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ON THE NEGATIVE SOLUTIONS OF L,-BUSEMANN-PETTY PROBLEM

WEIDONG WANG*, HATI LT AND ZHONGHUAN SHEN

(Communicated by J. Pecaric)

Abstract. Intersection bodies led to the solutions of Busemann-Petty problem by Lutwak. As-
sociated with Haberl and Ludwig’s L, -intersection bodies, Yuan and Cheung researched re-
lated the L, -Busemann-Petty problem. In this paper, we sequentially study L, -Busemann-Petty
problem of L, -intersection bodies and give its two negative forms.

1. Introduction

If K is a compact star shaped (about the origin) in n-dimensional Euclidean space
R", then its radial function, px = p(K,-) : R"\{0} — [0, ), is defined by (see [3])

p(K,x) =max{A >0:Ax e K}, xecR"\{0}.

If p(K,-) is positive and continuous, K will be called a star body. The set of star
bodies (about the origin) in R” is denoted by ., for the set of all origin-symmetric
star bodies, we write .7 .

The well-known Busemann-Petty problem is one of essential questions in Brunn-
Minkowski theory, it may be stated as follows:

PROBLEM 1.1 (BUSEMANN-PETTY PROBLEM). Let K and L be origin-symmetric
convex bodies. For all u € §"~!1, is there the implication

Vo ((KNut) SV, ((LNut) = V(K) < V(L)?

Here $"~! denotes the unit sphere in R”, u' is the (n— 1)-dimensional hyperplane
orthogonal to u, V,_; and V(K) respectively denote the (n — 1)- and n-dimensional
volume of body K.

Intersection bodies led to the solutions of Busemann-Petty problem by Lutwak. In
1988, Lutwak ([10]) introduced the intersection bodies as follows: For K € .7, the
intersection body, /K, of K is a star body whose radial function is defined by

p(IK,u) =V,_1(KNu™)
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forall uc §" 1.
Further, Lutwak ([10]) showed the following general Busemann-Petty problem for
star bodies by intersection bodies:

PROBLEM 1.2 (GENERAL BUSEMANN-PETTY PROBLEM). For K,L € ./}, is
there the implication
IK CIL=V(K)<V(L)?

Obviously, if K and L both are origin-symmetric convex bodies, then problem
1.2 is problem 1.1. For problem 1.1, Gardner ([1]), Zhang ([24]) showed that it has an
affirmative answer for n < 4 and a negative answer for n > 5. For problem 1.2, Lutwak
([10]) gave its an affirmative answer if K is restricted to the class of intersection bodies
and two negative answers if K is not origin-symmetric star body or L is not intersection
body.

THEOREM 1.A. For K,L € /"

0’

if K is an intersection body, then
IK CIL=V(K)<V(L).
And V(K)=V(L) ifand only if K = L.
THEOREM 1.B. For K € /7, if K ¢ /), then there exists L € .7

os’ oS’

such that
IK C IL.

But
V(K) > V(L).

THEOREM 1.C. Suppose L € .7 is sufficiently smooth. If L is not intersection

body, then there exists K € .7, such that
IK C IL.
But
V(K) > V(L).

During the past nearly three decades, the investigation of Busemann-Petty problem
have received considerable attention (see [1, 2, 3,4, 7, 8,9, 10, 12, 14, 21, 22, 23, 24]).
In 2006, Haberl and Ludwig ([6]) introduced L, -intersection bodies as follows:

For K € ./} ,nonzero p < 1, the L, -intersection body, /,K , of K is an origin-symmetric
star body whose radial function is given by (see [6])
P (@)= x| Pdx = / |7 "rg 1.1
phx(@) = [ e e = [ lerl pi(r) Ty (L1)

for all z € R". Here dv is the element with respect to spherical Lebesgue measure on
§"=1. Meanwhile, Haberl and Ludwig ([6]) pointed out that the intersection body of
K is obtained can as a limit of L, -intersection body of K, i.e., for K € . and any
ze R,

. 1—p
pix(z) = FIE{L Tp;;K(Z)'
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In addition, Haberl and Ludwig ([6]) also introduced the notion of asymmetric L, -
intersection bodies.

Associated with Haberl and Ludwig’s L, -intersection bodies, Yuan and Cheung
([20]) considered the following L,-Busemann-Petty problem.

PROBLEM 1.3 (L,-BUSEMANN-PETTY PROBLEM). For K,L € ./}

7, NONZero
p < 1, is there the implication

1K CI,L=V(K)<V(L)?

For problem 1.3, Yuan and Cheung ([20]) gave an affirmative answer and a nega-
tive answer as follows:

THEOREM 1.D. For K,L € .} and nonzero p < 1. If K is an L, -intersection
body, then for 0 < p < 1,

LK CI,L=V(K)<V(L);

for p <O,
I,KCI,L=V(K)>V(L).

And V(K) =V(L) ifand only if K = L.

THEOREM 1.E. For K€ .7}, 0<p < 1. If K ¢& .7, then there exists L € .7},
such that
I,K CI,L.

But
V(K) > V(L).

Obviously, Theorem 1.D, Theorem 1.E is the L, -version of Theorem 1.A, Theo-
rem 1.B, respectively.

Meanwhile, associated with asymmetric L, -intersection bodies, Haberl ([5]) re-
searched corresponding L, -Busemann-Petty problem and obtained its affirmative and
negative forms. Recently, according to general L,-intersection bodies, Wang and Li
([18]) considered general L, -Busemann-Petty problem. For the studies of L, -Busemann-
Petty problem, also see [11, 15, 17].

The main goal of this paper is to study the negative forms of L,-Busemann-Petty
problem. Our works belong to the field of L,-dual Brunn-Minkowski theory. We first
extend the scope of negative solutions from .7 to .#)’ in Theorem 1.E.

os

THEOREM 1.1. For K € ./}, 0<p < 1. If K ¢ .7\, then there exists L € .7},
such that
I,K CIL.

But
V(K) > V(L).

Next, combining with the L,-intersection bodies, we give the L,-analogues of
Theorem 1.C.
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THEOREM 1.2. Suppose L € .7, is sufficiently smooth. If L is not L, -intersection
body, then there exists K € /"

o, such that for 0 < p <1,
I,K CI,L.
But
V(K) > V(L).

The proofs of theorems 1.1-1.2 are completed in Section 3.

2. Background materials

2.1. L,-radial Blaschke combinations, general L, -radial Blaschke bodies

In 2015, Wang and Wang ([16]) defined the L, -radial Blaschke combinations (also
called the L,-dual Blaschke combinations) of star bodies as follows: For K,L € .,

p#nand A,u >0 (not both 0), the L, -radial Blaschke combination, A-K+ pl-L e
7%, of K and L is defined by

p(A-K+pu-L,-)""P =2p(K,)" P+ up(L,-)"". (2.1)

Here A -K =AY/ (=P)K If p=1,then 4 -K?—pu -L is the radial Blaschke combination
A-KFpu-L.

Now, in order to prove our results, we will give the general L,-radial Blaschke
bodies (also called the general L,-dual Blaschke bodies) as follows: Let

1 2 1— 2
=0 = A e = ST 2)
with 7 € [-1,1] and L = —K in (2.1), and write
VIK = f1(1)-KTpfo(1) - (—K). (2.3)

We call 6;[( the general L,-radial Blaschke body of K. From (2.2) and (2.3), we
easily see that %;K =K, 6;11( = —K and

~ 1 1
VWK =_-.KF .
2 +”2

0 (—K). (2.4)

Here 6?,[( is the L, -radial Blaschke body %FK whose definition was given by Haberl

(see [5]).
For the general L, -radial Blaschke bodies, by (2.2) we know

fi(n)+ f2(7) = 1. (2.5)

then %;K SR

os*

Hence, if K € .9

os

If K ¢ .., we have the following conclusion.
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PROPOSITION 2.1. For K,L € .} and p #n. If K ¢ S, then for T € [-1,1],

ViKe S e 1=0. (2.6)

Proof. If T =0, by (2.4) we immediately get 6;[( e,
Conversely, notice that for any M € .#" and u € S"!, py(—u) = p_p(u), thus

o
it o Y . —1
if V;K € ./, then V;K = —V;K, ie., forall ue S"*,

Pope ) =P e () = pg, 0(—u),

by (2.3) we have

n—p _ . n=p o
Py Koo (=50 W) = Py k(=) ()
This together with (2.1) yields

fi(D)pg P(w)+ f2(1)p" () = fi(t)pg " (—u)+ fo(t)p" F (—u),

hence
fi(®)px P(w) + f2(0)p" () = fi(0)p" () + fa(T)pg P (u),

i.e.,

() = fa(D]lpk " () = pZ " ()] =0.
Since K ¢ .72 implies pg ' (u) — p" ¥ (u) # 0, thus we obtain
fi(t)— fa(t) =0.

This and (2.2) give T=0. U

2.2. L, dual mixed volumes

For K,L € ./

o

combination, A o K4~—p,u oLec /"

real p#0 and A,u > 0 (not both 0), the L,-radial Minkowski
7', of K and L is defined by (see [5, 13])

p(AoK+ppoL,- )’ =Ap(K,- )’ +up(L,-)?.

Here A oK = A'/PK. The case p = 1 yields the radial Minkowski combination A o
K+uoL.

Based on the L, -radial Minkowski combinations of star bodies, Haberl ([5]) showed
a class of L,-dual mixed volumes: For M,N € ./}, p >0 and € > 0, the L,-dual

mixed volume, XN/I,(M ,N), of M and N is defined by (for p > 1 see [19])

~ V(M¥,eoN)—V(M
G MN) = lim L€ N) ZVM)
P

e—0T €
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From above definition, Haberl ([5]) gave the following integral representation of
L, -dual mixed volume:

N = [ el ek (2.7)

Here du is the element with respect to spherical Lebesgue measure on S"~!.
Taking M = N in (2.7), then we get
~ 1 .
V() = VM) = | piy(wydu. (2.8)

For the L, -dual mixed volumes, the following corresponding Minkowski inequal-
ity was obtained by Haberl ([5]):

THEOREM 2.A. If M,N € /), n# p >0, then for p <n,
V,(M.N) <V(M)'F V() (2.9)
for p >n,
V,(M,N) >V (M) V(N)7.
In every inequality, equality holds if and only if M and N are dilatates.

2.3. L_j,-cosine transformations

In 2008, Haberl ([5]) introduced the L_,-cosine transformations as follows: For
nonzero p < 1 and function f € C(S"~!), the L_,, - cosine transformation is defined by

C_pf(u) :/ T PFO)dv, we s (2.10)
s
Here C(S"~!) denotes the set of all continuous functions on S"~!.

From (2.10) and (1.1), we easily see that for all u € §"~!,

1

Pl () = ——C,pi " (u). (2.11)

P n— p
If F,GeC(s" 1), write
1
(F,G)= - F(u)G(u)du,
n.sn—1
then by (2.10) we have

(C_pfrg) = (f,C_pg) = /S I/SH (V| PF)g()dudy. (2.12)

For the L_,-cosine transformation C_,, Haberl ([5]) proved the following fact.
THEOREM 2.B. Ifnonzero p < 1 is not an integer, then C_,, : Co(S" 1) — C,(S"~1)
is injective.

Here C,(S"!) denotes the set of all even continuous functions on §"!.
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3. Proofs of theorems 1.1-1.2
Theorems 1.1-1.2 show two negative forms of L,-Busemann-Petty problem. In

this section, we will prove theorems 1.1-1.2. The proof of Theorem 1.1 needs the
following lemmas.

LEMMA 3.1. If K € .}, nonzero p <1 and 7 € [—1,1], then
V(VIK) < V(K). (3.1)

Equality holds for © € (—1,1) if and only if K is origin-symmetric; for T= +1, (3.1)
becomes an equality.

Proof. According to (2.1) and (2.7), we have for any Q € .7,

- - 1 .
VoA KFpue,0) =~ [ il (w)phlu)du

n.sn—1
A e au B [ pi P () ph )
n Jor Pk Po ) Py, Po

= AV,(K,Q) +uV,(L,0Q).
For nonzero p < 1, by inequality (2.9) we obtain

P
n

Vp(A-KFpu-L,0) < [AV(K)T +uV(L) 7 V(Q)*.

Let Q = A - K+, - L in above inequality, then

n—p

V(A-KFpu-L)5 <AV(K)T +uv(L) T (3.2)

And the equality condition of inequality (2.9) implies that equality holds in (3.2) for
A, >0 if and only if K and L are dilatates (if A =0 or yu = 0, then (3.2) becomes
an equality).

From (3.2), (2.3), (2.2) and (2.5), and notice that V(K) =V (—K), we get

n—p

V(VIK) T <V(K)T,

this together with nonzero p < 1 gives inequality (3.1).

Because of f(7), f2(t) >0 when 7 € (—1,1). Therefore, according to the equal-
ity condition of (3.2), we know that equality holds in (3.1) for 7 € (—1,1) if and only
if K and —K are dilatates, that is K is origin-symmetric.

If T==+1, then by %;Fll( = 4K we see that (3.1) becomes an equality. [

LEMMA 3.2. For K € ./}, nonzero p <1 and 7 € [—1,1], then

,(VIK) = I,K. (3.3)
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Proof. From (1.1), (2.1), (2.3) and (2.5), and notice that I,K = I,(—K), we have
that for all u € §"~ !,

1
P
= o e R

= [ e LA 0) + ) O

=— p
=fi (T)PII,K(”) + f2(T)P1p(,K)(’4) = P;:,K(u)-

p(L,(VIK),u)P =

This gives (3.3). [0

Proof of Theorem 1.1. Since K ¢ .7, thus by inequality (3.1) we know that for
O<p<landte(-1,1), N
V(V;K) < V(K).

Choose € > 0 such that _
V((1+&)V,K) <V(K).

From this, let L = (1 + 8)6;]( , then L € . (Proposition 2.1 gives that for 7 =0,
Le ) forte(—1,1)and T#0, L € )\.7)) and satisfies V(L) < V(K).

But by (3.3) and notice that I,(cK) = chpIpK for ¢ > 0, we obtain that for 0 <
p<l,

LL=1,((1+&)ViK) = (1+€) 7 I,(VIK) = (1+€) 7 LK > I,K. O

Proof of Theorem 1.2. Let C°(S"~!) denotes the set of all even and infinite smooth
functions on §"~!. Because of L € .#% is infinite smooth, thus p; € C°(S""!). By
Theorem 2.B we know that there exists @ € C(S"~!), such that for nonzero p < 1,
pf = C_p¢. Since L is not Ly -intersection body, hence function ¢ must be nega-
tive. Otherw1se if (p 0 and notlce @ € C(5" 1), then there exists infinite smooth
QeI o = ¢. From this, we know that C_,¢ = ﬁc_ppgﬁ’, this
together with (2.1 1) y1e1ds pL = p,’; 0 i.e., L is an L, -intersection body. This leads to
contradiction.

Therefore, choose F € C(S"!) and F is not identically zero, such that F > 0
when ¢ < 0; F =0 when ¢ > 0. From this, we have

(Fo)=1 [ Fear <o, (3.4)

And according to F € C7(S""!), by Theorem 2.B we know that there exists g €
C2(S" 1), such that F =C_,g. Because of p >0 (L € ), thus there exists € >0,
such that p; 7 —eg > 0. Notice that pZﬁ —eg € C(S" 1), then there exists K € 7%
is infinite smooth, such that pg ” = p; ¥ — eg. This yields

Cppx " =Cppp " —€C g,
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P _ P _ 4
Prx = Pr,L eF < Pr,L-

Thisand 0 < p <1 give I,K C I,L.

V(L)

But by (2.7), (2.11) and (3.4) we have

~V,(K,L) = V,(L,L)~ Vo(K,L) = (p} ".p!) — (P} ".pE) = (p} "~ Py ".pL)
=(p. "—px "Cp9) = (Coppy "= Cppx ', 0) = (PI,,L pI,,qu))
(eF,p) =€(F,¢9) <O0.

Using inequality (2.9) we obtain

V(L) <V,(K,L)<V(K) # V(L)r,

ie, VK)>V(L). O
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