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IMPROVING SOME INEQUALITIES ASSOCIATED
WITH THE EULER-MASCHERONI CONSTANT

JENICA CRINGANU

(Communicated by N. Elezovic)

Abstract. The aim of this paper is to improve the results obtained by Chen and Mortici in 2013
about the inequalities for the Euler-Mascheroni constant.

1. Introduction

It is well known that the sequence

1 1
Yh=1l4+=-+...+4——Inn,n>1,

2 n
is convergent to a limit denoted y = 0,5772... now known as Euler-Mascheroni con-

stant. Many authors have obtained different estimations for 7y, — v, for exemple the
following increasingly better

1 1
TSV Ty LI
2(n1+1) <h-r<gnzl ([12]),
lLy<yn—y< n>1 (2]),

1
— < y<——mn>=1 (10,
2t h—7Y 2t ] ([10])
1

— <Y< ——mn>1 ([1,10].

2n+—217:y1 Y 2n+4 ([L 10])
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The convergence of the sequence 7, to ¥ is very slow. In 1993, DeTemple [5]
studied a modified sequence which converges faster and he proved that

>1

<R —y< z7—,n=
v 242"

)

24(n+1)?

where By = 1434 42— Inn ).
In 2010, Chen [3] proved that for all integers n > 1,

1
s <Ry < s,
Hnrar STV amr e

with the best possible constants
1
a=
VAT 1= 1nG3)]

We define the sequence S, = % + % + ... 525 —In(4n), for n > 1.
Recently, Chen and Mortici [4] obtained the following bounds for S, —y

1
— <S5, —7<
24(n+a)2 =" 4

—1=0,55106... and b= %

5, =1,
24+ b2 "

with the best possible constants

a= ! —1=0,06858... and b= 0.

242—2In2—y)

In this paper we obtain a better estimation for the left inequality and for the right
inequality we remark that b = 0 is the best constant using an elementary sequence
method.

In 1997, Negoi [8] proved that the sequence 7, = 1+ % +...+ % —In(n+ % + ﬁ) is
strictly increasing and convergent to Y. Moreover, he proved that

1
—<y-T
By T
In 2013, in same paper [4], Chen and Mortici proved that for all integers n > 1,
1 1

T /i o
Batay ST By

— a>1.
<ag "

with the best possible constants

1
sy ()

The second aim of this paper is to obtain a better estimation for the left inequality

and for the right inequality we remark that b = % is the best constant also using an

elementary sequence method.

—1=0,27380525... and b= % =0,23055555....
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2. The main result

THEOREM 1. (i) For every integer n > 1 we have

1

"V g

(ii) For every a > 0 there exists n, € N such that

m<sn—'y f0ralln>na

Proof. We define the sequence

=S ! 2+2+ A+ 2 In(4n) — ! fora>0
=Y a2 13 1 Y e T
and so a1 — a, = f(n), where
f(n) 2 In(4n+4) +In(4n) — ! + !
n)=_——— n .
2n+1 T dn+a+ 12 24(n+a)

The derivative of function f is equal to

’ B P(}’l
fn)= 2n(n+1)2n+1)2(n+a)(n+a+1)%’

where

P(n) =48an’ + (168a* + 120a — 7)n* +2(120a> + 168a* + 45a — 7)n’ + 180a*
+360a> + 2014 + 15a — 8)n’ + (724> + 1804 + 144a> + 33a*> — 3a — 1)n
+12a° + 364° 4 36a* + 124°.

() If a =0 then P(n) = —7Tn* —14n> —8n> —n <0, forall n > 1,
and then f is strictly decreasing. We have f(e0) =0 and then f(n) >0 forall n > 1,
so that (ay),> is strictly increasing. Since (a,,) converges to zero it results that a,, <0
for all n > 1, so that

1
< CYPSE foralln > 1.
(ii) If a > 0 then there exists n, € N such that P(n) > 0 for all n > n, and
then f is strictly increasing on [n4,0). Since f(e0) = 0 it results that f(n) < 0 for all
n = ng, so that (a,)n>n, is strictly decreasing. The sequence (a,) converges to zero
and then it results that @, > 0 for all n > n,, so that

-Y

1

m<3n—% foralln >n, O
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Now we find the constant 7, in some particular cases. For example, if a =0,06 = % <

— L 1=0,06858..., then
24(2—2In2-7)

P(n) = 72 5 503 i 22933 B 491899 2 40144813n+ 12059037 -
25 625 3125 78125 39062500 3906250000
forall n > 2, and so

1 1
—r< forall n > 2.

24(n+%)2 24n?’
Now, if @ =0,01 = 35, then
12 5 7229 , 163327 5 39147691 , 1283192741 3090903

P(n)=—= >0,
(1) =35~ 1250" ~ 12500 ~ 5000000 ~ 1250000000" " 250000000000

forall n > 15, and so

1

— —r< forall n > 15.
24(n+ﬁ)2

4 24n%’
Let us remark that a direct calculus show that these inequalities hold and for
ne€{9,10,11,12,13,14}, and then

1

1
< Sy < forall n > 9.
24(n+ ﬁ)Z

2402’

THEOREM 2. (i) Forevery 0 < a < 360 we have

W<Y—Tn,f0ralln>l

(ii) For every a > % there exists n, € N such that

Yy—T1, < 3,foralln}nu.

1
48(n+a)

Consequently a = W is the best constant for the inequality of (i).

Proof. The sequence

1 1 1 1 1
=y—1l—=—..——F+In(n+-+=—)————, fora>0,
n

n=yY—"Th————
=7 48(n+a)? 2 2 24n” 48(n+a)’

converges to zero and it is strictly increasing for a > % and strictly decreasing for
a< 360 For this, we have a1 —a, = f(n), where

1 1

f(n)=— ! +1n(n+3+;)—ln(n+l+i)—

nl 2 2% 2 2m) T Butar 1) Butray
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The derivative of function f is equal to

/ i P(n)
= 16n(n+1)2(24n>+ 12n+1)(24n*+ 60n +37)(n+ a)*(n+a+ 1)*’

where

P(n) =32(360a — 83)n° + (576004> + 47872a — 15963 )n® + 32(3960a> + 75764
+2180a — 1183)n” 4+ 4(40320a* 4 1212164° + 998564 + 7240a — 12737)n®
+2(645124° 4 269920a* + 360768a> + 1606564 — 14062a — 20275)n°
+4(161284° +918404° 4 170840a” + 1313844> 4 31541a%> — 9197a — 4807 )n*
+ (184324’ + 151424a° + 3768324° 4 408320a* + 1937084 + 193064
— 15720a — 5211)n3 4 2(1152a% + 170244” + 586564° + 853444° 4 588324*
+16892a” — 1804 — 1378a — 363)n” + (3104a® + 171524’ + 35200a°
+33728a° 4 14944a* +2220a® — 2224 — 148a — 37)n + 592(a® + 4a” + 6a°
+4a° +a*).

: _ 83
(1) If a = 5¢; then

27961 ¢ 29697679 ; 4043881267 ¢ 8530365029807

(n) === 4050 " 243000 437400000
324974432017513 , 113729719684675837 -

26244000000 28343520000000
~20572043271868317373 , 126831706407483304897

40814668800000000 8815968460800000000
67628382210434547877

17631936921600000000 =Y

forall n > 1, and then f is strictly decreasing. Since f(eo) =0 it results that f(n) >0
for all n > 1, so that (a,),> is strictly increasing. Since (a,) converges to zero it
results that a,, < 0 for all n > 1, so that

1

———, foralln > 1.
48(n+ £3)3

Yy—T1T, <

1
8(n+%)

1
48(n+a)

83
If a < 55 then 7 5 < 7 and so

vy—T, < 37foralln>1.

1
48(n+a)

(i) If a > % then there exists n, € N such that P(n) > 0 for all n > n, and then f
is strictly increasing on [n4,0). Since f(e0) =0 it results that f(n) <0 for all n > n,,
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so that (ap)n>n, is strictly decreasing. By convergence to zero of (a,) it results that
a, > 0 for all n > n,, so that

m <y—-T1,, foralln >n,. 0O
n—r—a

Finally we find the constant n, in some particular cases. For example, if a = 0,25 =

83 1
Te(, —L 1), then
4 (360 3a8[1—y+In(3])] )

55961 5 74275 4 93011 ,

P(n) =224n° —395n® — 3284n" — 10538n° — " o >

64655 , 97921 23125

0
256 " " 2048 " T 2006
for all n > 6, and so
ey T <———  foralln>6.
48(n+1)3 4 48(n+ 53)3

Let us remark that a direct calculus show that these inequalities hold and for n € {4,5},

and then | |
7< —T, < ——————, foralln > 4.
48(n+ 7 )3

8
) 48(71 + m)
, 1), then

P

— _ 6 8

P(n) — ﬁlﬁ B 28899n8 B 16867936n7 B 1074447604’16 165272252126
5 25 3125 78125 9765625

2674071306628 4 21419721292923 5 59638519190286 2

244140625 6103515625 152587890625
4481000881739 708554863872

152587890625 e 152587890625 ~

forall n > 15, and so

1
<Y=Th < g5 foralln > 15.

48(n+ )3 48(n+ 3¢5)

Moreover, we remark that a direct calculus show that these inequalities hold and for
ne{8,9,10,11,12,13,14}, and then

—— <y-T, < —————, foralln>8
48(n+ )3 T 48(n+ )3
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