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L,-DUAL AFFINE SURFACE AREAS FOR
THE GENERAL L,-CENTROID BODIES

JUAN ZHANG AND WEIDONG WANG *

(Communicated by J. Pecari¢)

Abstract. Lutwak and Zhang proposed the concept of L, -centroid bodies. Further, Haberl and
Schuster extended this notion to the general L, -centroid bodies. In this paper, associated with
the L,-dual affine surface areas, we give the extremum values of polar for the general L,-
centroid bodies. Moreover, the L, -dual affine surface area forms of the Brunn-Minkowski type
inequality and a monotone inequality are established.

1. Introduction and main results

Let #" denote the set of convex bodies (compact, convex subsets with nonempty
interiors) in Euclidean space R”. For the set of star bodies (about the origin), the set of
star bodies whose centroid lie at the origin and the set of origin-symmetric star bodies
in R”, we write .7, ./ and ., respectively. Let $"~! denote the unit sphere in R”
and V(K) denote the n-dimensional volume of a body K . For the standard unit ball B
in R, its volume is written by @, = V(B).

The notion of centroid body was introduced by Petty ([18]). For a compact set
K, the centroid body, I'K, of K is an origin-symmetric convex body whose support
function is defined by (see [8])

WK, u) = %/K\u-ﬂdx,

for all u € §"~1. The centroid body is one of the most important notions in the Brunn-
Minkowski theory. In the recent 30 years, the centroid bodies have attracted increasing
attention (see [8, 21]).

In 1997, Lutwak and Zhang ([14]) introduced the notion of L, -centroid bodies.
For each compact star-shaped (about the origin) K in R" and real number p > 1,
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the L,-centroid body, I',K, of K is an origin-symmetric convex body whose support
function is defined by

h(TpK,u)? = x|Pdx

1
N
ireI A
1

TN vlP n+p
cnp(n+p)V(K) /SH |u-v[Pp(K,v)""PdS(v), (1.1)

forall u € S"'. Here
Cnp = Wnip/ W01,

and dS(v) denotes the standard spherical Lebesgue measure on $§"~!'. The normaliza-
tion in (1.1) is chosen such that I',B = B. Regarding the investigations of L,-centroid
bodies, we may refer to [1, 2, 3, 4, 15, 23, 24, 26, 27, 32].

In 2005, Ludwig ([16]) introduced a function @; : R — [0, +o°) by

(1) = |t| + 1, (1.2)

with a parameter 7 € [—1,1].

Based on L, -centroid bodies and definition (1.2), Ludwig ([16]) defined a corre-
sponding notion of general L, -centroid bodies (in fact, the author defined the general
L,-moment body which is a dilatation of the general L, -centroid body. For the defini-
tion of general L,-centroid body, can see [6]). For K € /', p>1 and T € [—1,1],
the general L, -centroid body, FIT,K , of K is a convex body whose support function is
defined by

T ,K,u)? = %(fw/l((pr(uw)pdx

- cnp(r)(nip)v([() - Oc(u-v)Pp (K )" PdS(v),  (1.3)

where
Cnp(T) =cppl(1+1)P+ (1 —1)7].

The normalization in (1.3) is chosen such that FIT,B = B for every 7 € [—1,1] and
l"gK =T, K. For the more investigations of general L,-centroid bodies, see [0, 19, 25].

In 2009, Haberl and Schuster ([11]) introduced the notion of asymmetric L,-
centroid bodies (they actually defined the asymmetric L,-moment body which is a
dilatation of the asymmetric L, -centroid body) as follows: For K € .}, p > 1, the
asymmetric L, -centroid body, F;,FK , of K is the convex body whose support function
is defined by

2
h(l";K,u)p: m/K(ux)g_dx
2

= T Jo R a1
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where (u-x); = max{u-x,0} forall u € "~ !. From (1.4) we see that I[,B=B.1In
[11] Haberl and Schuster also defined

I K =T} (-K). (1.5)

From the definitions of Flij and (1.3), Haberl and Schuster ([11]) deduced that
forKe .S p>1land t€[-1,1],

LK = fi(t)-TyK +p f2(7) - T, K, (1.6)
where ‘4, denotes the L,-Minkowski addition, and
1+1)P 1—1)?P
110 = it = G 7

(I+7)P+(1—1)P
Obviously, by (1.7), we deduce that

(I+7)P+(1—1)P

fi(=1)=f(1), f(=1)=fi(1), (1.8)
fi(D)+ f(r)=1. (1.9)

Setting 7 =0 in (1.6) and combining with (1.7), we see that
1“,,[(:%1";[(4—17%1";[(. (1.10)

If 7= +1 in (1.6), then by (1.7), T{'K = T;K, T, 'K = ', K. From (1.4), (1.6) and
(1.8), we easily obtain for 7 € [—1,1] (see [25])

[,'K=T,(-K)=-T,K. (1.11)
In 2010, Wang, Yuan and He ([30]) showed a type of L,-dual affine surface areas. In

2015, Pei and Wang ([20]) made the following improvement: For K € . and p >0,
the L, -dual affine surface area, ,(K), of K is defined by

n T Q,(K) T = sup{nV,(K,Q")V(Q)7 : Q € S} (1.12)

Here the V,(M,N) denotes the L,-dual mixed volume of M,N € .#". When Q € ./,
the L, -dual affine surface area was given by Wang and Wang (see [28]). For the studies
of L,-dual affine surface area, some results have been obtained in these articles (see
[5, 22, 29]).

In this paper, associated with the L,-dual affine surface area, we continuously
study general L,-centroid bodies. Firstly, combined with (1.12), we obtain the ex-
tremum values for the L, -dual affine surface areas of polar of the general L, -centroid
bodies.

THEOREM 1.1. For K€ .7 , 1 < p<nand T € [—1,1], then
Q,(THK) < Qp(TYK) < Qp(TEK). (1.13)

If K is not origin-symmetric and p is not an odd integer, then there is equality in the
left inequality if and only if T = 0 and equality in the right inequality if and only if
T==+1. Here, I',M denotes the polar body of T',M.

Then, we establish the following L,-dual affine surface area version of Brunn-
Minkowski inequality for the polar of the general L, -centroid bodies.
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THEOREM 1.2. For K,L € ", 1 < p<nand T € [—1,1], then

~ PPN _ pln+p) ~ T — ntp) o~ - p(n+p)
Qp(l"p’ (K+pL)) n=r) > Qp(l"p’ K) nl=p) +Qp(Fp’ L) nt=p) (1.14)
with equality if and only if FZ,’*K and FZ,’*L are dilates.

Finally, we give a monotone inequality for the polar of the general L,-centroid
bodies.

THEOREM 1.3. For K, L€ ", 1<p<nand t€[-1,1],if K C L, then

n+p ~ n+p

QI K _ QL)
V(K)T V(LT

) (1.15)
equality holds when K = L.

2. Notation and background material

In order to complete the proofs of Theorems 1.1-1.3, we will require the following
notions.

2.1. Support function, radial function and polar of convex bodies

Let R be the set of real numbers. If K € JZ", then the support function of K,
hg =h(K,-) : R" — R, is defined by (see [8])

h(K,x) =max{x-y:y€ K}, xeR"

where x -y denotes the standard inner product of x and y in R”".
For K is a compact star shaped (about the origin) in R”, the radial function of K,
px =p(K,-) :R"\ {0} — [0,+00), is defined by (see [21])

p(K,x) =max{A >0:Axe K}, xeR"\{0}.

If px is positive and continuous, K will be called a star body (with respect to the
origin).

If E is a nonempty subset and contains the origin in R”, then the polar set, E*, of
E is defined by (see [8, 21])

E'={xeR":x-y<1,y€E}.

Meanwhile, it is easy to get that (K*)* = K for K € Z". Here %" denotes the set of
convex bodies containing the origin in their interiors in R”.
From the above definitions, we see that if K € £, then (see [8, 21])

2.1

Associated with (2.1), if K,L € )" and K C L, then K* D L*.
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2.2. L,-Minkowski combination and L, -harmonic radial combination

For K,L € ', p>1 and A,u > 0 (not both zero), the L,-Minkowski combi-

nation, A -K+,p-L€ Ji/a”, of K and L is defined by (see [7, 21])

where A - K denotes the L,-Minkowski scalar multiplication and we easily obtain A -
K=A7K
For K,L € yo"; > 1 and A,u > 0 (not both zero), the L,-harmonic radial
combination, A X K+_ ,u x Le 77, of K and L is defined by (see [H])
P(AXK¥ i x L) =2Ap(K, )" +up(L,-)7?, (2.3)

where the operation ‘+_,” is called L,-harmonic radial addition, A x K denotes the

1
L, -harmonic radial scalar multiplication and we easily obtain A x K =1 7K.

From (2.1), (2.2) and (2.3), we easily get thatif K,L € 2, p>1,and A,u >0
(not both zero), then (see [13])
(A-K+,u-L) =AxK+_puxL" (2.4)

2.3. L,-dual mixed volume

For K,L € .7, then for p >0 and A, =0 (not both zero), the L,-radial com-

bination, A*K—f—pu *L,of K and L is given by (see [9, 21])
pAxK+puxL, )" =Ap(K,-)P +pup(L,-)",

where A xK denotes the L, -radial scalar multiplication and we easily obtain A K =
1
APK.
Associated with the L, -radial combinations of star bodies, the notion of L, -dual
mixed volume as follows: For K,L € .}, p >0 and € >0, the L, -dual mixed volume,
Vy(K,L), of K and L is given by (see [10, 31])

pV (K1) im V(Kq—ps*L)—V(K).

e—0t €
From above definition, the integral representation of L,-dual mixed volume can be

given by (see [10])

VoKD = [ p(Ka" P (L) ds ), @)

where the integration is with respect to spherical Lebesgue measure S on §"~!.

From (2.5), we easily know that

V,(K,K)=V(K) = % - p (K, u)"dS(u).
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2.4. L,-harmonic Blaschke combination

For K,L € 5@, > 1 and A, > 0 (not both zero), the L,-harmonic Blaschke
combination, A o KF plLo L € .7), of K and L is defined by (see [17])

o

pAoKFpuoL, )P p(K, ™" p(L)"*"
VihoKiuoL)  vK) MV

where the operation ‘ p is called L,-harmonic Blaschke addition, A o K denotes L, -

1
harmonic Blaschke scalar multiplication and we easily obtain A oK = A?K. When
A =pu =1, K+,L is called L,-harmonic Blaschke sum.

3. Proofs of main theorems

In this section, we will prove Theorems 1.1-1.3. To complete the proof of Theorem
1.1, we require the following lemmas.

LEMMA 3.1. If K,Le .}, 1 < p<nand A, >0 (not both zero), then for any
Qe

__pr
P

VoA X KT_plt x L,Q") 77 = AV,(K, Q%) 77 + UV, (L, Q") 7',
with equality if and only if K and L are dilates.

Proof. For K,L €./} and 1 < p <n,thus — p P < 0. By (2.5) and the Minkowski
integral inequality (see[12]), for any Q € .7, we have

o

VoA x K¥_pu x L,Q") 77

P(lxlﬁ— ol X L) Pp(QF,u)PdS(u )]
%/”’1 (p(x x K+ pp XL»”)_pP(Q*,u)_"L">_TdS(u)]_"p

|
[ n—p

:{‘/Sn ! [(’LNK u)” “F“P(L’“)I’)P(Q*,M)’fzp]pdS(u)}np
A

—_

__r
n—

E S,,IP(KM)"”p(Q*,u)PdS(u)]

)2
n—p

p(L,u>"—Pp<Q*,u>Pds<u>}

=AV,(K,Q") 77 + uV,(L, Q") 7.

+‘LL|: sn—1

According to the equality condition of Minkowski integral inequality, we see that equal-
ity holds if and only if K and L are dilates. [
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LEMMA 3.2. If K, L€ ", 1 < p<nand A,u >0 (not both zero), then

(n+p) p(n+p) ~ _ plntp)

QA X KF_pu x L) =) = AQ,(K) ™ "p) 4+ uQ, (L) "n ,  (3.1)

with equality if and only if K and L are dilates.
Proof. Since 1 < p <n, thus —= ’7 < 0. Combined with Lemma 3.1 and (1.12),
we have

p(n+tp)

Qp(A X KTt x L) =)

P
n—p

=[sup{n¥ X KT x LOW(Q)h: 0€ 7 H
(ﬂﬂ)) P P
:inf{n =) Vi (A X K+—_plt X L,Q*) " =7V (Q) ™ "= :Qe%ﬁ}
n+p pz
sint {8 (27,0 7 + w10y vie) F 0 )
>unf{{n%p(1<7g*w(g>ﬂ” 0c.s }

+/.11nf{[ V,(L.Q")WV (Q)i’]"p” :Qe%’é}

=A[sup{ Vo(K.Q")V (Q)5:Q6«5”$H

+u[sup{n TVp(L,QWV(Q)T 1 Q€S H__'

pln+p) pntp)

=20, (K) M0 4 pQy(L) 0.

Thus
p(ntp)

=~ ~ plntp) p(ntp) ~ _
Qp(A x K+_pu x L) "=r) b > AQ,(K) ") 4 uQ, (L) "omr) .

This yields (3.1). According to the equality condition of Lemma 3.1, we see that equal-
ity holds in (3.1) if and only if K and L are dilates. [J

LEMMA 3.3. ([251)If K € ./}, p > 1 and p is not odd integer, then F;K: I,k
if and only if K is origin-symmetric.

LEMMA 3.4. ([25]) If K € ./}, p > 1 and p is not odd integer, then for T €
[—1,1] and T #0, T)K =T ,°K if and only if K is origin-symmetric.
LEMMA 3.5. ([25) IfK € .97, p> 1 and T € [1,1], then

| T
K =5 TjK+,5T,"K.
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Proof of Theorem 1.1. From (1.6) and (2.4), we have
'K = fi(1) x T K+, fo(1) x T, K.

Combining with (3.1), we have

p(ntp) ~ p(ntp)

QTS K) ) = Q) (fi(T) x T3 *KF_pfa(T) x T, K)~ nor)

pln+

+,% ﬁ(;irp) O % T nfp)
> f1(D)Qp Ty K) 00 + fo(2)Qp (T, K) 00

Since r+ K =-T,"K and Q € .7, then p(Q,u) = p(—Q,u) = p(Q,
u € §"1, thus by (2 5) we get that

Vp(T,"K,Q") =V, (~T*K,0") =V, (T, *K, Q").
Therefore, from definition (1.12), it follows that
QP(F;’*K) = QI,(F;’*K).
Combining with (3.2), (3.3) and (1.9), we can get

_ plntp) . p(ntp)

Qp(FITJ*K) nn=p) > Qp(rlf,*K)*n(nfp) ,

ie.,

Q, (T K) < Q, (T, *K).

(3.2)

—u) for all

(3.3)

(3.4)

According to the equality condition of inequality (3.1), we know that equality holds in
(3.4) if and only if T'}”*K and T',”*K are dilates. Since ;K = —T', K, this means
l";“*K = F;’*K . Hence, from Lemma 3.3, we see that if K is not origin-symmetric,

then equality holds in (3.4) if and only if 7= +£1.

Now, we prove the left inequality of (1.13). From Lemma 3.5 and (2.4), we have

* 1 Tk | 1 —T,*
K= 3 xT'y K+_p§ xI') K.
Combining with (3.1), we have
_ p(ntp)

~ " _ P(”i’l’) ~ 1 Tk~ 1 T n(n—p)
Qp(TK) 707 = Q5 X TH KTy x T, 5K

1~ p(n+p 1~ pntp)

> 5Q,,(FIT;* ) er) 4 29 (T, 7" K) o=,
Due to T', "*K = —T',"K by (1.11), similar to the proof of (3.3), we have
Q, (T K) = Q,(T, " K).
From (3.5) and (3.6), we deduce
Q,(TK) < Q,(T5K).

(3.5)

(3.6)

(3.7)

Using T';"K = —T', "K and the equality condition of inequality (3.1), we know that
equality holds in (3.7) if and only if FZ,’*K = F;T’*K. By Lemma 3.4, we see that if K

is not origin-symmetric, then equality holds in (3.7) if and only if T =0
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LEMMA 3.6. ([6]) If K, L€ ", p>1 and Tt € [—1,1], then
p(CH* (K+pL),u) 7 = p(T5*K,u) P + p(T5*L,u) P, (3.8)
LEMMA 3.7. If K,.L € ", 1 <p <n and T € [-1,1], then for any Q € S,
Vp(T5 (KT L), Q) 77 2 Vp(THK, Q") 77 4 Vp(T5*L, Q%) 77, (3.9)
with equality if and only if FZ,’*K and F;’*L are dilates.

Proof. Since 1 < p <n,thus — % < 0. Hence by (2.5), (3.8) and the Minkowski
integral inequality (see[12]), for any Q € .7, we have that

17 * -~ s\ — =
Vp(r‘;’ (K+pL),0") ™

[1 p<r;7*(Kipw,u)"—Pp<Q*,u>pds<u>}

n Jsn—1

{ s [( FT’*K””_”+P(F,T,7*L,u)—P)p(Q*’u)—nzp}_TdS(w}‘n—p

n 1

C/J

[ (prs T m0 7o ) st

n—p

WV

[ p(IT K ) pp(Q*,uyds(u)]
sn— 1

__P_
=VP<F;’*K, Q*)*% + m;m, o) i

According to the equality condition of Minkowski integral inequality, we see that equal-
ity holds in (3.9) if and only if I;*K and I',"L are dilates. [J

Proof of Theorem 1.2. Since —% < 0, thus by definition (1.12) and inequality
(3.9), we obtain

p(n+tp)

QI (KH L)) 7

P

QG ()S}:|np

p(n+p) »?
—int{ "<"+5v<rf*<K+pL>Q>—#V<Q>* W ige )

=S

[sup{ V(T (KT L), 07)V(0Q)

1’2

>inf{ -5 [V (TF*K, Q") "7 +V,(T5*L,0") "™ P}V(Q)"ww :Qe%’s}

n—

WV

inf{n"i"f/,,(r;v*K, 0V (0)h Q€ ygg}



664 J. ZHANG AND W. WANG

P

n . n n—p
+inf{n¥vp(r};*L,Q*)V(Q)'z Qe }

)id

:[sup{n#vp(r;7*K7Q*)V(Q)P 0c., H o

P
wp n—p
+ln (Lo v@f 0 7]
plntp) p(n+tp)

=Q, (T5*K) ™ "0 +Q(THL) 7).

This yields inequality (1.14).
By the equality condition of (3.9), we see that equality holds in (1.14) if and only
if T,;"K and T'},"L are dilates. [J

Letting T =0 in Theorem 1.2, we get another Brunn-Minkowski type inequality
with respect to L,-harmonic Blaschke combination:

COROLLARY 3.1. For K,L € ./} and 1 < p <n, then

p(ntp) ~ pintp) p(ntp)

Qp(T5(KFpL)) "or) > @ (T5K) ™ nmp) + €y (T5L) o)

with equality if and only if T,K and T',L are dilates.
Proof of Theorem 1.3. For K,L€ ./, 1 <p<nand T €[—1,1]. If K C L, then

with equality if and only if K = L.
From (1.3) and (2.1), we have
2
I K,u)™F = u-v)Pp(K,v)"PdS(v). 3.11
p( p ) C,,J,(’L')(n-l—p)V(K) -1 (PT( ) p( ) ( ) ( )

By (2.5), (3.10) and (3.11), we can get

_n=p 1
=V /S P K )" p(Q7,u)"dS (u)

_n=p 1 P =F
=V /Snfl p(TK,u) Pp(Q°,u) 77 | dS(u)
_l 2 -t 7% _";I’
‘/s [cn,p<r><n+p> 1 Ol V)PP (K V)RS (vV)p Q7 1) ] ds(u)

1 2 - ni s

g;/sn—l |:Cn,p(T) ntp) Js I(Pr(u v)Pp(L,v)""PdS(v)p(Q*,u) ] ds(u)
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Combined with (1.12), we easily get

n+p

QT K) np P o ) )
p(Tp n;)v —=V(K) Sup{n "pr(FIT; K.0 )V(Q)ﬁ ;ngas}
V(K) P

<V sV LOW(QF 0 e 7
Q, (5" L)""

n—p

V(L)P

According to the equality condition of (3.10), we see that equality holds in (1.15)

when K=L. [

Letting 7 = 0 in Theorem 1.3, we get another monotone inequality for the polar

of the L, -centroid bodies:

COROLLARY 3.2. For K, L€ ./ and 1 < p<n, if KCL, then

~ n+p ~ n+

Q,(0,K) " Qy(T
V(K)T V(L)

equality holds when K = L.
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