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APPROXIMATION PROPERTIES OF CERTAIN
BERNSTEIN-STANCU TYPE OPERATORS

ANA-MARIA AcU, OGUN DOGRU, CARMEN VIOLETA MURARU AND
VOICHITA ADRIANA RADU
(Communicated by I. Rasa)

Abstract. In this paper we introduce and investigate a new operator of Bernstein-Stancu type,
based on g-polynomials. We study approximation properties for these operators based on Ko-
rovkin type approximation theorem and study some direct theorems. Also, the study contains
numerical considerations regarding the constructed operators based on Maple algorithms.

1. Introduction

In 1968, Stancu [24] proposed the sequence of positive linear operators S %~ :
C[0,1] — CJ0,1], depending on a non-negative parameter o, given by

S<O(> fx Zf< ) <O¢>(x), (l)

Iy (x+io) T (1 —x+ jor)
where p ¥~ (x) = (Z) (11 1o ,x€10,1].

For o = 0 these operators reduces to the classical Bernstein operators.
In the papers [11], [12] and [23] starting with the Bernstein operators, the follow-
ing Stancu type operators are constructed and studied:

C,:C[0,1] — 11,

=38 (Dm0l bt recom o

k=0 n
where the real numbers (mk,n)::o are selected in order to preserve some important
properties of Bernstein operators and I, is the linear space of all real polynomials of
degree < n.
(akn')k, a, €
(0,1], where (x); =x(x+1)...(x+k— 1) with (x)o = 1 is the Pochhammer symbol.

In the following we consider that mg ,, = 1, limm; , =1 and my , =
: Nn—oo B
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For the above special case of real sequence (my )}, the Bernstein-Stancu oper-
ators C, were written in the Bernstein basis as follows (see [11], Theorem 10):

ColFix) = 3 b (x)Conlf] 3
k=0
where
L k J a —a
=53 ()7 (2) @ -anes
and

bui(x) = (Z)xk(l —x)nk,

We remark that if a, € (0, 1], then C, are linear positive operators.

The g-analog of Stancu operators have attracted much interest, and a great num-
ber of interesting results have been obtained. Recently, G. Nowak [20] introduced a
g-analogue of Stancu’s operators defined in (1). In 2010, O. Agratini [7] involving
modulus of continuity and Lipschitz type maximal function obtained estimates for the
rate of convergence of g-analog of Stancu operators. Also, a probabilistic approach
is given and some approximation properties are established. The approximation prop-
erties of g-Stancu operators were studied by Acar and Aral [1], Acu [4], Agrawal et
al. [8], Aral et al. [10] and Nowak and Gupta [21]. The first results in this field have
been achieved by A. Lupas [17] and G.M. Phillips [22] who consider g-analogue of
Bernstein operators. In the recent years, several researchers have made significant con-
tribution in this area of approximation theory [2, 3, 5, 6, 9, 14, 16, 19].

First of all, we recall elements of q-Calculus, see, e.g., [15] and [18]. For any fixed
real number g > 0, the g-integer [k],, for k € N is defined as

_ 4k _
[k}q:{]g’l Q)/(l Q)7Z7__éi

Set [0], = 0. The g-factorial [k],! and g-binomial coefficients [Z] are defined

q
as follows

and

[ZL:% fork € {0,1,...,n}.

The g-analogue of (x—a)" is the polynomial

Vol
— o

n__ 17 n
(x—a)g = { (x—a)(x—gqa)...x—q"'a), n
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For f € C[0,1], ¢ >0, o > 0 and n € N, Nowak (see [20]) in 2009 defined the
q-Bernstein-Stancu operators as follows

st = 3 s (1) xeo)

with

<> () = H I} (r+ alilg) IT5 ' (1= ¢/x + aljl,)
Pk T ], 12 (1 -+ afl) |

THEOREM 1.1. [20] Let 0 < g <1, a > 0. Then
S0 (1;x) = 1,

S50 (1)

:_x;

1 1-
S,fq’a>(t2;x) = 1o g (x(x—l— o)+ x( x)) ,
forallne N and x € [0,1].

For g=1, S, 99> turns out to be the Bernstein-Stancu operators (1). For oo =0
Sy %> reduces to g-Bernstein operators defined by Phillips [22]:

B (fix) = Ebnkxq Gg])xe[ou

where by (15q) = H ﬁ

These operators verlfy

1—
B =1 B —x B =2
q

2. Construction of the generalized q-Bernstein-Stancu operators and the
approximation properties

Our aim is to introduce a g-analogue of the Bernstein-Stancu operators defined
in (3). A g-analogue of C, is in fact a gq-deformation of Bernstein-Stancu operator.

Furthermore, in this section we study some approximation properties of these operators
Let us define on C[0,1] the linear positive operators C; ¢~ by

Cr97 (f;x) = ankxq)Ck,,[f g, forall x € [0,1], (5)
k=0

with

Cialf:4] = Zcm‘(i ) 0<k<n,
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b

ck_v}m%w+mmm”uwm+m>
J=1 - X
J1q I (1+[ily)
where a, € (0,1],n € N and g > 0.

We note that ¢ ;= p;}>(an;q). Therefore, Cy,[f;q] = Sk<q’1> (f:an), where

ﬂwzfQBﬁ)

[n]q
LEMMA 2.1. The q-Bernstein-Stancu operators Cy 1~ given by (5) verify the fol-
lowing identities
i) Ci" (e0sx) =1,
i) Cn<q>(el;x) = a,x,
1 1
i) CE% (eni) = Dl 1) (1 _ _> RN
2 [n]q [n]q

where ej(x) =x/,j=0,1,2 are the test functions.

)

Proof. From Theorem 1.1 we have

k
Eckv.f = 1,
j=0
3 Ck u =dan
e P
L '@ 1 ay(1—ay)
,gock”’ 22 (an(an+ 1)+ i, )
Therefore
Cinleosq) =15 Crulersq) = @an;
[n]q
_ _1@ o la an(1—ay)
Colel = 3 (st 0+ ).

Using the properties (4) of the g-Bernstein operators, the values of the operator C; ¢~
for test functions are obtained. [

REMARK 2.1. We obtain the following values for the central moments of the g-
Bernstein-Stancu operators

Cy?7 (t —x;x) = G0 (er;x) — %G9 (€05 x) = (an — 1)x,
Gy ((r —x)2;x) = C97 (e2;x) — 2xCT (e1:x) +x2C97 (€3 x)

_ (an(an +1)([n]y—1)
2[nlq

dn
X

—2an+1>x2+ .
[”]q
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LEMMA 2.2. For f € C[0,1] we have ||C;7 || < ||f]|-

Proof. From the definition of the operator and using Lemma 2.1 we have

Cy (f;x) = ankxq ch’j

( ,]1]] )‘ <SG (eo;x) < ||f]]. O

LEMMA 2.3. Forall x € [0,1] we have

a

Gy ((1 —x)2;x) <

Proof. Using Remark 2.1, we get

i (- - (e

—2an+l)x2+ Gn X

2[nlq g
_ [Zijx(l )+ (a”(a” +21[’)1§£”}q_ D ogi1+ [Z_L) 2
_ ;_qu(l_xH(a3—3an+zgmz+an(1—an)xz
- [Zijx(l —x)+(1_2—“”) {(2—an)+ [ZL}xZ
< 1-x)+(1—ay). O

nlg

LEMMA 2.4. Let (qn)n>1, (an)n>1 be real sequences such that 0 < g, <1, a, €
(0,1, neN. If

lim g, =1, hman—landhm[] (I1—ay)=a€eR, (6)
then
lim [n],, C; 9 (t — x;x) = —ax,
: <qn> X
Jim [, G (1 2)%:) =x(1 ) + -

Proof. The results follow from Remark 2.1. [J

1
REMARK 2.2. The sequences (gn)n>1, (an)n>1, an = gn = 1 — — verify the con-
n
ditions from the previous Lemma, namely

1
lim g, = hma,, =1land limn]y,(1—a,)=1—-.

n—oo n—oo e
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3. Direct theorems

We investigate the approximation properties of these operators and we estimate the
rate of convergence by using moduli of continuity. For the classical Bernstein-Stancu
operators C, similar results was obtained in [23].

THEOREM 3.1. Let (gn)n>1, (an)n>1 be real sequences such that g, € (0,1),
€ (0,1]. If lima, = lim g, =1 and f € C[0,1], then
Nn—oo n—oo

lim C; %~ (f;x) = f(x) uniformly on [0,1].

n—oo

Proof. Using Lemma 2.1 follows that

lim C;- 9~ (ey;x) = ex(x) uniformly on [0, 1], for k € {0,1,2}.

n—oo

Applying the Bohmann-Korovkin theorem, we get the result. [l
The usual modulus of continuity for f € C[0,1] gives the maximum oscillation of
f in any interval of length not exceeding 6 > 0 and is defined as

o(f;6) = sup |f(y)—f(x)], x,y €[0,1].

[y—x|<6
It is known that the modulus of continuity of f has the following properties
o(f;A8) < (1+A)o(f:9)

and
(t—x)*

() — F0)] < ©(f:5) (T N 1) .

Our next result is the following local theorem.

THEOREM 3.2. Let (gn)n>1, (an)n>1 be real sequences such that g, € (0,1),
€ (0,1]. If f € C[0,1], then

o(f:1/8,),

EENIV)]

|G (fr2) = f(0)] <

dn

where 8, =
[n} qn

+4(1 —ay).

Proof. We have

G (f3x) = f(0)] S CY (| £ (1) — f(x)|:x) < (3 8) (1 + %Cﬂ’”((z —x)z;x>> :
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Using Lemma 2.3, we can write

G () = 0] < 00730) [ 1+ 55 (st =)+ (1= )

1 a
< 0 [ 14— [ —— +4(1— .
ot:5) 1+ 35 ([n]% #4010
So, if we choose & = /0, , we have the desired result. [

THEOREM 3.3. Let (gn)n>1, (an)n>1 be real sequences such that g, € (0,1),
€ (0,1]. If f € C'[0,1], then

€ () = )] < AL 9] +2V/E 0 v/, 09),

where

An(x) = (1 —ap)x, 6,(x) =

0*(x)+ (1 —a,) and *(x) =x(1—x). (7

Proof. Let f € C'[0,1]. For any x,7 € [0,1], we have

10 = 16) =500 =)+ [ (1)~ 5'(0) d

so, we get

i (f(1) = f(2):x) = £ ()G (1 — ) + Gy ( [~ f’(x>>du;x) ~

X

Using the following well known property of modulus of continuity

10— sl <0t (25 1), 520

[ 17— lau| <
Therefore,

G (1) — S < W 167 1)
+0r50) {567 (=20 + G (1= af .

we have

olr:8) | "5 e Hi-xl].

Using Cauchy-Schwartz inequality

C<lIn \/C<‘1n 7x) ) \/Cn<51n> ((t —x)z;x)
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we obtain

G (fsx) = FOI < £/ ()] 1G4 (1 = x3x)|

+o(f,8) { VG (@ —x)z;x))+1}\/c,fq">((t—x)2;x).

Applying Lemma 2.3, we get

G () = (] < I I s+ 0(7'.8)- {5 /o020 + (1= +1}

\/ D 92(x) + (1 - ay).
[n]qn

Choosing 6 = /0, (x), we find the desired inequality. [
Let

Lipu(y) ={f € CI0,1],|f(t) = f(x)| <Mt —x|"}, 0 <y <1
be the class of Lipschitz functions. The next result gives the rate of convergence of the

operators C,; "~ in terms of the Lipschitz class.

THEOREM 3.4. Let (gn)n>1, (an)n>1 be real sequences such that g, € (0,1),
€ (0,1]. If f € Lipm(y), then

G (f1) = F (0] < M(8: ()72,

where 8,(x) is defined in (7).

Proof. Since Cy %"~ (eq;-) = e and f € Lipy/(y), we have

n k
GO 0= 101 < 3 bustsian) a7 (1) - 100)
k=0 j=0 [”}qn
n k -
<M Z bui(X:qn) D, cr,j /lan —xl .
k=0 j=0 [n]q,
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2 2
Applying the Holder’s inequality with p = 7—/ and g = ﬂ , we get

2—y 4
2

n k 2|k : 2
|C~9= (f;x) — fx)| <M Z by (x3qn) (Z ckh,) [Z cr, <[J}51n _x> ]
j=0

k=0 [n]g,

— M3 bus(xian) [i Choi ( %Z - x) 2]

k=0

C 2y k . b
=M 2 (bn,k(x;Qn)) E [bn,k(x§qn) 2 Ch,j <ij’: _x) ]

k=0 j=0
2—y Y
2

2T, - k . [ﬂqn . 2‘|
|J§E)bn7k( 9‘1}7)]26 k,j <[n]qn )

=M {C ((1—x)%0) < MG, O

<M (i bn,k(X;qn)>
k=0

In order to give the next result we recall the definition of K-functional:

K> (f,8) :==inf{||f —g| +5||¢"| : g e W},

where
w2 ={geClo,1]:¢" €Cl0,1]},

0 >0 and ||-|| is the uniform norm on C[0, 1]. The second order modulus of continuity
is defined as follows

0 (£.V8) = sup  sup {|f(x+2h) = 2f(x+h)+ ()]}

0<h<v/§xx+2he[0,1]

It is well known that K-functional and the second order modulus of continuity
w < iV 3) are equivalent, namely

K>(f,8) < Co (£,V3), ®)

where 6 > 0 and C > 0.

THEOREM 3.5. If f € C[0,1] and (qn)u>1, (an)n>1 are real sequences such that
gn € (0,1), a, € (0,1], then

G (130 = W] < Con (£:V/E00) + (A,

where 8,(x) and A,(x) are defined in (7).
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Proof. In order to prove the inequality, we construct the following auxiliary oper-
ators:
G (%) = G (f32) + f(x) = f(@nx). ©)
It is not difficult to see that

G (euix) = G (ei) = 1

Crin” (eq;x) = Cr97 (e1;x) + X — apx = x.
From Taylor’s formula we have
1
8() = 8() +¢/ (W) =)+ [ (=" (wdu, geW?.
Applying %"~ to above relation, it follows
- - !
Gy (g5x) = g(x) + Gy (/ (r— u)g”(u)d”;x> '
Therefore
~ 1 anx
G tgin) =)+ G0 ([ 1= i ) = [ (a0
This implies that

G0 (g5x) — g(x)| < +

> ( / "= u) g“(u)du;x> / " (@ — ) g (u)du

< Cn<q">((t—x)2;x) Hg//H + (a,,x—x)2 Hg//H )

From Lemma 2.3 it follows

G (g1x) =g ()] < 8, (x) ||| + A7 (x) |||

Since (1 —ay)8,(x) = W(bz(x) +(1—ap)? = (1—a,)? > A2(x), we get
Mg
(G (g3x) — g(0)] < (2= an)8u(x) [|g"[| < 284(x) 18" |- (10)

In view of (9) and Lemma 2.2 we obtain
Gt ()] <G (f32)| + [ £ ()| + 1 f (@nx)| < 3] £]] - (11)
Now, for f € C[0,1] and g € W2, using (9), (10) and (11) we obtain
1G9 (f52) = ()] = |G (f3) = f(x) + f(@nx) = F()]

<Gt (f = gix) |+ G (g5x) — g ()| + g (x) = F ()| + | (anx) — £ (x)]
<ANf =gl +28,(x) [[¢"]| + o (f, 1(1 = an)xl) -
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Taking the infimum on the right side over all g € W2, we have

Cr (f3) = (0] < 4Ka (£.8,(0) + 0 (1] (1~ @)

Finally, using the equivalence between K-functional and the second order modulus of
continuity (8), we have

G (f33) = f(0)] < Con (£,V/8(0)) + @ (£,(1 = an)),

which completes the proof. [
Let ¢(x) = y/x(1 —x) and f € C[0,1]. The Ditzian-Totik first order modulus of
smoothness is given by (see [13])

oy (fi1) = sup {’f(x—i— h(bT()c)) —f(x— h¢T()C))’7xj:h¢T(x) € [o, l]} (12)
0<h<t
The corresponding K -functional to (12) is defined by
Ko(r) = _int {11~ gll +4llog} (¢ > 0), (13)

where W;[0,1] = {g : g € AC[0,1],|¢g’|| < e} and AC[0,1] is the class of all abso-
lutely continuous functions on [0, 1]. It is well known ([13], p.11 ) that there exists a
constant C > 0 such that

Ky(f:1) < Cay(fs1). (14)

A direct approximation theorem by means of Ditzian-Totik modulus of smoothness is
given in the next result.

THEOREM 3.6. If f € C[0,1] and (qn)u>1, (an)n>1 are real sequences such that
gn € (0,1), a, € (0,1], then

G (i)~ 1) < Cay 1Y), 15)

where 8,(x) is defined in (7) and C is a constant independent of n and x.

Proof. Using the relation

) = ¢+ [ ¢/

t
Cn<qn></ g’(u)du;x)

we get

|G (g:x) — g(x)| = : (16)
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For any x,7 € (0,1), we find that

[ewad <iodl] [ g <todi| [T+ 7= )as
<2¢g’<ﬁ—ﬁ+m—m>

7)

=2/|oglllr —x

1 1
<\/5+\/)_6+\/IT+\/1T)
<208l - (\[ ¢1—) Mig(x)t—ﬂ

Using Cauchy-Schwarz inequality, we obtain

G2 (gix) — ()] < 2V2108/]16 ™ (WCT9> (I —x]:x)
12
<2ﬁ|¢g’|¢1(x>(C,f’f">((t—x)2;x>> .

Applying Lemma 2.3, we get
G (g5%) —g(x)| < zﬂ% V(). (18)
Therefore we can write
| Gt (f3x) = f() | <ICRP7 (f — g3x) [+ (x) — g () [+ ] " (g3x) — g(x) |

catr-a1+ 22081 /5
zf{f ”q)gJ—} (19)

Taking infimum on the right hand side of the above inequality over all g € Wy [0, 1], we
get

| G (fix) — f(x) | < CKy (f; ¢6(’;(;C))'

Using the relation (14) this theorem is proven. [

4. Numerical examples

In order to show the relevance of the operators C;% | in this section are given
some numerical examples regarding the approximation properties. Furthermore, we
compare the convergence of the operators C, ¢~ with the ¢-Bernstein-Stancu operators
proposed by Nowak [20]. From these results follows that for certain functions, the
operators introduced in this paper C; ¢~ converge faster than the g-Bernstein-Stancu
operators S %17
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n2

the convergence of the operators C; 9~ to the function f is illustrated in Figure 1. We
note that if the sequence (a,) converges to 1 the operators Gy % are going to the graph

of the function f.

EXAMPLE 4.2. We consider f: R — R, f(x) =

| Py
0.010 7
Vs
| %
0.008 7/
/7
e
0.006 s
7
s
0.004 | s
e
/4
0.002- '
py
/,
0 ‘ ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1
X
..... C10(0.8>[{;x) . P — = Cloo*®)( fix)
X _x  3F
f(x)= 12 6 + ER)

Figure 1: Approximation process by Cy 9~

4x* n 5x3 2
3 3

. For n =

1
100, a, =1— = and g € {0.7;0.8;0.9} the convergence of the operators C,,<q> to the
n

function f is illustrated in Figure 2. We note that if the sequence (g,) converges to 1
the operators C,; ©” are going to the graph of the function f.

EXAMPLE 4.3. We consider /:R — R, f(x) =sin(27x). For ¢ =0.8, n=10

1
and a, = 1 — — the convergence of the operators S,
n

<g,1>

, G to the function f is

illustrated in Figure 3. From this graph follows that the operator C; ¢~ introduced in
this paper converges faster than the Stancu operator S,fq’b for this particular choice of

function f. A similar example is given in Figure 4 for the function f(x)

=Xe

x+1
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0.021

-0.02
-0.041
-0.06
-0.081
-0.101
-0.12+

-0.14+

-0.161

""" Cro0°?(fix) == C10'®® (fix)

. 4 5
— C100'"? (fix) — " f(x) :’?XA + ?Xa -

i
2

Figure 2: Approximation process by Gy 7~

[-:- Sn D (fx) — — G (£x) f(x) =sin(2 ) |

Figure 3: Approximation process by S; %'~ , Cy%”
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Figure 4: Approximation process by S; %'~ , C;9
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