g u'(§,0)dsdt, (x,y) €A,

f3<xo,yo>f,,’?10 S (s, )u" (5, ) dsdl
+fa(x0,30) J, §0>fc4 ) ha (s, 1) maxe g g (&, 1)dsdr,  (x,y) €W

Obviously, z(x,y) is nonnegative and nondecreasing in x and y. From inequalities
(3.39), (3.40), and by the Lemma 2.1, we have

1

T
u(x,y) < (a(w)ﬂ ) ( )
1 1 1 1
<7K1 ( a(x,y) +zxy>+T T, (x,y) €A, (3.46)
l
u(x,y) < ¢(x,y) <a’(xo,y0) < ( afx,y +ny)
1 1 [—1_ 1
< K7 (@) et ) + KL e G4

where a(x,y) is defined in (3.9). Moreover, from above inequalities, for (x,y) €
[b.(x0),b.(M)] X [yo,N), we have

-1
l

1—

KT <c7(x,y) —l—z(x,y)) +

g?ﬁfx”(é y) < (5(x,y)+Z(x,y)> < Kt

o~ | —

m ~ T omowa l—m _m
u™(x,y) < | alx,y) +z(x,y) S 7K ax,y) +z(x,y) +—KT,

max 0(E) < (@) 426 ) <

~~
~ =

KT (a(x,y) +z(x,y)) n l;—rKi (3.48)

for any constant K > 1. From (3.48) and property of w; (i =1,2), the function z(x,y)
may be written in the form:

1 -1
z(x,y) <fi(x,y) / 1(s,1) oy [7 11[( 1)+ z(s, t))+—l K;}dsdt
by(xo) 61

+f2(X,Y)/ [1 11[( als,t) +z(s, t)) + EK;}dsdt
ba(xo) l l
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+ fa(x,y / / 3(s,t { K" (N(s,t)—kz(s,t))—|——l_mKT}dsdt
h3 Xr) yo )

+ fa(x,y) / [ KT (5(s,t) —|—Z(S,t)) + l;—rKy}dsdt
by(xp)

by (x
<E(on) +iley) [ / nlsaon(els.)dsr
1x0) 7 €1(Vo

by(x) rea(y)
+hlxy) / / o (s, ) (2(s,1))dsdt
by Xr) yo

+ f3(x,y / / T le(s,t)dsdt
h3 xo l
¥ fa(x,) / SR 2(s 0)dsdr, (x,y) €4, (3.49)
by(xp)
m— ~ l— m
z2(x,y) <f3(x0,0) / (s, {ﬂ KT (a(SJ)%—z(s,t)) + —mKT]dsdt
b3( xo C3 (o) l [
+ fa(x0,50) / a(s,1 [f KT (a a(s,t) +z(s, ))—Fl_—rK%}dsdt
by(x0) Jea(yo) l [
) m mi
<E1(x0,Y0) + f3(x0,¥0 / / (s t)T T z(s,t)dsdt
3 XO
+ filo0.30) / / ha(s.i ; KT (s.)dsdr, (ny) €W, (350)
by

where Ej(x,y) is defined in (3.42), which is nonnegative and nondecreasing in each
of the variables. Inequalities (3.49), (3.50) satisfies the conditions of Theorem 3.1,
applying the result of Theorem 3.1, we get

) < By {ov o (1465181010 ) st | + Bren .
(3.51)
where Aj(x,y), Bi(x,y) and G,(u) are defined in (3.5), (3.6) and (3.45), respectively.
Combining (3.46) and (3.51), we get the desired result. [J
Take I =2, m=r=1, @;(u) = () = u in Theorem 3.3, a new Gamidov-Ou-
Iang type inequalities is obtained as follows.
COROLLARY 3.4. Suppose that the conditions (i) of Theorem 3.3 are satisfied,

and the function ¢ € C(W,R..) satisfies max(, ryey ¢(1,7) < at (x0,¥0)- If u e C(A,Ry)
satisfies

)
W (x,y) <a(x,y) + fi(x,) / hy(s,0)u(s,t)dsdt
by ( xo c1(yo)

+ f2(x,y) / max u(&,r)dsdt
by(x0) /e2(vo) 56[135#]
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+ f3(x,y / / (s,0)u(s,t)dsdt
bs( X() yo

¥ falx,y / / max w(E,0)dsdi, (x,y) €A, (3.52)
ba(xp) éGﬁss]

u(x,y) <o(x,y), (x,y) €Y. (3.53)

Then, we have the following explicit estimation

1
2

E>(x,y) exp(Al(x,y)-i-Bl(X,)’))] , (xy)eA, (3.54)

u(x,y) < [aoc,y) T T DaMN)

where

c1(y) 1 1
Ex(x,y) =1+ fi(x,y) / hl(S,t)<— K2 a(s,t)+ = KZ)dsdt
bi(xo) Jc1(yo) 2 2

2(x) pea(y) 1 1. 1 1
+ fa( ;)’/ / ha(s,t) —K 2d(s,t)+ =K2 |dsdt
bzXo yo 2

~ 1
+ f3(x,y / / ( K~ éa(s,t)—i——l(i)dsdt
b3 xo 2
1
+ fa(x,y) / (—Ké als,t)+ KZ)dsdt, (3.55)
ba(xp) 2
E2 S, l _1
Da(M,N) =f3(M,N) / T (DK exp (A1 (5.0 4 Ba(s.)) s
b3(xo) Je3(vo) 2E2 (x0,0)
E2 S, l _1
+ f4(M,N) / 7h 5,0)K?
f4 b4 XO C4 yo 2E2 -x07y0 4( )
exp (A1 (s,7) +Bi(s,t))dsdt < 1. (3.56)
_ EQ(X,y), (x7y) € Aa
Es(x,y) = (3.57)

EQ('XOLYO)? (x7y) eVv.

Proof. Applying Theorem 3.3 to (3.52), (3.53), then

u

Zds
Wi(z) =Wa(z) = | —=Inz—1 G -
(@ =W = [T =tnztne, Golu) = prims —n
obviously, G, (u) is a strictly increasing function, we get the desired result. [

THEOREM 3.5. Let the following conditions be fulfilled:
(i) The conditions (i)-(ii) of Theorem 3.3 are satisfied;

-1
(ii) The function ¢ € C(‘¥,R) satisfies 0 < max(, nyey ¢(1,7) < 5T qf (x0,50);
(iii) oy € (0,1], Bi € (0,1) and p(yi —1)+1>0, p(Bi— 1)+ 1> 0 such that I%—i—
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(Bi—D)+%—120 (p>1:k=1,2; i=1,2,3,4);
(iv) The function u € C(A,R.) satisfies:

u' (x,y) <a(x,y)
+ filx,y / /Cl b) Pl _Sall)ﬁl—ls)’ll—l(yazl —taZl)ﬁl_ltm_lhl(s,t)
by(x0) Je1(y0)
x @ (u(s, ))dsdt

+ fo(x,y) / X2 alz)ﬁz Lona— l(yazz Otzz)ﬁz Ly lhz(s 1)
by (x0) Jea(y0)

><w2< max u(é,t))dsdt

Ee[Bs.s]
+f3(x,y)/ /C3 ®) M0613 _ SOC13)I33—1SY13—1(N0623 _t0623)l33—1tm—1
b3
X h3(s,t) m(s t)dsdt

+ fa(x,y) / M0614 _ 50614)134—157/14—1(]\70624 _t0624)l34—1th4—1
b4 XO

X h4(s,t)§mgx u" (&, )dsdt (x,y) € A, (3.58)
E SS
ulx,y) < ¢(xy), (x,y) €V (3.59)

Then, we have the following explicit estimation
i) < {5 ae0) + Esx W {0 {0 W (1465 Bator. ) )

1
+A2(x,y)} +Bz(x,y)} } } Ty eA (3.60)
where

Eg(X,y) =1

—|—F1xy/ / H(s,1)29" la)q
bIXO Cl)’O

1 1 [—1
+ P (x,y) / H(s,1)29~ ) (— ‘ﬂq ay (st —|—q—K‘ﬂ>dsdt
by ( Xo (&) )’0 ql ql

[
+ F3(x,y) / / (7[(71 (st)—!—TKl)dsdt
bs( Xo 3 )’0

—|—F4xy/ / (
b4X0

Filx,y) =597 f (x,y)e] (x,), (z=1,2>,
Fj(x,y) =577 f1(x,y)e!(M,N), (j=3,4),

1 La [—1
—K X ay(s,t) —|—q—K‘ﬂ dsdt
ql ql

~I =

. I—r ,
KTlal(s,t)—FTrKT)dsdt, (3.61)
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Hi(x,y) =hi(x,y), (i=1,2,3,4), (3.62)

1

xeliyezi »
ei(xvy) = 000
1 1

X [B<p(7“;7ul)+l,p(ﬁi— 1)+1)B<p()/2,-;721)+1’p(ﬂi_ 1)+1>] %,

i

O =plowi(Bi—1)+vi—1]+1>0, (k—l 2;i=1,2,3,4), (3.63)
_ Z d . z 4 W
Wi(z) = u / i, () 1 () 4. (3.64)
e of(s c (Wi (s))
As(x,y) =F (x,y / / Hl(s,t)szfldsdt, (3.65)
by ( Xr) yo
Ba(x,y) =F>(x, / / (5,1)27 dsdt, (3.66)
bz x0)
E -
Ds(M,N) =F;(M,N) / mES(.0) ponct g
b3(x0) (o) lE3 (xO»yO)
E .
4 E(M,N) / rEs(s,1)_ KT dsdt, (3.67)
ba(xp) Jea(yo) lE3 (anyO)
_ [ u _ [
Ga(u) =W, (W1 (—~— V) =W, (W, (1 As(M,N 3.68
3(”) 2( I(Dj(M,N))) 2( 1( —|—I/t)+ 2( ) ))7 ( )

where G3(u) is increasing on Ry

Proof. Let I%—!—Lllz 1, p>1,then ¢ >0. Since p(fi—1)+1>0, p(yi—1)+1>
0, L+ ogi(Bi—1)+%i—1>0 for k=1,2; i=1,2,3,4. Using the Holder inequality
P .
to (3.58), and applying Lemma 2.2, we get
! (x,)
<a(x,y)
+ fi(x,y)

==

> -/ / O 0611)P(ﬁl—l)sp(m—l)(yazl 0621) p(B1=1) p(v21— Udsdt}
by(x0) Je1(yo)

1

b1 q
X / / h(s,t) o (u(s t))dsdt]
bi(xo) /c1(yo)

+ fo(x,y)

==

b
% / %2 0!12)17([32*1)517(712*1)(yazz _ tazz)P(ﬁzl)tP(szl)dsdt}
ba(x0) Jea(y0)

1

by (x q
X hi(s,t) @ ( max u )dsdt}
/172 /2 () 2 E€(Bs.s] (&:1)
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+f3(x7y)

l

« / / (MO13 — s®13)P p(B3—1) op(13— 1)(1\70623 1923)P P(B3=1)p(123— l)dsdt}
b3(xo) (o)

1
X / / hq (s,0)u®™ (s, t)dsdt]
L/ b3(x0)
+ falx,y)

1

~ / / (M4 — g%1a)P P(Ba=1) p(Na— 1)(N0624 1924)P P(Ba=1)p(v2a— Udsdt}
by(xo) (o)

L
X / / hq (s,1) max uq’(é,t)dsdt] !
by (x0) E€[Bs,s]

c1(y) 5
(xw+ﬁﬁﬁkle{Ax [yy%@ﬁwﬂwx0MM4

1
+ fo(x,y)ea(x,y) {/ / hq (s,1) 0] (€n?gxlu(§,t))dsdt}q
e\ps,s

+ﬁuwmemLA1 /i %@ﬁmeMMﬂq

+ﬂwwmﬂ4N[A“0/’ (o) max (& s | (1) €,
(3.69)
u(n,y) <O(x,y) <57 at (xo.y0), (1) €W (3.70)

where ¢;(x,y) are defined in (3.63). It is easy to see that ¢;(x,y) is nondecreasing in
each of the variables. Applying Lemma 2.3 to (3.69), we get

; bi(x) rer(y) q
w@w<mww+awwA [ His o] s )dsa
1 1o

e (y)
+ F( ,y/ /2 Hz(s,t)a)g< max u(§, ))dsdt
by (x0) Jea(yo) E€[Bs,s]

+ F3(x,y / / (s,0)u? (s,1)dsdt
bs( xo

+ Fy(x,y / / 4(s,¢) max u?(E,r)dsdr, (x,y) €A, (3.71)
b4(x0) 56[135#]

where F;(x,y), H;(x,y) (i=1,2,3,4) are defined in (3.62), a1 (x,y) = 59" 'a4(x,y), and
Fi(x,y), ai(x,y) are nondecreasing in each of the variables. Let

z(x,y) = ul(x,y). (3.72)
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From (3.70) and (3.71), we have

by (x
2 (x,y) <ai(x,y) + Fi(x,y / / (s,t) ] (Z‘I(s t))dsdt

+ F(x,y / / ( max zq(é ))dsdt
bz XQ (%) yo 56[[53 s]

+ F3(x,y / / (s,1)dsdt
b3 xo

+F / 4(s,¢) max Z'(&,r)dsdt, (x,y) €A, (3.73)
ba(xp) 56 [Bs.s]

1 1
2(xy) <57 a (v0.30) = af (0.30), (x.3) €. (3.74)

Inequalities (3.73), (3.74) are similar to (3.39), (3.40), separately. Let

1

F(xy) [0 fq o (j) Hy (5,6)07 (27 (s,))dsdt

+F(x,y) sz XO fccz yo <max;§€[ﬁs s]Z" ))dsdt
(s,1)dsdt

+E () [ fc( ) Hi(s.1)
W(xy) = hi (o)
FE(x,y) [0 e H4<s7r>mane[,35,s]z (& 0)dsdr,  (x.y) €,

F3(0,50) Jy o) J3m) Hi(s,1)2" (5, ) dsdt
+F4(xO,yo)f,,4xO)f ) Hy(s,1) maxg g 2 (8. 1)dsdr,  (x,y) €.

y{)

Obviously, v(x,y) is a positive and nondecreasing function. And from (3.73), (3.74),
we have

2(x,y) < (@ (x,y) v ) < @Ey) vy, (xy) €A, (3.75)
20,y) < af (v0,30) < @ (xy) +vie)t, (o) € P, (3.76)
where
~ o al(x7y)’ (x,y) € A;
al(x’y)_{al(xmyo)? (x,y) € V¥, G717

which is nondecreasing in each of the variables. Moreover, from (3.75) and (3.76), for
(x,y) € A, we have

1 1—ql

~ qgl—1
K X g,
ql 4 (al(x7y)+v(x7y)) + ql ™

NI~

27 (x,y) < (@ (r,y) +v(x,y)) @

1
ql

1
1 ql
max z9(&,y) < max (ai(&,y)+v(E, < | max ai(&, max v
max <F(E) Wx’x](l(é ¥) 4 v(E y>) (&M (E)+ max (€, y>)
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| e [—1 1

< kT (@) i) ) + L,
_ m m . m—I l—m m
21(69) < @) )T < TR (@) i) ) + 57K,

r —1
max 7z’ (&,y) < max +( KT x,y) +vix,
EelBxa (5:7) 56[;3,(,,(]( (&) +v(S:y ) l ( 1(x6,y) +v( )’))

[ —
n HK% (3.78)

for any constant K > 1. By the subadditive of ; (i = 1,2) and the Lemma 2.3, we
have

1 1 g [/ [—1 1
0l (z1 (x,y)) < 0 bK 78 (al(x,y) +v(x,y)> n %Kﬂ
1 l-a _ [—1 1 gl
< [(m (—K 7 () + "—m) +wl(v<x,y>>]
ql ql
<21 1of ( Lg'T L) o010
S w1 gl T ay(x, y)+7 G e oy (v(x,y)),

1 l=ql qgl—1 1
of (Lmpx 2H6n) <270t (LxF ) + LK) £ 20 afl0ta),
(3.79)

Substituting (3.78) and (3.79) into the definition of v(x,y), and applying the method of
proof of Theorem 3.3, we get

) <{ane0) + Eaeo W {0 {02 W (1465 ' Baloa. ) )

+AALW]+Bx%w}}}}» (x,y) € A, (3.80)

where E3(x,y), Wi(z), A2(x,y), B2(x,y) and G3(u) are defined in (3.61), (3.64), (3.65),
(3.66) and (3.68), separately. Combining (3.72) and (3.80), we can easily get (3.60). [

Ifo,=0=1,n=p=1,0<B<1(i=1,2,3,4) in (3.58), we get the
following result.

COROLLARY 3.6. Let the conditions (i)-(ii) of Theorem 3.5 be satisfied, suppose
that u € C(A,R.) satisfies:

o) <aton) i) [ [ e 9P 0 st
IXO yO

)
+ fa(x,y) / x—s)P1(y —t)ﬁzlhz(s,z)wz< max u(&,1 ))dsdt
ba(x0) Je2(yo) E€[Bs,s]
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+ f3(x,y / / M — )P YN = 1)Bhy (s,0)u™ (5,1)dsdt
h3 X() yo
+fax,y) / M= )P (N = 1) Uy (5,0) max ' (E,1)dsdt,
by(xp) Ee(Bs,s]
(3.81)

(x,y) € A,
(3.82)

u(x,y) <o(x,y),

Then, we have the following explicit estimation

o) < {5 )+ By {5 {9 (14 65 ) )

)] +esen f H G ea

(x,y) €Y.

(3.83)

where

E4(X,y) =1

c1(y) |

+ Fi(x,y / / H(s,1)29"
by(xo) Je1(yo)

1 1-a _ [ 1
xw?(aK q al(s,t)—|—q qu’)dsdt

2 (y) .
+ B(x,y / / Hy(s,1)2¢
ba(xg) Jea(yo)

1 1-a _ -1 1
xw;(al( a al(s,t)—quK‘lll)dsdt
l— m
" l)dsdt

+F3X}’/ / ( KT al(st)—i——
b3X0 yo l

—|—F4xy/ /
ba(xg)

( KT al(s t)—|—lTKl dsdt, (3.84)

fi(x,y) =591 (x, y)e! (x,), (l=1,2), (3.85)
i(x,y) =591 1 (x, )€l (M,N), (j=3,4),
G(e) =) 7 BOLp(B~ D+ DIF, 6=p(Bi—1) 1120, i=1234,
(3.86)
c1(y)
As(x,y) =Fi (x,y /m xo /Ll yo Hy(s,1)29 dsds, (3.87)
(3.88)

Bs(x,y) ngy/ / 5(s,1)29 Y dsdt,
bz X0)

Eqy(s,1) m—

ME (s, H (s,t)KTldsdt

M,N) =F(M,N) /
( ) b3(xp) (vo) lE4 anyO
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Eu(s,1) .
+Fy(M,N) / rEa(s, oy (s,)K'T dsdt, (3.89)
ba(xo) Jea(vo) Ea(x0,Y0)
_ [ u _ [
Ga(u) =W (Wi (—2 ) —W, (W, (1 As(M,N 3.90
4(”) 2( I(Dﬁ(M,N))) 2( 1( +I/L)—|— 3( ) ))7 ( )

where Gy(u) is increasing on Ry

4. Applications

In this section, we present some examples to show applications in the bound-
edness and uniqueness of a certain Gamidov type weakly singular integral equation
with maxima. Consider the following weakly singular integral equations:

! (x,y) =alx,y) +

“hho

+/XO /yO(M

X0

Xy
/ (x—s)Pr st (y — )Pty py (5,0 x v u(s 1)) disd
Y0

s)Palgna= 1(y—t)ﬁz’ltm*le(s,t,x,y,érrbglx]u(é,t))dsa’t
c|ps,s

— )P s (N — )BT py (s, x, y,u(s, ) )dsdt

M N
+ / / (01— PN )P Ry, max (€. ))dsr
X0 Yo

(x,y) €A,
u(x,y) :¢(x7y)7 (x,y) € [ﬁX(),xo] X [y07N} é\{l,

5,5]
4.1
(4.2)

where u(x,y) € C(A,R), a(x,y) € C(A,R), P, € C(A> xR,R) (i=1,2,3,4), ¢(x,y) €

C(W,R),and 0 < 8 < 1,1 >1 are constants.

First, we give the estimate for the solution of problem (4.1) (4.2). Suppose that the

following conditions are satisfied:

|P1(s,t,x,y,u(s,t))| < fl (x’y)hl (Sat> (|M(S t)|)

Po(s,t,x,y, max u(&,1))| < fa(x,y)ha(s,t)wr( max [u(E,1)]),
EE[Bs.s] EE[Bs.s]
|P3(sat7x7yvu(svt))| <f3(x7y)h3(*5‘71‘)|M(S7t)|m
s ton max u(E.0)| < Pl alon) max WENP (43)

THEOREM 4.1. Let the following conditions be fulfilled:

(i) The functions fi(x,y), hi(x,y) € C(A,Ry) (i = 1,2,3,4), and fi(x,y) are nonde-

creasing in each of the variables;

(ii) The functions @;(u) € C(R+,R.) are nondecreasing on Ry and positive on (0,+oo)
such that @) o w,, and @; are subadditive and submultiplicative, that is

o;(x+y) < 0(x) + 0;(y), @i(tx) Ztwi(x) for 0<r < 1;
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(iii) Bi € (0,1) and p(pi—1)+1>0, p(Bi—1)+ 1> 0 such that %—l—ﬁi—l—y;ﬂ-—Z}
0(p>1: k=12 i=1,2734);
. q-1 1
(iv) max, pyew|9(1,T)] <5 |a(xo,y0)|7 -

Then every solution u(x,y) of equations (4.1), (4.2) has the estimate

)] < {5 a1000) + Bste Wy {3 {2 W (1465 o) )

+A4(x7y):|B4(x7y)}}}ql7 (x7y) GA, (44)
where

a(x,y) = max la(t,7)], 4.5)

(1,7)€[x0.,%] % [v0.,)]

Bty =1+ Ty [ [

X0 “Yo

1 ql—1
H(s,1)27" 1(x)q< lK s az(s t)—l——qu’)dsdt
q

_ Xy 1 [—1_1
+F2(x,y)/ Hz(s,t)24_1w51< K s az(s t)—l—q— l’)d dt
x0 7/ yo ql
— N m __m—I __ l m__m
+ F3(x,y) H3(S,t)<—K1a2(st +—K l)dsdt
X0 Yo l l
— M N roor r
+F4(x,y)/ H4(s,t)<jKlZI s,1) +—K1) dsdt, (4.6)
X0 Yo
Fi(x,y) =57 [l y)el (x,y), (i=1,2), Fjlxy)=5""f(xy)el(M,N), (j=3,4).
Hi(x,y) =h{(x,y), (i=1,2,3,4). (4.7)

ei(x,y) = (xe“yez’)%[B(P(Yu—1)+17P(l3i—1)+1)B(P(Yzi—1)+1,P(Bi—1)+1) g

04 =pBi+ni—2]+1>0, (k=1,2;i=1,2,3,4). (4.8)
_ X ry

As(x,y) =F1 (x,) / Hy(s,1)29 \dsdt, (4.9)
X0 “Yo
_ X ry

Ba(wy) Fawy) [ [ Hals,n)20 dsar, (4.10)
X0 “Yo

— M N mEs(s,t e
D+(M,N) =F3(M,N) / / MES(0) (6,00 K P dsde
xo Jyo [Es(x0,¥0)
— M N yEs(s,t .
+F4(M,N)/ / wm(m)KT’dsdt, 4.11)
x Jyo 1E5(x0,Y0)
5771l (xyy), (xy) €A, Es(x.y), (xy) €A,
Z1\12(')(:7)}) = ES()C,y) =
5971a%(x0,y0), (x,y) €Y, Es(x0,y0), (x,y) €.

4.12)
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Gs(u) =T (Wl( )) W, (Wl(l ) +A4(M,N)> “13)

D (M7N)
where Gs(u) is increasing on Ry.

Proof. By (4.5), we obtain a(x,y) € C(A,R4) is nondecreasing in each of the
variables. From equation (4.1) and the condition (4.3), we get

) <ato)
i) [ [ 9Pt g Py s, o (fu(s.r) s

X0 Yo
+f2(x7y)
X ry
></ / (x—s)ﬁzlsml(y—t)ﬁzltmlhz(s,t)wz< max u(g,z)|>dsdz
X0 /Yo Ee[Bs.s]
M N
4 Ay) / / (M — 5B~ 15131 (W — 1)1~ s (s, 1) |u(s, )" dsdle
Yo
+ fa(x,y)
/ / B (N — P10y (5.1) max [w(E, )| dsd,
xo Jyo Ee[Bs.s]
(x,y) € A. (4.14)
From equation (4.2) and the condition (iv), we obtain
gt 1
u(x,y)| < [@(x,0)| <57 |a(xo,y0)[T, (x,y) € Y. (4.15)

Applying Theorem 3.5 to (4.14), (4.15) with a(x,y) = a(x,y), bi(x) = x, ¢i(y) =y,
oy =1, (k=1,2; i=1,2,3,4), we can obtain the estimation (4.4). [

Next, we give the conditions of the uniqueness of solutions for problem (4.1),
(4.2). Suppose that the following conditions are satisfied:

|Pi(s,2,x,y,u) = Pi(s,2,%,9,v)| < filx,p)hi(s,t)oi([u—v|), i=1,2,
|Pj(s,2,x,y,u) — Pj(s,t,x,y,v)| < fj(x,y)hj(s,0)ju—v|, j=34. (4.16)

THEOREM 4.2. Assume that the conditions (i-iii) of Theorem 4.1 are satisfied,
and | = 1. Then the problem (4.1), (4.2) has at most one unique solution.

Proof. Assume that there exist two different solutions u(x,y) and v(x,y) of the
problem (4.1), (4.2) defined in A, then the functions u(x,y) and v(x,y) satisfy (4.1),
(4.2) and

! Y 1 1 1 1
o) =ate)+ [ [ (Pt P B s () dsd

X0 “ Yo

—|—/ / (x—s)P-tgna=l(y ) B=1ym=1p (5 ¢ x,y, max v(E,1))dsdt

GE[Bs.s]
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M N
—1—/ / (M — s)Bs= 11 (N — )BTy~ py (5.1 x, v, v(s, 1) )dsdt
X0 Yo

M N
+ / / (01— )P P Ry, max (E.))dsr
X0 Yo

5,5]

(x,y) €A, (4.17)
V()C,y) :¢(X7y), (xvy) € [ﬁx()ax()] X [,y()?N] £ \Pv (418)

respectively. Then the norm of difference of the solutions u(x,y) and v(x,y) satisfies
the inequalities

|ua(x,y) —
xy // ﬁl Lov— l(y_t)ﬁlfltﬁlflhl(s,t)a)l(m(s,t)—v(sJ)Ddel
X0 Yo

+Ay) / / (= 5B g1 (y — )P lyma=Tpy (g )
Yo

@ | | max u(C,t)— max v dsdt
<|~§€[ﬁs7S] (&) E[Bs, ](é )|)

M N
+f3(x,y)/ /(M—s)ﬁ3_1sY13_l(N—t)ﬁ3_1t723_1h3(s,t)|u(s,t)—v(s7t)|dsdt
X0

+ filx,) / / M — s)Bitgna =L (N — )1y 1)

max u(cC,t)— max v(C,t)|dsdt
[ max u(€.0) ~ max v(E,0)

Xy
gfl(x,y)/ / (r— )Pt =y — BN (5,0 eon (Ju(s, 1) — v(s, )| dsdi
X0 “ Yo
+H6y) / / (x— s)P g2 (y — )Pty (s 1)
Yo
(02( max |u(§,t)—v(§,t)|)dsdt
gelBss
M N
+f3(x,y)/ /(M—s)ﬁ3_1sY13_l(N—t)ﬁ3_1t723_1h3(s,t)|u(s,t)—v(s7t)|dsdt
X0 Yo

M N
+ filx,) / =) s )y )
Yo

max u(&,1) —v(&,1)|dsdt,  (x,y) €A, (4.19)
|M(X,y) - V(X,y)| A 07 (x7y) ev. (420)

Set z(x,y) = |u(x,y) — v(x,y)| for (x,y) € A. Applying Theorem 3.5 to (4.19), (4.20)
with a(x,y) =0, ¢(x,y) =0, bi(x) =x, ci(y) =y, o =1 (k=1,2; i=1,2,3,4). W
obtain that z(x,y) < 0 for (x,y) € A, which implies the mequahty u(x,y) =v(x,y) for
(x,y)eA. O
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