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GENERALIZATION OF HEINZ OPERATOR
INEQUALITIES VIA HYPERBOLIC FUNCTIONS

GUANGHUA SHI

(Communicated by M. Krni¢)

Abstract. In this paper, we use the Taylor series of hyperbolic functions coshx and sinhx to get
some generalized inequalities for the Heinz operator means.

1. Introduction

Throughout this paper, B™ denotes the set of all positive invertible operators on
a Hilbert space 7. For A,B € B" and v € [0,1], the weighted arithmetic operator
mean AV, B and geometric mean Af,B, are defined as follows:

AV,B=(1-V)A+ VB,

AfyB=A2(A"2BA"1)VAZ.

We refer the reader to F. Kubo and T. Ando [5]. When v = 1/2 we write AVB and
A#B for brevity, respectively. The Heinz operator mean is defined by

AtyB+ At B
Hy(A,B) = m,
2
where A,B € B" and v € [0, 1]. Itis easy to see that the Heinz operator mean interpo-
lates the arithmetic-geometric operator mean inequality [4]:

A$B < Hy(A,B) <AVB.

In this paper, we study some operator inequalities related to Heinz means. Since
A, B are positive and invertible, v can be extended to (—eo,+4o0) in the definition of
Arithmetic mean, Geometric mean and Heinz mean. For recent results treating the
Heinz means, we refer the reader to [2, 3, 6, 7, 8].
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2. Main results

The main idea is that we can use the Taylor series of hyperbolic functions coshx
and sinhx to get some refinements of inequalities of the Heinz means. To be specific,
if welet @ =1—2¢ and x = (loga —logh)/2, then we have

1—tg.1 t1,1—t
b b H;(a,b
coshox = a ta = (a,b)

2\/ab Vab '
and
sinhax — a''b —d'b'! 1

ox  (1—2t)(loga—logh) Vab

So by improving some inequalities of hyperbolic functions, we can get some refine-
ments of Heinz means inequalities.

THEOREM 2.1. Let A,B € B", and r,s,t € R with t,r #1/2. If [1 = 2r| < |1 —

2t|, then
1 —2s)? 1—2s)2
(1 - El _2r;2)AtiB+ El _zrizHr(A,B)
_24)2 _25)2
< (1— Ei_itiz)AﬁB—k %H,(A,B). (2.1)

Proof. We first show that the following inequality
2 2 2
(l—i—>+§—coshyx< <l—ﬁ—>+ﬁ—coshax (xeR) (2.2)

holds for real numbers o, 3,y with o,y # 0 and |y| < |¢¢|. By the Taylor series of
coshx we have

Kl— —) —|—ﬁ—2czoshax] — Kl—i—j) +§—jcoshyx]
:{1——+—<1+O‘2—T+#+---)]

S (e )
() B )
= (05 e G

= 0.
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Then (2.2) holds. Now let o =1—2¢, =1—2s,y=1—2r and x = (loga —logb) /2.
Then it follows that for a,b > 0,

(1—2s)? (1—2s)? (1—2s)? (1—2s)?
l-—% sHy(a,b) < | 1——F+55 b+ ——5H(a,b).
(1t Vb + (raette) < (1= (g ) Vab+ (gt
Hence, for invertible positive operator X we have

(1—2s)? 1 (l—2s) (1—2s)? 1 (1-2s)?
s = O O = A =

Substituting X with A~ IBA™
equality (2.1). O

, and multiplying both sides with A%, we have the in-

COROLLARY 2.2. Under the assumptions of Theorem 2.1, if t = 1 then for |1 —

2r <1
1—2s)? 1—2s
(1- o Jaee s ﬁ (4.8)

<< (1—2s 2)AﬁB+ 1—25)%AVB. (2.3)
If r=1 thenfor 1 <|1—2t|,

( (1—2s) 2)At¢B+ (1—25)*AVB

_ 5)2
< ( L 2S )A H (A,B). (2.4)
If s =r then for |1 —2s| < |1 —2t|
(1—2s) (1—2s)?
H,(A,B) < (1 - m)AﬁB—k mHt(A,B). 2.5)
If s=t then for |1 —2r| <|1—2s|,
(1—-2s) (1—2s)?
(1 W)AﬁB-F WHr(A»B) < Hy(A,B). (2.6)

Moreover the inequalities (2.3) and (2.4) are equivalent, and (2.5) and (2.6) are
equivalent.

Now define a function F, : R — R, (v € R) by
¥ _xl—v

Fy(x) = logx
2v—1, x=1.

, x>0,x#1,

Then we have
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THEOREM 2.3. Let r,s,t € R with t,r #1/2. If [1 —=2r| < |1 —2t| and A,B €
BT, then

L | 1 1 1
——A2F (A 2BA 2)A2.

Nl—

Proof. By a similar argument as in Theorem 2.1, for the case of sinhx/x we have
(1_[3_22>_i_ﬁ_jsinhyx< (1_[3_§>+B_§sinhax
Y Yoo a a’  ox

holds for real numbers a, 3,y with o,y # 0 and |y| < |&|. And then for a,b > 0 and
r,s,t € R with ¢#,r#1/2 and |1 —2r| < |1 —2¢|, we have

)
1—2¢)% (1 —2t)(loga —logh) \/ab

1_(1—2s)2 +(l—2s)2 a'='p" —a'b'r 1

(1—2r)2 (1—2r)2 (1 —2r)(loga —logh) \/ab

- 1_(1—2s)2 +(1—2s2 a' ="'y —a'b'! 1
- (1=20)2)

Hence the conclusions follow. [

THEOREM 2.4. Let r,s € R with r,s # % If

_ 2
(1—2s) >5

(1-2r)27 3’
then for A,B € B,

Nl—

1(1—2s5)2 1(1—2s)? | R S |
l—=+— "5 A#B+ - +——H,(A,B) < A2F(A"2BA™2)A2.
( 3(1—2r)2) : +3(1—2r)2 /(4.8) 25—1 5 )

Proof. For real numbers 3,7 with 8,7 # 0, and B2/y*> > 5/3, we have

sinh Bx B3> Bt
= 1 e
Bx tart st
1 ﬁZ 1 ﬁZ lﬁZ ')/2)62 13 ﬁZ ﬁ2y2x4 13 ﬁZ ﬁ4,y2x6

3 33 T35 4 T3 TpE e
SR SETE
> —%g—j+%§—j<1+%+¥+g+m>
—lﬁ—z—f——ﬁ—jcoshyx
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Let B=1—2s,y=1-2r, and x = (loga — logb) /2. 1t follows that

1_1(1—2s)2 l(l—Zs)zHr(a,b)< a'=p* —a'b' 1
3(1—-2r2) 3(1-2r2 ab  (1-2s)(loga—logh) ab

Hence the conclusion follows. [l
It has been proved that for B2 < a?/3,

sinh ox
coshfBx < .
ox

See [6]. Now we consider its converse version.

THEOREM 2.5. Let t,s € R with t # 1. If 3(1 —2s)* > (1—21)?, then for A,B €
B,

Hy(A,B) >
s(4.8) 2t—1

Proof. For B2 > /3, one has

_ ﬂzxz ﬁ4x4 ﬁ6x6 o’x?  ofxt abx® _ sinhox
coshfr =1+ -+t gtz gt St e s
Therefore,

coshBx > sinh owx

Let o =1—2¢,8=1-—2s, and x = (loga —logh) /2. Then it follows that for a,b > 0,

al—tbt _atbl—t 1
(1 —2t)(loga —logh) \/ab’

Hence the conclusion for positive operators follows. [l

HS(a7b) 2

REMARK 2.6. In the above Theorem, when ¢ = s, we have

1

1 1 1
ATF,(A"27BA"7)A3
20— 1

H,(A,B) >

holds for r € R,z # 1/2. And we also get the condition for
Hv(a7b) 2 L(aab)

is

S
Y%

+

Si-
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where L(a,b) is the logarithmic mean defined by

a—>b

L(a,b) = —2—7
(a,5) loga —logh

for a,b>0.
Notice that for 3(1 — 2s)? < (1 —2¢)?, we have

1
Hy(A,B) <
2t—1

D=

ATF,(A"2BA 7)A%.

See [7].
There is a basic monotonicity of Heinz means.
PROPOSITION 2.7. Set s,t € R satisfying |1 —2s| < |1 —2¢|. If A,B € BT, then
H,(A,B) < Hi(A,B),

and

1

ATF(A"IBA 1A <
2s—1 ° b

Proof. By the monotonicity of coshx and sinhx/x and using the same arguments
as above, we can easily get the conclusions. [

LEMMA 2.8. Consider the function

(t—1)*logt
H()= 3 ai0m
t* —1—2tlogt

defined on (1,%0). Then H(t) is strictly increasing on (1,), and

limH (¢) = 3.

t—1
Proof. Firstly we have

(t—1)[(t—1)?(t+1)+2t(r — 1)logr — 2t (¢ + 1) log*t]
(12 —1—2tlogt)?

H'(t) =

Let
Ft)=(t—=1)2(t+1)+2(r—1)logr — 2¢(t + 1) log>t.

Then f(1) =0 and
() =3(t—1)(t+1) —6logt — (4 +2)log’z, f'(1)=0;

1 1
() = 61 =6 —4log?r — (8t +4)~logt, f(1)y=o0;

_ 2—8t+612+ (4—81)logt

() - 71y =o.
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Now let
h(t) =2 — 8t + 61> 4 (4 — 81) logt.

Then A(1) =0 and

1
W(t)=12t— 16— 810gt+47, H(1) = 0;

_1202-8r—4

W) =

R'(1)=0.
Hence f(t) is strictly increasing on (1,c0) and f(¢) >0 on (1,%). And since > — 1 —
2tlogt >0 on (1,e0), H(t) is strictly increasing on (1,ee). Direct calculations show
that

limH (¢) = 3.

t—1

Hence H(t) >3 on (1,e0). O

LEMMA 2.9. Consider the equation

x(coshx—1)
—_— =2 1 0). 2.7
sinhx —x Pt (x>0) @7

Then for p > 1, there is uniquely one solution x, > 0 for the equation.

Proof. According to Lemma 2.8, If p > 1, then there is uniquely one solution
tp > 1 for the equation
H(r)=2p+1.

Setting ¢ = expx (x > 0), one has

x(coshx—1)

H(t)=

Hence the conclusion follows. [
Now we consider the hyperbolic sine. Define

2.8
sinhx —x 2:8)

sinhx —x
G(X) = W x> 0,

where p > 1. Then we have

THEOREM 2.10. Let p > 1,5 #1/2, and u > 1. If A,B € B with A > uB or
B > UA, then we have

1
2s—1

I—

ATF,(AIBA 1)A

> (1 + Z%G(xp)u - 2s|2p(logu)2p> AtB,

where x,, is the solution of the equation

x(coshx—1)
—_—= =2 1.
sinhx — x Pt
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Proof. Direct calculations show that

x?P 1 (coshx — 1) — (2p + 1)x?P(sinhx — x)
y4r+2 :

G'(x) =
If G'(x) =0, then
x(coshx—1) = (2p+1)(sinhx —x),
i.e.,

x(coshx—1)
—~ =2p+1.
sinhx — x P
So if x, > 0 is the unique solution (According to Lemma 2.9) of the equation (2.7),
then G(x) gets its minimum at x,,. Hence we have

sinh Bx ’
B > 14+ G(x,)(Bx)P.
It follows that
al—sbs _ asbl—s 1

1
> 1+ —-G(x,)|1 —2s|*"|loga — logh|*".

(1 —2s5)(loga—logh) \/ab 22p

And the result follows. [l
Now for p > 1, define

Then we have

THEOREM 2.11. Let p > 1,u > 1, and A,B € BT with A > uB or B> uA. If
yp > 0 satisfies the equation

xsinhx
2(coshx—1) P,

then for s € R,

1
Ha,8) > (14 53 FO)l1 - 257 log ) ) 4.

Proof. Notice that

x*P sinhx — 2px*?~!(coshx — 1)

F'(x) = 7

Let F’'(x) = 0. Then we have

xsinhx —2p(coshx—1) =0.
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i.e.,

xsinhx
——=p. 2.9
2(coshx—1) P @9

If we set x =logz where 7 > 1, then the equation (2.9) is equivalent to

t+1
2(r—1)

logt = p. (2.10)

And there is only one solution #, > 1 for this equation and F(log?) gets its minimum
at ¢, according to [2]. So if some y, > O satisfies the equation (2.9), F(x) get its
minimum at y,, and

coshy, —1
Fly,) = 2L
Yp

Hence,
coshBx > 1+ F(y,)B?x*P.

Finally, we get

1
Fa.6) > (1+ 33 P11 - 257 loga~ logb? ) Va,
and the result follows. [

In particular, when p — 1 we have ﬁF (xp) = %, which can be verified by the
following argument.

Since

2.2 4.4 2.2
X X B*x
coshﬂx:l+T+T+...>1+7_
Letting B = 1 —2s and x = (loga —logb)/2 we obtain
Hv(a,b)
Vab

which is equivalent to the case of p =1 in Theorem 2.11. That is,

1
>1+ §(1 —25)*(loga — logh)?,

Hy(A,B) > (1 + é(l — 2s)2(10g;,t)2> AtB.

REMARK 2.12. Theorem 2.11 can be considered as another version and proof of
Theorem 2.2 (1) of [2].

Acknowledgement. The author is grateful to the anonymous referee whose sug-
gestions are quite helpful to improve the paper. The author acknowledges support from
the Natural Science Foundation of the Jiangsu Higher Education Institutions of China,
Grant No: 18KJB110033.



724

[1]
[2]
[3]
[4]

[5]
[6]

[7]
[8]

G. SHI

REFERENCES

R. BHATIA, C. DAVIS, More matrix forms of the arithmetic-geometric mean inequality, SIAM J.
Matrix Anal. Appl. 14 (1993), 132-136.

DAESHIK CHOI, About Heron mean inequalities, International Journal of Analysis and Applications,
15 (2017), 57-61.

F. KITTANEH, M. S. MOSLEHIAN, M. SABABHEH, Quadratic interpolation of the Heinz means,
Math. Inequal. Appl., 21(3) (2018), 739-757.

M. KRNIC, J. PECARIC, Improved Heinz inequalities via the Jensen functional, Central European
Journal of Mathematics, 11 (2013), 1698-1710.

F. KUBO AND T. ANDO, Means of positive linear operators, Math. Ann. 246 (1980), 205-224.

J. LIANG, G. SHI, Refinements of the Heinz operator inequalities, Linear and Multilinear Algebra, 63
(2015), 1337-1344.

J. LIANG, G. SHI, Some means inequalities for positive operators in Hilbert spaces, J. Inequal. Appl.,
9(2) (2017), Aritcle 14.

M. SABABHEH, Integral inequalities of the Heinz means as convex functions, J. Math. Inequal., 10(2)
(2016): 313-325.

(Received October 5, 2018) Guanghua Shi

School of Mathematical Sciences
Yangzhou University

Yangzhou, Jiangsu, China
e-mail: sghkanting@163.com

Journal of Mathematical Inequalities

v.ele-math.com

jmi@ele-math.com



