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QUANTUM HERMITE–HADAMARD INEQUALITIES FOR DOUBLE

INTEGRAL AND q–DIFFERENTIABLE CONVEX FUNCTIONS

JULALAK PRABSEANG, KAMSING NONLAOPON ∗ AND JESSADA TARIBOON

(Communicated by M. Krnić)

Abstract. In this paper, we establish some new quantum analogue of Hermite-Hadamard in-
equalities for double integral and refinements of Hermite-Hadamard inequality for q -differentiable
convex functions.

1. Introduction

In mathematics, the quantum calculus is the study of calculus without limits and is
sometimes called the q -calculus. In quantum calculus, we obtain q -analogues of math-
ematical objects that can be recaptured as q → 1. The history of quantum calculus can
be traced back to Euler (1707-1783), who first introduced the q -calculus in the tracks
of Newton’s work of infinite series. In the early twentieth century, Jackson [13] first de-
fined and studied the q -integral in a systematic way. Later, the integral representations
of q -gamma and q -beta functions were proposed by De Sole and Kac [5]. In recent
years, the topic of q -calculus have been studied by several researchers and variety of
new results can be found in the literature [1, 2, 4, 8, 9, 10, 12, 14, 16, 17, 19, 20, 23]
and the references cited therein.

In 1893, Hadamard [11] investigated one of the fundamental inequalities in analy-
sis, that is,

f

(
a+b

2

)
� 1

b−a

∫ b

a
f (x)dx � f (a)+ f (b)

2
, (1.1)

which is now known as Hermite-Hadamard inequality. In 2014, Tariboon and Ntouyas
[21] studied the extension to q -calculus of several important integral inequalities, from
which they obtained the q -Hölder, q -Hermite-Hadamard, q -trapezoid, q -Ostrowski,
q -Cauchy-Bunyakovsky-Schwarz, q -Grüss and q -Grüss-Čebyšev integral inequalities.
In 2016, Alp et al. [3] proved the correct q -Hermite-Hadamard inequality, and then
obtained some new q -Hermite-Hadamard inequalities and generalized q -Hermite-
Hadamard inequalities. Using the left hand part of the correct q -Hermite-Hadamard
inequality, they also obtained a new equality. Furthermore, they used the new equal-
ity to obtain q -midpoint type integral inequalities through q -differentiable convex and
q -differentiable quasi-convex functions.
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In 1990, Dragomir [6] gave the following refinements of Hermite-Hadamard in-
equality:

f

(
a+b

2

)
� 1

(b−a)2

∫ b

a

∫ b

a
f (tx+(1− t)y)dxdy

� 1
b−a

∫ b

a
f (x)dx � f (a)+ f (b)

2
. (1.2)

Since then, many researchers have developed various extensions and refinements of
Hermite-Hadamard inequality.

The purpose of this paper is to present the q -calculus of Hermite-Hadamard in-
equalities for double integrals and refinements of Hermite-Hadamard inequality, ob-
tained as special cases when q → 1.

2. Preliminaries

In this section, we recall some previously known concepts and basic results. Thro-
ughout this section, we let J = [a,b] ⊂ R be an interval and q be a constant with
0 < q < 1.

DEFINITION 2.1. Let f : J → R be a continuous function and let x ∈ J . Then
the q -derivative of f on J at x is defined as

aDq f (x) =
f (x)− f (qx+(1−q)a)

(1−q)(x−a)
, for x �= a. (2.1)

For x = a , we define aDq f (a) = lim
x→a

aDq f (x) .

A function f is q -differentiable on J if aDq f (x) exists for all x ∈ J . Moreover,
if a = 0 in (2.1), then 0Dq f = Dq f , where Dq is the well-known q -derivative of the
function f (x) , which is defined by

Dq f (x) =
f (x)− f (qx)

(1−q)x
.

For more details, see [15].
In addition, we shall define higher-order q -derivatives of functions on J .

DEFINITION 2.2. Let f : J → R be a continuous function. The second-order q -
derivative of f on J , denote by aD2

q f (provided that aDq f is q -differentiable on J ), is
the function from J → R defined by

aD
2
q f = aDq(aDq f ).

Similarly, provided that aDn−1
q f is q -differentiable on J for some integer n > 2, the

nth -order q -derivative of f on J is the function from J → R defined by

aD
n
q f =a Dq(aD

n−1
q f ).
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EXAMPLE 2.1. Define function f : J →R by f (x) = x2 +1. Let 0 < q < 1. Then
for x �= a , we have

aDq(x2 +1) =
(x2 +1)− [

(qx+(1−q)a)2+1
]

(1−q)(x−a)
=

(1+q)x2−2qax− (1−q)a2

(x−a)
= (1+q)x+(1−q)a. (2.2)

For x = a , we have aDq f (a) = lim
x→a

aDq f (x) = 2a .

DEFINITION 2.3. Let f : J ⊂ R → R be a continuous function. Then the q -
integral on J is defined by

∫ x

a
f (t) adqt = (1−q)(x−a)

∞

∑
n=0

qn f (qnx+(1−qn)a) (2.3)

for x ∈ J .
If a = 0 in (2.3), then we have the classical q -integral of the function f (x) , which

is defined by ∫ x

0
f (t) 0dqt = (1−q)x

∞

∑
n=0

qn f (qnx)

for x ∈ [0,∞) ; see [15] for more details.

EXAMPLE 2.2. Define function f : J → R by f (x) = 2x . Let 0 < q < 1. Then
we have

∫ b

a
f (x) adqx =

∫ b

a
2x adqx = 2(1−q)(b−a)

∞

∑
n=0

qn(qnb+(1−qn)a)

=
2(b−a)(b+qa)

1+q
.

Note that if q → 1, then we have the classical integration

∫ b

a
f (x)dx =

∫ b

a
2xdx = b2−a2.

THEOREM 2.1. Let f : J → R be a continuous function. Then we have the fol-
lowing:

(i) aDq
∫ x
a f (t) adqt = f (x) ;

(ii)
∫ x
c aDq f (t) adqt = f (x)− f (c) for c ∈ (a,x) .

THEOREM 2.2. Let f ,g : J → R be continuous functions and α ∈ R . Then we
have the following:

(i)
∫ x
a [ f (t)+g(t)] adqt =

∫ x
a f (t)adqt +

∫ x
a g(t)adqt ;
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(ii)
∫ x
a (α f )(t) adqt = α

∫ x
a f (t) adqt ;

(iii)
∫ x
c f (t)aDqg(t) adqt = ( f g)|xc −

∫ x
c g(qt +(1−q)a)aDq f (t) adqt for c ∈ (a,x) .

For the proofs of theorem 2.1 and theorem 2.2, see [22].

THEOREM 2.3. Let f : J → R be a convex differentiable function on (a,b) and
0 < q < 1. Then we have

f

(
qa+b
1+q

)
� 1

b−a

∫ b

a
f (x) adqx � q f (a)+ f (b)

1+q
. (2.4)

THEOREM 2.4. Let f : J → R be a convex differentiable function on (a,b) and
0 < q < 1. Then we have

f

(
a+qb
1+q

)
+

(1−q)(b−a)
1+q

f ′
(

a+qb
1+q

)
� 1

b−a

∫ b

a
f (x) adqx � q f (a)+ f (b)

1+q
.

(2.5)

THEOREM 2.5. Let f : J → R be a convex differentiable function on (a,b) and
0 < q < 1. Then we have

f

(
a+b

2

)
+

(1−q)(b−a)
2(1+q)

f ′
(

a+b
2

)
� 1

b−a

∫ b

a
f (x) adqx � q f (a)+ f (b)

1+q
. (2.6)

For the proof of theorem 2.3, theorem 2.4, and theorem 2.5, see [3].

LEMMA 2.1. Let f : J →R be a convex continuous function on J and 0 < q < 1.
Then we have

f

(
1

(b−a)2

∫ b

a

∫ b

a
(tx+(1− t)y) adqxadqy

)

� 1
(b−a)2

∫ b

a

∫ b

a
f (tx+(1− t)y) adqxadqy. (2.7)

Proof. The lemma 2.1 follows directly from definition 2.3 and Jensen’s inequal-
ity. �

3. Main results

In this section, we present the q -Hermite-Hadamard double integral inequality and
refinements of q -Hermite-Hadamard inequalities on the interval J = [a,b] .
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THEOREM 3.1. Let f : J →R be a convex continuous function on J and 0 < q <
1 . Then we have

f

(
qa+b
1+q

)
� 1

(b−a)2

∫ b

a

∫ b

a
f (tx+(1− t)y) adqxadqy � 1

b−a

∫ b

a
f (x)adqx

� q f (a)+ f (b)
1+q

(3.1)

for all t ∈ [0,1] .

Proof. Since f is convex on J , it follows that

f (tx+(1− t)y) � t f (x)+ (1− t) f (y) (3.2)

for all x,y ∈ J and t ∈ [0,1] . Taking double q -integration on both sides of (3.2) on
J× J , we obtain

∫ b

a

∫ b

a
f (tx+(1− t)y) adqxadqy �

∫ b

a

∫ b

a
[t f (x)+ (1− t) f (y)] adqxadqy

= (b−a)
∫ b

a
f (x)adqx, (3.3)

which proves the second part of (3.1) by using the right hand side of q -Hermite-
Hadamard’s inequality.

On the other hand, by lemma 2.1, we have

f

(
1

(b−a)2

∫ b

a

∫ b

a
(tx+(1− t)y) adqxadqy

)

� 1
(b−a)2

∫ b

a

∫ b

a
f (tx+(1− t)y) adqxadqy.

Since

1
(b−a)2

∫ b

a

∫ b

a
(tx+(1− t)y)adqxadqy =

qa+b
1+q

,

this yields the first part of (3.1). �

REMARK 3.1. If q → 1, then (3.1) reduces to (1.2), that is,

f

(
a+b

2

)
� 1

(b−a)2

∫ b

a

∫ b

a
f (tx+(1− t)y)dxdy � 1

b−a

∫ b

a
f (x)dx � f (a)+ f (b)

2
.

COROLLARY 3.1. Let f : J → R be a convex continuous function on [a,b] and
0 < q < 1 . Then we have

f

(
qa+b
1+q

)
� 1

(b−a)2

∫ b

a

∫ b

a
f

(
x+ y

2

)
adqxadqy � 1

b−a

∫ b

a
f (x) adqx

� q f (a)+ f (b)
1+q

. (3.4)
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REMARK 3.2. If q → 1, then (3.4) reduces to

f

(
a+b

2

)
� 1

(b−a)2

∫ b

a

∫ b

a
f

(
x+ y

2

)
dxdy � 1

b−a

∫ b

a
f (x)dx � f (a)+ f (b)

2
,

which readily appeared in [18].

THEOREM 3.2. Let f : J →R be a convex continuous function on J and 0 < q <
1 . Then we have

1
(b−a)2

∫ b

a

∫ b

a
f

(
x+qy
1+q

)
adqxadqy

� 1
(b−a)2

∫ 1

0

∫ b

a

∫ b

a
f (tx+(1− t)y) adqxadqyadqt � 1

b−a

∫ b

a
f (x) adqx. (3.5)

Proof. Consider the mapping g : J → R given by

g(t) =
1

(b−a)2

∫ b

a

∫ b

a
f (tx+(1− t)y) adqxadqy.

For all t1, t2 ∈ [0,1] and α,β � 0 with α + β = 1, we have

g(αt1 + β t2) =
1

(b−a)2

∫ b

a

∫ b

a
f ((αt1 + β t2)x+(1− (αt1 + β t2))y) adqxadqy

� α
(b−a)2

∫ b

a

∫ b

a
f (t1x+(1− t1)y) adqxadqy

+
β

(b−a)2

∫ b

a

∫ b

a
f (t2x+(1− t2)y) adqxadqy

= αg(t1)+ βg(t2),

which proves that g is convex on [0,1] . Using theorem 2.3 for the convex function g ,
we have

1
(b−a)2

∫ b

a

∫ b

a
f

(
x+qy
1+q

)
adqxadqy

=g

(
1

1+q

)
�

∫ 1

0
g(t) adqt =

1
(b−a)2

∫ 1

0

∫ b

a

∫ b

a
f (tx+(1− t)y) adqxadqyadqt

�qg(0)+g(1)
1+q

=
1

b−a

∫ b

a
f (x) adqx.

This completes the proof. �

REMARK 3.3. If q → 1, then (3.5) reduces to

1
(b−a)2

∫ b

a

∫ b

a
f

(
x+ y

2

)
dxdy � 1

(b−a)2

∫ 1

0

∫ b

a

∫ b

a
f (tx+(1− t)y)dxdydt

� 1
b−a

∫ b

a
f (x)dx,
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which readily appeared in [18].

THEOREM 3.3. Let f : J → R be a q-differentiable convex continuous function
and 0 < q < 1 . Then the inequalities

0 � 1
b−a

∫ b

a
f (x) adqx− 1

(b−a)2

∫ b

a

∫ b

a
f (tx+(1− t)y) adqxadqy

� t

[
f (a)+q f (b)

1+q
− 1

b−a

∫ b

a
f (qx+(1−q)a) adqx

]
(3.6)

are valid for all t ∈ [0,1] .

Proof. Since f is convex on J , it follows that

f (tx+(1− t)y) � t f (x)+ (1− t) f (y)

for all x,y ∈ J and t ∈ [0,1] . Taking double q -integration on both sides of the above
inequality on J× J , we obtain

∫ b

a

∫ b

a
f (tx+(1− t)y) adqxadqy �

∫ b

a

∫ b

a
[t f (x)+ (1− t) f (y)] adqxadqy

= (b−a)
∫ b

a
f (x) adqx,

which yields the first part of (3.6).
On the other hand, since f is q -differentiable convex on J and f ′ � aDq f , we

have

f (tx+(1− t)y)− f (y) � t(x− y) aDq f (y)

for all x,y ∈ J and t ∈ [0,1] . Taking double q -integration on both sides of the above
inequality on J× J , we obtain

∫ b

a

∫ b

a
f (tx+(1− t)y) adqxadqy− (b−a)

∫ b

a
f (x) adqx

�t
∫ b

a

∫ b

a
(x− y)aDq f (y) adqxadqy. (3.7)

Since

∫ b

a

∫ b

a
(x− y)aDq f (y) adqxadqy

=(b−a)
∫ b

a
f (qx+(1−q)a) adqx− (b−a)2 f (a)+q f (b)

1+q
,
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it follows from (3.7) that

(b−a)
∫ b

a
f (x)−

∫ b

a

∫ b

a
f (tx+(1− t)y) adqxadqy

�t

[
(b−a)2 f (a)+q f (b)

1+q
− (b−a)

∫ b

a
f (qx+(1−q)a) adqx

]

for all t ∈ [0,1] , which is the second part of (3.6). �

REMARK 3.4. If q → 1, then (3.6) reduces to

0 � 1
b−a

∫ b

a
f (x)dx− 1

(b−a)2

∫ b

a

∫ b

a
f (tx+(1− t)y)dxdy

� t

[
f (a)+ f (b)

2
− 1

b−a

∫ b

a
f (x)dx

]
,

which readily appeared in [7, 18].

COROLLARY 3.2. Let f : J →R be a q-differentiable convex continuous function
and 0 < q < 1 . Then we have

0 � 1
b−a

∫ b

a
f (x) adqx− 1

(b−a)2

∫ b

a

∫ b

a
f

(
x+ y

2

)
adqxadqy

� 1
2

[
f (a)+q f (b)

1+q
− 1

b−a

∫ b

a
f (qx+(1−q)a) adqx

]
. (3.8)

REMARK 3.5. If q → 1, then (3.5) reduces to

0 � 1
b−a

∫ b

a
f (x)dx− 1

(b−a)2

∫ b

a

∫ b

a
f

(
x+ y

2

)
dxdy

� 1
2

[
f (a)+ f (b)

2
− 1

b−a

∫ b

a
f (x)dx

]
,

which readily appeared in [18].

THEOREM 3.4. Let f : J → R be a q-differentiable convex continuous function
which is define at the point qa+b

1+q ∈ (a,b) and 0 < q < 1 . Then the inequalities

0 � 1
b−a

∫ b

a
f (x) adqx− 1

b−a

∫ b

a
f

(
tx+(1− t)

qa+b
1+q

)
adqx

� (1− t)
[

f (a)+q f (b)
1+q

− 1
b−a

∫ b

a
f (qx+(1−q)a) adqx

]
(3.9)

are valid for all t ∈ [0,1] .
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Proof. Since f is convex on J , it follow from theorem 2.3 that

1
b−a

∫ b

a
f (x) adqx =

t
b−a

∫ b

a
f (x) adqx+

1− t
b−a

∫ b

a
f (x) adqx

� t
b−a

∫ b

a
f (x) adqx+(1− t) f

(
qa+b
1+q

)

� 1
b−a

∫ b

a
f

(
tx+(1− t)

qa+b
1+q

)
adqx

for all t ∈ [0,1] , which the first part of (3.9).
On the other hand, since f is q -differentiable convex on J , we have

f

(
tx+(1− t)

qa+b
1+q

)
− f (x) � (1− t)

(
qa+b
1+q

− x

)
aDq f (x).

Taking q -integration on both sides of the above inequality on J , we obtain

1
b−a

∫ b

a
f

(
tx+(1− t)

qa+b
1+q

)
adqx− 1

b−a

∫ b

a
f (x) adqx

� 1
b−a

∫ b

a
(1− t)

(
qa+b
1+q

− x

)
aDq f (x)adqx. (3.10)

Since∫ b

a

(
qa+b
1+q

− x

)
aDq f (x)adqx =

∫ b

a
f (qx+(1−q)a)adqx− (b−a)

f (a)+q f (b)
1+q

.

(3.11)
Using (3.10) and (3.11), we get the second part of (3.9). �

COROLLARY 3.3. Let f : J →R be a q-differentiable convex continuous function
and 0 < q < 1 . Then we have

0 � 1
b−a

∫ b

a
f (x) adqx− 2

b−a

∫ qa+b(2+q)
2(1+q)

a(1+2q)+b
2(1+q)

f (x) adqx

� 1
2

[
f (a)+q f (b)

1+q
− 1

b−a

∫ b

a
f (qx+(1−q)a) adqx

]
. (3.12)

THEOREM 3.5. Let f : J → R be a q-differentiable convex continuous function
which is define at the point a+qb

1+q ∈ (a,b) and 0 < q < 1 . Then the inequalities

(1− t)
(1−q)(b−a)

1+q
f ′

(
a+qb
1+q

)

� 1
b−a

∫ b

a
f (x) adqx− 1

b−a

∫ b

a
f

(
tx+(1− t)

a+qb
1+q

)
adqx

�(1− t)
[
q f (a)+ f (b)

1+q
− 1

b−a

∫ b

a
f (qx+(1−q)a) adqx

]
(3.13)

are valid for all t ∈ [0,1] .
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Proof. The proof uses theorem 2.4 and is similar to that of theorem 3.4. �

COROLLARY 3.4. Let f : J →R be a q-differentiable convex continuous function
and 0 < q < 1 . Then we have

(1−q)(b−a)
2(1+q)

f ′
(

a+qb
1+q

)

� 1
b−a

∫ b

a
f (x) adqx− 2

b−a

∫ a+b(2q+1)
2(1+q)

2a+q(a+b)
2(1+q)

f (x)adqx

�1
2

[
q f (a)+ f (b)

1+q
− 1

b−a

∫ b

a
f (qx+(1−q)a) adqx

]
. (3.14)

THEOREM 3.6. Let f : J → R be a q-differentiable convex continuous function
which is define at the point a+b

2 ∈ (a,b) and 0 < q < 1 . Then the inequalities

(1− t)
(1−q)(b−a)

2(1+q)
f ′

(
a+b

2

)

� 1
b−a

∫ b

a
f (x) adqx− 1

b−a

∫ b

a
f

(
tx+(1− t)

a+b
2

)
adqx

�(1− t)
[

f (a)+ f (b)
2

− 1
b−a

∫ b

a
f (qx+(1−q)a) adqx

]
(3.15)

are valid for all t ∈ [0,1] .

Proof. The proof uses theorem 2.5 and is similar to that of theorem 3.4. �

COROLLARY 3.5. Let f : J →R be a q-differentiable convex continuous function
and 0 < q < 1 . Then we have

(1−q)(b−a)
4(1+q)

f ′
(

a+b
2

)

� 1
b−a

∫ b

a
f (x)adqx− 2

b−a

∫ a+3b
4

3a+b
4

f (x)adqx

�1
2

[
f (a)+ f (b)

2
− 1

b−a

∫ b

a
f (qx+(1−q)a)adqx

]
. (3.16)

REMARK 3.6. If q → 1, then (3.9), (3.13), and (3.15) reduce to

0 � 1
b−a

∫ b

a
f (x)dx− 1

b−a

∫ b

a
f

(
tx+(1− t)

a+b
2

)
dx

� (1− t)
[

f (a)+ f (b)
2

− 1
b−a

∫ b

a
f (x)dx

]
,
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which readily appeared in [18].

REMARK 3.7. If q → 1, then (3.12), (3.14), and (3.16) reduces to

0 � 1
b−a

∫ b

a
f (x)dx− 2

b−a

∫ a+3b
4

3a+b
4

f (x)dx � 1
2

[
f (a)+ f (b)

2
− 1

b−a

∫ b

a
f (x)dx

]
,

which readily appeared in [18].
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sidérée par Riemann, J. Math. Pures Appl., 9 (1893), 171–216.

[12] M. E. H. ISMAIL AND P. SIMEONOV, q-Difference operators for orthogonal polynomials, J. Comput.
Appl. Math., 233, 3 (2009), 749–761.

[13] F. H. JACKSON, On a q-definite integrals, Quart. J. Pure Appl. Math., 41 (1910), 193–203.
[14] F. H. JACKSON, q-Difference equations, Amer. J. Math., 32, 4 (1910), 305–314.
[15] V. KAC AND P. CHEUNG, Quantum Calculus, Springer, New York, 2002.
[16] M. A. NOOR, K. I. NOOR AND M. U. AWAN, Some quantum estimates for Hermite-Hadamard

inequalities, Appl. Math. Comput., 251 (2015), 675–679.
[17] M. A. NOOR, K. I. NOOR AND M. U. AWAN, Some quantum integral inequalities via preinvex

functions, Appl. Math. Comput., 269 (2015), 242–251.
[18] B. G. PACHPATTE, Mathematical inequalities, Elsevier, 67, 2005.
[19] W. SUDSUTAD, S. K. NTOUYAS AND J. TARIBOON, Quantum integral inequalities for convex func-

tions, J. Math. Inequal., 9, 3 (2015), 781–793.
[20] S. TAF, K. BRAHIM AND L. RIAHI, Some results for Hadamard-type inequalities in quantum calcu-

lus, Le Matematiche, 69, 2 (2014), 243–258.
[21] J. TARIBOON AND S. K. NTOUYAS, Quantum integral inequalities on finite intervals, J. Inequal.

Appl., 2014, 1 (2014), 121.



686 J. PRABSEANG, K. NONLAOPON AND J. TARIBOON

[22] J. TARIBOON AND S. K. NTOUYAS, Quantum calculus on finite intervals and applications to impul-
sive difference equations, Adv. Difference Equ., 2013, 1 (2013), 282.

[23] C. YU AND J. WANG, Existence of solutions for nonlinear second-order q-difference equations with
first-order q-derivatives, Adv. Difference Equ., 2013, 1 (2013), 124.

(Received July 9, 2018) Julalak Prabseang
Department of Mathematics

Faculty of Science, Khon Kaen University
Khon Kaen 40002, Thailand

e-mail: julalak.pra@kkumail.com

Kamsing Nonlaopon
Department of Mathematics

Faculty of Science, Khon Kaen University
Khon Kaen 40002, Thailand
e-mail: nkamsi@kku.ac.th

Jessada Tariboon
Department of Mathematics, Faculty of Applied Science

King Mongkut’s University of Technology North Bangkok
Bangkok 10800, Thailand

e-mail: jessadat@kmutnb.ac.th

Journal of Mathematical Inequalities
www.ele-math.com
jmi@ele-math.com


