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Abstract. Consumer theory studies how individuals make choices given the prices of goods, bud-
get constraints and their preferences. The preferences of a consumer are represented by a utility
measure. One of the most important examples of utility mappings is given by the Cobb-Douglas
functions. Frequently the quantities of goods involved in the selection problem are random in-
stead of deterministic. Motivated by the need to compare the preferences and investments of a
consumer when the quantities of goods are random and the utility belongs to the Cobb-Douglas
family, a new stochastic order is introduced. The order is analyzed in detail, providing charac-
terizations, conditions which lead to the order and properties derived from the order. Special
emphasis is placed on the antisymmetric property of the new ordering. The proposed stochastic
order weakens the concave order.

1. Motivation of the analysis

In economics, a utility is a representation of preferences over some set of goods.
A utility function can be defined as a mapping which specifies the satisfaction of a
consumer for all combinations of goods involved in a problem. Roughly speaking,
utility functions measure the degree of well-being such goods provide for consumers.

The microeconomic theory basic problem of consumer choice is the election be-
tween two goods given a budget constraint. Namely, let x; and x; stand for the units
purchased of two goods by a consumer, let p; and p, be the unit prices of both goods
respectively, and let m represent the income of the consumer, where prices and income
are fixed strictly positive values. Assume that for a consumer the utility of the purchased
goods is represented by a utility function U (xj,x;), which follows the axioms of the
revealed preferences as in [14]. Clearly the aim of a consumer is the maximization of
his utility. That is, the optimization problem

maximize U (x,x3)
with the constraint pix; + paxo <m
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since the amount spent on both goods cannot be greater than the income of the con-
sumer. Obviously the utility function will be maximize when pix| + pax, = m since
that mapping is increasing in both arguments. As a consequence we can express the
second good as a mapping of the first good, that is, x, = —%xl + ﬂz .

Therefore the above optimization problem can be rewritten as a problem in one
dimension. Namely,

maximize U (xp, Py ﬂ)
P2 P2
with the constraint x; € [0, pﬁ]
1

One of the most important families of utility (and production) functions is the
so-called Cobb-Douglas family, which was introduced in [5]. These functions have
been widely used in applied problems since they describe many economic problems
and enjoy important properties such the constant elasticity. The readers are referred to
[6] and [8] for the justification of the use of Cobb-Douglas utility functions in real-life
problems, to [ 1] for the use in economic growth theory, and to [15] for a characterization

of preferences represented by a Cobb-Douglas utility function.
Consider the family of Cobb-Douglas utility functions given by the mappings U :
R — R, with U (x1,x) = kxxy~* forany (x;,x2) € R2, where k>0 and o € [0, 1].
Assume that our optimization problem involves a Cobb-Douglas function. Let

d =2 b= and a= L. The consumer choice problem becomes
P2’ P2 a

maximize ka'‘x$ (—x; +a)' ™%

with the constraint x; € [0,a].

In many applied problems the goods that a consumer purchases are better de-
scribed by random variables than by constants since they are essentially random. This
fact usually appears when some good depends on a random variable that represents a
characteristic of that good. Clear examples arise when an investor buys all the harvest
of a season, that depends on the humidity, the land, the rain, the temperature, etc., and
so the final harvest is random instead of deterministic. The total amount of a good that
an investor can purchase frequently depends on stocks, evolution of financial markets,
climatology, political scene, foreign exchange rates, etc.

Under this framework, how could one compare investments? That is the main aim
of this manuscript. Namely, we propose a mathematical method to compare investments
in a two-good consumer choice problem with the above Cobb-Douglas utility functions,
when the amounts of goods involved in the problem are subject to randomness.

The structure of the paper is as follows. In Section 2 we collect the concepts
and results needed for our analysis. In Section 3 we introduce a new stochastic order to
approach the problem described above. In Section 4 we develop some characterizations
of the order, conditions which lead to the new stochastic order, and consequences of the
order. Relevant properties of the order are studied in Section 5. To conclude we analyze
the antisymmetric property of the new stochastic order in Section 6, providing a general
family of distributions in which that property is satisfied.
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2. Preliminaries

The mathematical concepts, notations and results needed for the analysis are in-
cluded in this section.

Stochastic orders are pre-order relations on sets of probabilities. Basically, a
stochastic order tries to rank probabilities in accordance with an appropriate criterion.
In [11], [13] and [3], the reader can find a clear and comprehensive introduction to the
theory of stochastic orderings.

Given a random variable X, Fxy will denote its distribution function, E(X) its
expected value, Py its induced probability, and if X is continuous, fx will stand for a
density mapping of X .

The integrated survival function of a random variable X with finite mean is the
mapping 7y : R — R, with 7y (t) = E(X —1)4 for any 1 € R.

Let < denote a stochastic order on the set of probabilities on (R, %), where Br
denotes the usual Borel o-algebra on R. Let X and Y be random variables, X <Y
will mean that Py < Py. Thus univariate stochastic orderings are sometimes introduced
by means of random variables.

The following stochastic orderings will appear throughout the paper. Let X and Y
be two random variables, then

i) X is said to be smaller than Y in the concave order if E(f(X)) < E(f(Y))
for all concave mappings f : R — R such that the above expectations exist. It will be
denoted by X <., Y,

ii) X is said to be smaller than Y in the convex order if E(f(X)) < E(f(Y))
for all convex mappings f : R — R such that the above expectations exist. It will be
denoted by X <., Y,

iii) X is said to be smaller than Y in the increasing convex order if E(f(X))
< E(f(Y)) for all increasing convex mappings f : R — R such that the above expec-
tations exist. It will be denoted by X <., Y.

A stochastic order = is said to be integral, when there exists a set .% of real
measurable mappings, such that two probabilities P; and P> satisfy

P <P, when / FdP, < / fdp,

for any f € .% for which the above expectations exist. The set of mappings .% is said
to be a generator of the order. The reader is referred to [10] and Chapter 2 of [11] for a
precise analysis of integral stochastic orders.

Let P be a probability on (R,%g), and T : R — R be a measurable mapping,
PoT~! will denote the probability on %y givenby PoT~!(B) = P(T~!(B)) for any
B € Br.

Let (Q,<7) be a measurable space. Let ,v : o — R be o-finite measures,
U < v will mean that y is absolutely continuous with respect to v, thatis, y(A) =0
for any A € &/ such that v(A) =0 . In that case, Z—’;‘ will stand for a Radon-Nikodym
derivative of p with respect to v (see for instance [12] or [2]).

We will denote by .#! (1) the set of mappings {f:Q — R | f is measurable and

Jalfldp < 4}
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The usual Borel measure on the real line will be denoted by 6.

If A is a subset of R, I, will stand for the indicator function of A.

The beta function will be denoted by B, that is, B : (0,00) X (0,00) — R, with
B(x,y) = fo " (1—1)*~"dr for any (x,y) € (0,00) x (0,0). On the other hand, T will
stand for the gamma mapping given by T": (0,4o0) — R, with ['(x) = [ 'e™" dt for
any x € (0,+o0).

When A belongs to #Br, 4 will stand for the inherited Borel o -algebraon A.

For ease of reading of subsequent results, the following proposition on the differ-
entiability under the integral sign is included here. It is an immediate consequence of
Theorem 9.2 in [9].

PROPOSITION 1. Ler (Q,97,11) be a measure space. Let N € < be a set with
W(N)=0. Let I CR be an open interval. Let F : I x Q — R be a function satisfying
that

i) forany x € Q\ N, the mapping F(-,x) is differentiable on I,
ii) forany t €1, the mapping F(t,-) is measurable,

iii) there is a mapping g € ' (1) with \%F(t7x)| < g(x) for each x € Q\ N and
tel,

iv) there exists to € I such that F(ty,") € £L'(u).
Then F(t,-) € £ (u) for any t € I, and the mapping f : 1 — R given by

d

f(t)z/QF(t,-)du is differentiable on I with f/(t):/QEF(t,-)du

foranytel.

3. The Cobb-Douglas stochastic order

A mathematical model to approach the problem described in Section 1 is proposed
in this section. That model is based on a stochastic order.

In the first place we introduce the following families of probabilities and random
variables.

Let a > 0. Let us denote by P the set of probabilities associated with the mea-
surable space (R, %g), such that P([0,a]) =1.

Let X be the set of random variables whose induced probabilities belong to the
class P?.

DEFINITION 1. Let @ > 0. The family of mappings
Fo={f:]0,a] —» Rwith f(x) =kx*(—x+a) "% | k>0, €[0,1]}

is said to be the Cobb-Douglas family.
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The mappings of the family .%#, are concave.
From now on and given a > 0, for any « € [0, 1] we will denote by f, the function
fo:[0,a] — R, with f(x) = x*(—x+a)! =% for any x € [0,a].

DEFINITION 2. Let a > 0 and X,Y € X“. It will be said that X is less than ¥ in
the Cobb-Douglas order if E(f(X)) < E(f(Y)) for any f € #,. This relation will be
denoted by X =<¢p Y.

Note that all mappings of .7, are bounded, thus the above expectations are finite.
Therefore the relation =<¢p is a pre-order.

Let us clarify the meaning of the order. Let X and Y stand for the random variables
associated with the units of a good in our framework, for instance, the harvest of a
cereal in two regions. Assume that an investor aims to buy one of them. How could he
compare both investments? The relation X =<¢p ¥ means that whatever Cobb-Douglas
utility function of .#, we consider, the expected utility is greater, or at least not lower,
when the number of units of the good is that associated with random variable Y. Thus
in the above example the investor should acquire the harvest associated with random
variable Y.

4. Necessary and/or sufficient conditions for the Cobb-Douglas order

In this section we develop some characterization results of the Cobb-Douglas or-
der. These results connect the new order with a special family of beta distributions.
Some inequalities for those beta distributions will be proved. Moreover, we obtain
conditions implied by the new order, and conditions which lead to the new stochastic
order.

In the first place we introduce a useful function for the comparison of random
variables by means of the Cobb-Douglas order.

DEFINITION 3. Let @ > 0 and X € X?. The mapping ¢x : [0,1] — R, with
¢x(a) = [, fadPx for any o € [0,1], will be said to be the discriminant Cobb-
Douglas function of X .

Note that ¢y is well defined since f, belongs to Z!(Px) for any o € [0,1].
Observe that for any X,Y € X, X <¢p Y if and only if ¢x < ¢y.
Characterizations of the order are proved below.

PROPOSITION 2. Let a >0 and X,Y € X*. Then X =<¢p Y if and only if

X Y
E(fB(oH-l,Z—oc)(z)) < E(fB(a+172—a)(E))

forany o € [0,1], where IB(a+12-a) Stands for the density mapping of a beta distri-
bution with parameters o.+ 1 and 2 — o.
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Proof. We have that X <¢p Y ifandonly if E(f(X)) <E(f(Y)) forany f € .%,,
that is, if and only if for any o € [0, 1]

/ x*(—x4a)"%dPy < / x*(—x+a) " %dpy.

[0.] [0.]

By a change of variable (see for instance [7]) given by the mapping 7 : R — R, with
T(x) =x/a, we have that

/ xa(—x—l—a)l_adPX:/ ax®(1 —x)""%dPyoT L.
[0,4] [0,1]

Thus X =<¢p Y if and only if

/ ax®(1—x)'"%dpy </ ax®(1 —x)'"*dpy
[071] [0,1] a

a

forany a € [0,1]. Observe that this is the same as

o] —x)l-o o1 _ \1-«o
/ &d&g/ A= p,
o Bla+1,2—a) @ JoyBla+12—a) a

forany a € [0,1], which concludes the proof. [

PROPOSITION 3. Let a > 0 and X,Y € X% continuous random variables with
densities fx and fy respectively. We have that X <cp Y if and only if E(fx(aZy)) <
E(fy(aZy)) for any a € [0,1], where Zy stands for a beta random variable with pa-
rameters 0.+ 1 and 2 — «.

Proof. Since X and Y are continuous so are X /a and Y /a. Moreover afx (ax)
and afy(ax) are densities of X /a and Y /a respectively. Thus

; afi(ax)dx = aE(fx (aZa)

x - xa(l _x)lfa
E(fB(OHrLz*O‘)(_)) B /[071] m

which proves the proposition. [J
We state another characterization of the Cobb-Douglas order for continuous ran-
dom variables. First, we state the following technical lemma.

LEMMA 1. Let X be a continuous random variable. Then Px o Fy ' is equal to 6
on %[071] .

Proof. Let x € [0,1], then Py o Fy '([0,x]) = P(Fx(X) € [0,x]) = x = 6([0,x])
since Fx(X) follows uniform distribution on the interval [0, 1].

Since the class { [0,x] [ x € [0,1] } is a 7-system which generates % ;) , we obtain
the result (see for instance Theorem 3.3 in [4]). [
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PROPOSITION 4. Let a > 0 and X,Y € X continuous random variables with
densities fx and fy respectively. Then X <¢cp Y if and only if

ou Fx (x)*(1 = Fx (x))'~* fx (aFx (x)) fx (x)d©

< 0u Fr(0)(1 = By (x)" fy (aFy (x)) f (x) 46

forany o €0,1].
Proof. Note that for any a € [0, 1] we have that

/[Oﬂ]xa(a—x)l_adPX = / x%(a—x)""%fx (x)dO

[0,a]

=a2/ x*(1—x)'"%fx (ax)dO = az/ x*(1—x)""%fy(ax)dPy o Fy !,

[0.1] [0,1

where the last inequality follows from Lemma 1. Observe that the last expression is the
same as

a’ 0 ]Fx(x)a(l—Fx(x))l_afx(an(x))dPX

=a’ o ]FX(X)“(I — Fx(x))'* fx (aFx (x)) fx (x)d8),
a
which concludes the proof. [

By means of the above results we can derive some inequalities in relation to beta
distributions.

Let f:1 — R, with I an open interval of R. The number of sign changes
of f in [ is defined by A (f) = Sup{x1<.4.<xn,x,~61,n€N} Si(f(xl)v' o 7f(x71))7 where
S”™(1,y---,yn) is the number of sign changes of the sequence yi,...,y,, Where zero
values are discarded.

PROPOSITION 5. Let a >0 and X,Y € X¢ continuous random variables with the
same mean. If S~ (fx — fr) = 2 and the sequence of signs is +,—,+, then E(fx(aZy)) <
E(fy(aZq)) for any o € [0,1].

Proof. Theorem 3.A.44 in [13] reads that under the above conditions ¥ <. X
holds. This is equivalent to X <., Y. Note that all the mappings of .%, are concave,
which implies that X <¢p Y. Now the result is a consequence of Proposition 3. [J

We study some conditions implied by the Cobb-Douglas order and some which
imply that order. For that purpose we prove the following lemma.

LEMMA 2. Let a >0 and X € X% with P(X € (0,a)) = 1. The discriminant
Cobb-Douglas function ¢x is infinitely derivable on (0, 1), with ¢)(("(a) = Jio.0x*(a—

x)!'"%In"(-£-)dPy for any o € (0,1) and any n € N.
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Proof. We prove the result by induction. Let us begin with the case n = 1.

Consider the probability space ((0,a), %o,q), Px) and the open interval [ = (t1,%2),
with 0 <ty <1, < 1. Let F:1Ix(0,a) — R, with F(o,x) = fg(x). Observe that
¢x (o) = Jig,) F(0t,x)dPx.

We will use Proposition 1 to obtain the first derivative of ¢x . Note that conditions
i),ii) and iv) in that result are trivially satisfied.

Let us see condition iii). Given any o € (0, 1), by means of L’Hopital’s rule we
conclude that

lim x*Inx=0 and lim (a—x)'"%In(a—x)=0.
x—0F x—a~

Therefore we have that X! Inx and (a —x)!~2In(a — x) are bounded on (0,a). So if
a € (t1,t), it holds that [x* Inx| < max{|¥'! Inx|,|a Ina|} < K; and |(a—x)!"*In(a—
x)| < max{|(a —x)'"1n(a —x)|,|alna|} < K, for some constants K; and K.

As a consequence, for any o € (,12)

|§_§(O‘7x)|=\xa(a—x)l‘o‘ln(i)\:|x°‘(a—x)l‘o‘lnx—xo‘(a—x)l—aln(a_x)|
a—x
<Ki|(a—x)""% + Kaofx®| < (K + K;) max{a, 1}.

Thus condition iii) in Proposition 1 is also satisfied. Therefore @x is derivable on
(1,12) with ¢f(a) = Jo.0x*(a— x)!"%In(~-)dPx. Since #; and 1, are arbitrary
values with 0 <t} <1, < 1, we obtain the case n = 1.
Assume that the result is true for a natural number 7, so ¢§{'( o) = Jig.0x%(a—
)1 “In"(—~-)dPx . In order to apply Proposition 1 to obtain the differentiability of

(Z)X , and in relation to condition iii), note that

xa(a_x)lfalnrwrl(i

By the previous inequalities we obtain that

3n+1F

|5 gt (0] < (K] + K3y max{a. 13)"*!

for some constants K| and K. Therefore condition iii) is satisfied. Moreover, condi-
tions 7) and ii) of Proposition 1 are also held, and iv) is a consequence of the above
inequality. Thus we obtain that ¢\ (cr) = Jio.a) X% (a—2)"" " (2£7) dPy , which
proves the lemma. [l

PROPOSITION 6. Let a> 0 and X,Y € X* with P(X € (0,a)) =P(Y € (0,a)) =
1, such that X <¢cp Y. Let D= {a € (0,1) | ¢x(a) = ¢y(at)}. Then for every
d € D we have that ¢5(d) = ¢y(d), and so E(Xd(a—X)1 In(X:)) = E(Y¥(a—

V) in( L))
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Proof. We define the function W : [0,1] — R, with W (&) = ¢y (o) — ¢x (o) for
any o € [0,1]. By Lemma 2 that mapping is infinitely derivable on (0,1), with
W () =E(Y%a-Y)""“In(-55)) - E(X%(a—X)'""“In(-%;)). Since X <cp Y we
have that W(a) > 0. Let d € D, it holds that W(d) =0, so d is a local minimum.
Therefore W’(d) = ¢y (d) — ¢5(d) = 0, which implies the result. [J

A sufficient condition for the Cobb-Douglas order is analyzed in the following
proposition.

PROPOSITION 7. Let a>0 and X,Y € X* with P(X € (0,a)) =P(Y € (0,1)) =1
and E(X) =E(Y). Let D={o € (0,1) | ox () = ¢y (o) }. If one of the following
conditions is satisfied

i) D=0 and there exists d € (0,1) with ¢x(d) < ¢y (d),
ii) D#0 and forall d € D it holds that

) :E(Yd(a—Y)l’dln(Ly))

E(X%(a—X)"In(— —

a—X

and

) < E(rd(a—v) (L)),

(X(a =)~ n’ —

a—X
then we have that X <¢cp Y.

Proof. Consider the mapping W : [0,
2 says that W is infinitely derivable on (0,
—E(X%(a—X)""*In"(-%;)).

Let us study case ). Note that if E(X) = E(Y) then W(0) = W(1) =0. Since
D =0 and W is continuous on (0,1), W is either positive or negative. We know
that there exists d € (0,1) with ¢x(d) < ¢y(d), so W >0 on (0,1). Thus for every
d € (0,1) we have ¢x(d) < ¢y (d), therefore X <cp Y.

Let us analyze case ii). Suppose that the relation X <¢p Y is false. So there exists
o with W(a) < 0. Since E(X) =E(Y), such a value o should be in (0,1). We know
that D # (. Thus we can take dy € D with W(dy) = 0. Suppose that dy > o, the case
dy < o is analogous. Let us define I = {d € D | d > a}. The set I is bounded and
non-empty, so it has an infimum. The continuity of W on (0,1) implies that such an
infimum is a minimum on 7. Let us denote it by m. Using condition ii) we obtain that
m satisfies that W(m) =0, W/(m) =0 and W’ (m) > 0.

Therefore m is also a local minimum of W on (0,1). Thus there exists m’ satis-
fying that oo < m’ <m and W(m') > W(m) = 0. We know that W (o) < 0, therefore
there exists m” € [or,m'] with W (m") = 0. Thus m is not the minimum on I which is
a contradiction. Therefore X <¢cp Y. 0O

The following result shows an approximation condition which leads to the Cobb-
Douglas order.

] — R with W (o) = ¢y () — ¢x(cx) . Lemma

1
1), with W () :E(Y‘x(a_y)lfalnn(ﬁ»
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Leta>0,1,h,...,l, €(0,a),with0 <} <l <...<l,<a,andlet o € (0,1).
Let g%/t~ :[0,a] — R be the mapping defined as g%~ (x)

r[(0,0), (I, 1% (1 +a)'=%)](x) if x € 0,4],
A @), G 2 (Sl + @))€ i),
1<i<n—1,

(L, 1% (=1, +a)' = %), (a,0)](x) ifx € (Ip,d],

where 7[(x1,y1), (x2,y2)] stands for the equation of the line passing through the points
(x1,y1) and (x2,y2).

PROPOSITION 8. Let a >0 and let X,Y € X¢ with E(X) = E(Y), such that
E(g®ln(X)) < E(g*In(Y)) for any aE(O 1),neNandly,b,...,l, € (0,a),
withO<li<bh<..<l,<a.Then X <¢cp?Y.

Proof. Consider the mappings f, with o € (0,1). Let D be a countable dense
subset of (0,a), say D = {ay,az,...}.

Let us consider the class of mappings {g%%(x)}4ep.

Since fy is concave, g*%(x) < fu(x) for any x € [0,a]. Because of the density
of D and the continuity of f,, we obtain that for any x € [0,a], fu(x) = sup{g®“(x) |

€ (0,a),i € N}.

Let fuo :[0,a] — R given by f, o(x) = max{g* (x),...,g%% (x)} for any x €
[0,4].

The sequence { fn.q }» is increasing for any o € (0,1). Moreover f, o (x) < fo(x)
and lim, f, o (x) = fo(x) for any x € [0,a] and o € (0,1).

By means of the Monotone Convergence Theorem we obtain that

lim fnad X—/[ ]fadPX-
0,a

n—e J10.4]
Let a(y),...,a(, stand for the arrangement of aj,...,a, in increasing order. We
should note that f;, o (x) < g*“M % (x) < fo(x) forany x € [0,a], n€ N and a €

(0,1). As a consequence lim, .. E (g% (X)) = E(fy(X)).

Thus we have seen that E(fy (X)) < E(fo(Y)) for any a € (0,1). The above
inequality is also held when we consider & =0 and a = 1 since X and Y have the
same expected value. Therefore X <¢cp Y. U

5. Relevant properties of the order

Some properties of the Cobb-Douglas order are analyzed in this section.
The first results say that the Cobb-Douglas order implies the equality of expected
values, and that order is preserved under weak convergence and mixtures.

PROPOSITION 9. Let a > 0 and X,Y € X? such that X <¢cp Y. Then E(X) =
E(Y).
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Proof. Take fy and fi in .%#,. Since X <¢cp Y we obtain that E(X) < E(Y) and
E(a—X)<E(a—Y),andso the result. [

PROPOSITION 10. The Cobb-Douglas order is closed with respect to weak con-
vergence.

Proof. Note that all the mappings of .%, are bounded and continuous. [

PROPOSITION 11. The Cobb-Douglas order is closed with respect to mixtures.

Proof. The Cobb-Douglas order is integral which implies the result. [J

Using the budgetary constraint of our problem, we have written utility functions
based on the first good since x, = —x; +a. If we refer to the second good, the utility
function would be written as k(—x, +a)%x}~%.

Now we prove that the Cobb-Douglas order is preserved if we consider the second
good. From an economic point of view, the following result means that the consumer

choice does not depend on the good studied by the order.

PROPOSITION 12. Let a > 0 and X,Y € X*. Then —X +a,—Y +a € X%, and
X 2ep Y ifandonly if —X +a <¢cp —Y +a.

Proof. 1tis clear that —X +a and —Y + a belong to the set X¢.
On the other hand, by means of Proposition 2, —X +a <¢p —Y +a if and only if

))

—X+a —Y+a

E(fpa+12-a)( ) <E(fpar12-a)(

forany a € [0,1]. We should observe that

—X +a 1 X . X X

JB(a+12-0)( p )= B(a+1,2—a)(l_5)a(z) 7a:fB(2—a,a+l)(E)

because of the symmetry of the beta mapping in its arguments. Therefore —X +a <¢p
—Y +a if and only if

X Y
E(fpe-a0:1)(=)) <E(f3o-aar(

a a

))

for any a € [0,1]. Now observe that {(ot+1,2— o) | ¢ € [0,1]} ={(2— o, + 1) |
o € [0,1]}, which implies the result applying Proposition 2. [

PROPOSITION 13. Let A,a>0and X,Y € X* suchthat X <cpY. Then AX,AY €
X* and X <cp Y ifand only if AX <cp AY.
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Proof. The first assertion is clear. In relation to the condition AX <¢p AY, by
Proposition 2 that is held if and only if

AX AY
E(fB(%l,pa)(ﬂ)) < E(fB(a+1,2fa)(ﬁ))

forany « € [0,1], which is equivalentto X <¢cp Y. O

The mappings of .%#, are concave, does the Cobb-Douglas order weaken the con-
cave order? As we prove below, the answer is affirmative. Of course we consider
probabilities whose support is in the interval [0,a], with a > 0.

PROPOSITION 14. The concave order implies the Cobb-Douglas stochastic order,
but the converse is not true.

Proof. Tt is clear that the concave order implies the Cobb-Douglas order since the
mappings of .%#, are concave for any a > 0.

Let us see that the converse is false.

Take a = 1 and let X,Y € X! discrete random variables whose supports are Sy =
{0.25,0.75} and Sy = {0.2,0.575} respectively, and with probability mass functions
givenby P(X =0.25)=P(X =0.75)=0.5,and P(Y =0.2) =0.2 and P(Y =0.575) =
0.8.

In the first place we check that X <., Y is false. Observe that the relation X <., Y
is the same as Y <., X, and this implies ¥ =<, X.

Let us consider the integrated survival mappings 7y and 7y of X and Y respec-
tively. It can be seen that 7y (0.25) = 0.26 > 0.25 = mx (0.25) . Therefore the condition
my (1) < mx (¢) for any 7 € R is not held, condition which is equivalent to ¥ <., X (see
for instance Theorem 1.5.13 in [11]). Thus X <., Y is false.

Consider the discriminant Cobb-Douglas functions ¢x and ¢y. Note that by
Lemma 2 these mappings are continuous on (0, 1). The right continuity at 0 and the
left continuity at 1 are trivial in this case. Moreover ¢x(0) = ¢x(1) = E(X) = 0.5 =
E(Y)=¢r(1) = ¢r(0).

The derivatives of ¢x and ¢y are ¢y () = E(he(X)) and ¢ (o) = E(he(Y)),
with hg (x) = x*(1 —x)'~%In($%) for any a € (0,1) (see Lemma 2). Observe that
those expected values exist since X and Y do not induce probability in the points 0 and
1.

By Lemma 2 we obtain that ¢y (c), ¢y (e) = 0 for any a € (0,1), and thus ¢x
and ¢y are convex.

Moreover, the right and left hand derivatives of ¢x and ¢y at O and at 1 satisfy that
0y (0) = —0.2746 < —0.1190 = ¢, (0) and ¢ (1) = 0.2746 > 0.0835 = ¢, (1).

Therefore there are neighborhoods of 0 and 1 (in the interval [0,1]) in which
ox (o) < ¢y (o) forany o in both sets.

Since ¢y is convex, the mapping (Z);, is increasing and so |¢y (ot)| < 0.12 for any
o< (0,1).

By means of this inequality let us see that ¢y () > 0.47 forany a € [0,1]. It holds
that ¢y (0.44) > ¢y(0.45) and ¢y (0.45) < ¢y(0.47), those values greater than 0.47.
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The convexity of ¢y implies that its minimum is reached when o € (0.44,0.47). The
Mean Value Theorem reads that if o € (0.44,0.47), we have that ¢y (o) = ¢y (0.44) +
0y (Ba)(a — 0.44) for some Py € (0.44,0.47), and therefore ¢y (o) > ¢y (0.44) —
0.12(0.47 — 0.44) = 0.47171 > 0.47, as we have affirmed before.

Now observe that ¢x(0.13) = ¢x(0.87) < 0.47. So the convexity of ¢x implies
that ¢x (o) < ¢y () for any o € [0.13,0.87].

To conclude, note that for any o € (0,1) we have ¢4 (0.13) = —0.1987 < —0.12 <
¢ (o) and ¢}(0.87) =0.1987 > 0.12 > ¢/ (ax).

Using the convexity of ¢x, for any a;, 0 € [0,0.13) it holds that ¢5(0y) <
¢y (). In the same way, for any o, € (0.87,1], ¢5(ou) > ¢y (o).

The Mean Value Theorem implies that for any o« € (0,0.13) we have that ¢x (o) =
0x (0) + ¢ (Vo) for some ¥y € (0,), and @y (&) = @y (0) + ¢y (§o) @ for some &y €
(0,0). Since ¢y (Ve) < ¢y (Co). we obtain that ¢x (o) < ¢y () forany o € (0,0.13).

In the same way it is possible to prove that ¢y (o) < ¢y (cr) forany o € (0.87,1).

Thus we have obtained that ¢x < ¢y, that is, X <¢p Y. Therefore the Cobb-
Douglas order weakens the concave order. [

PROPOSITION 15. Let a>0. Let F5" ={f:[0,a] — R | f is concave}. Let Z

be the convex cone spanned by .%,. Then F#, is not dense in FS" when we consider
the topology of uniform convergence.

Proof. Let us suppose that % is dense in .75” when we consider the topology of
uniform convergence. By Theorem 2.3.5 a) of [11], the class % is a generator of the
Cobb-Douglas order.

Let X,Y € X“ suchthat X <¢p Y and f € .Z¢". Therefore there exists a sequence

{ftm C Zy such that lim,, f, = £ uniformly.
It holds that
/ fm dPX < / fm dPY
[0,4] [0,d]

for any m € N since % is a generator of <cp. The continuity of f on [0,a] and
the uniform convergence of {f,}» to f, imply that the sequence { fy, }» is uniformly
bounded. Thus by the Dominated Convergence Theorem

/ fdpxé/ fdPy,
[0,q] [0,q]

hence X <., Y, which is a contradiction with Proposition 14. Therefore % is not
dense in .7 for the uniform convergence. [J

To conclude this section we include the following example in relation to beta dis-
tributions.

EXAMPLE 1. Let a=1. Let X, be a beta random variable with parameters n and
n for any n € N. Then X,, <¢p X+ forany n € N.
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Consider Proposition 2. We have that

B(n+a,n—o+1)

E(fp(ar12-0)(Xn)) = B(o+1,2— a)B(n,n) and

B(n+oa+1,n—a+2)
a+1,2—a)B(n+1,n+1)

E(fpa+12-0)Xnt1)) = B

By the properties of B and I functions, E (fp(q+1.2-a)(Xn)) < E (fa(ot1.2-0)(Xnt1))
ifand only if n(n+1) < (n+o)(n+ 1 — o), equivalently 0 < (1 — o), which holds
since o € [0,1]. Thus X,, <¢cp X1 for any n € N.

6. On the antisymmetric property

In this section we approach the question of the antisymmetric property of the
Cobb-Douglas stochastic order.

Let a >0 and X,Y € X%, we denote by X ~cp Y when X ZX¢cpY and ¥ <¢cp X .

Let X € X“. Assume that P(X € (0,a)) > 0. Define P’ : %y ,) — R with

P(X €B)

P8 Fx e ©.0)

forany B € %) . Clearly P’ is a probability.
Let X be a random variable such that P; = P'. Obviously X exe,

When we write X we will assume the existence of the probability Py, that is,
P(X € (0,a)) > 0.

First of all, we prove that the antisymmetric property depends essentially on the
behaviour of the random variables in the open interval (0,a).

PROPOSITION 16. Let a > 0 and X,Y € X* such that X and Y exist. The fol-
lowing conditions are equivalent

i) X~cpY

i) PX=0)=P(Y =0), PX=a)=P(Y =a) and X ~cp?¥.
Proof. In the first place note that for any o € [0,1] and f, € Z,,

EUalX)) = [ a6 dPy = faOPX =00+ fuldP(X =) + [ ful) by

= 0P =0) 4 fuld)P(X =) +PX € (0.0) [ Julx)aPy

= 0P =0+ ful@P(X =) +PX € (0.0)) [ ful)Py

= fa(0)P(X = 0) + fa(a)P(X = a) + P(X € (0,a))E(fa(X)).
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The same formula holds for random variable Y .
Now it is clear that condition ii) implies i).
Let us see that i) leads to ii).
Take o € (0,1) and fo € F,. Observe that fy(0) = fu(a) = 0. Therefore
E(fo(X)) =P(X € (0,a))E(fy(X)). Since X ~¢p ¥ we have that

P(X € (0,a)) lim E(fy(X))=P(Y € (0,a)) lim E(fy(Y))

o—1" o—1"

and

P(X € (0,a)) lim E(fy(X))=P(Y € (0,a)) lim E(fy(Y)).
o—0t o—0t
Now note that the functions {fy} aco,1] are uniformly bounded and

lim fy = fi as. [Pg] and lim fo = fo a.s. [Pg].
o—1- o—0*

The same convergence results are obtained when we consider FPj.
As a consequence of the Dominated Convergence Theorem we conclude

lim E(fo(X)) = E(fi(X)) and  lim E(fa(X)) =E(fo(X))-

a—1-

Take oo = 1. We have that

E(fi(X)) =P(X =a)fi(a)+ P(X € (0,))E(f1(X)) = E(fi(Y))
P(Y =a)fi(a) +P(Y € (0,a)E(fi(Y)).

Therefore P(Y =a)fi(a) = P(X =a)fi(a) andso P(Y =a) =P(X =a).

Reasoning in the same way with o = 0, we deduce that P(X =0) = P(Y =0).
As a consequence we obtain that P(X € (0,a)) =P(Y € (0,a)).

Now the result follows from the fact that

E(fa(X)) = fa(0)P(X = 0) + fu(a)P(X = a) + P(X € (0,a))E(fa(X)),

which leads to X ~cp Y. O

Note thatif a > 0, X,Y € X* and X and Y do not exist, X ~¢p Y if and only if
P(X=0)=P(Y =0) and P(X =a) = P(Y =a), because P(X € (0,a)) =0 implies
that [( ) fo(x)dPx =0 forany o € [0, 1].

Moreover, it is easy to prove thatif a >0, X,Y € X* and X ~¢p Y, then X and
Y doexistor, X and ¥ do not exist, other cases are not possible.

Now we will focus our attention on finding a subfamily of X¢ in which the order
satisfies the antisymmetric property.

DEFINITION 4. Let a > 0. Let X{, be the set of random variables given by

f={XxeX*|E(|(-X +a)In"(

—X+a>|) < +oo foranyn € N}.
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Note that if X € X{, then P(X =0) =P(X =a) =0.
We prove that the Cobb-Douglas order satisfies the antisymmetric property on X

In>
where equality is understood in distribution.

PROPOSITION 17. Let a> 0 and X,Y € X{. If X ~cp Y, then Fx = Fy.

Proof. Let f:[0,a] — R, with f(x) =a—x. Let M = [, fdPx. Note that
M >0 since X € X{ .

By Proposition 9 we know that the condition X <¢p Y implies that E(X) =E(Y),
andso M =a—E(X)=a—E(Y).

We define the measure P : z@[oﬂ] — R, with

P(B) = /Bfﬂ% dPy

forany B € % 4.
Itis clear that P is a probability. Moreover P is absolutely continuous with respect
to Py (P< Px), and f % is a Radon-Nikodym derivative of P with respect to Py

P _ ¢ +). Thus, for any measurable mapping g : [0,a] — R

(m
f
8 dP = / 88— dPX .
/(o,a) (0.a)" M

Let X’ be a random variable such that Py, = P. Let o € [0,1] and fo € Z,. It
holds that

/ x*(—x+a)"*dPyx: :/ X (—x4a) % —
(0,a) (0,a)

1 1
M Jo.a) M

Consider now the mappings g : (—oo,00) — R with g(x) =e¢**, and T : (0,a) —
(—oo,00) given by T(x) = In(—-). By a change of variable (see for instance [7]),

—x+a

/( )gOTdlez/ gdPyoT ™,
0,a —

(—o02)

and so
1 X

—E(fa(X)) = O‘P/:/ Py oT L.
EU) = [ (Ttare= [ ey

Observe that this is true for any o € [0,1].
Proceeding in the same way with random variable Y,

1 X
LE(fy (V) = “dP/:/ o gp, 0T
—E(fulV)) /(O’a)<_x+a> = [ R

dPy,

L
ary — M-

where Pys < Py and
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Thus, if X <¢pY and ¥ <¢p X, then E(fo(X)) = E(f«(Y)), and so

/ e dPyoT " = / ™ dPy o T
(_°°1°°) (_°°7°°)

forany a € [0,1].
Note that for any B € A,

PyoT Y (B)=P_ /(B) and PyoT '(BY=P_ \(B).

ln( —X"+a ln( —Y'+a

Letj(vzln(%,;u) and Y = In(— Y,M)
Observe that for any n € N we have that

E(f"):/Rx”dPg:/Rx"dPX/oT_l:/(OQ)ln"(_x+a)dPX/

—x+a X 1
= In" dPy = —E((—X In"
0a) M (72 P = g E (X ayin’(

—X+a))'

This value is in R since X € X{ . Clearly the same result is obtained when we consider
random variables Y and Y.
Therefore E(X"), E(Y") € R for any n € N. Moreover, we have seen that

/Reaxdp)? :/Reade? eRrR

for any o € [0,1]. Thus the generating functions of X and ¥ exist and are equal in

[0,1]. Note that this interval does not contain a neighborhood of 0, and as a consequence

the equality in distribution of X and Y cannot be guaranteed with the above formula.
We will prove that

d X n X n X d X
da"/Rea dPX:/Rx e’ dPX:/Rx e’ dP;:W/Rea dpP;

forany n € N and o € (0,1). As a consequence we will be able to derive that £ (X") =
E(Y™), which implies that X and Y are equal in distribution. For this purpose we will
use Proposition 1.

We will argue by induction. Let us consider the case n = 1. Take the probability
space (R, %g,P;) and the open interval [ = (0,z) C R, with z < 1. We define the
mapping F : I x R — R, with F(o,x) = e** for any (o/,x) € I x R. In the first place
we have that %F(a,x) = xe™* forany (o,x) € I x R. It holds that

d ; L (Zon
|2 F (@) = e < Il an ) (2) + 7 ) (¥)

with 7 >0 and 7 +z< 1.
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Let o : R — R be the mapping on the right-hand side of the above inequality. Let
us see that ® € Z!(Pg). On the one hand

_ X
[ are= [ wlapr = [ wlarcor = [ jinZlar

04 a—x
1 X X 1
< — — — — — oo,
< oy a7l aP = B X)In( =) g7 < +
On the other hand
1 / 1 X /
- (z+z)xdp~:/ - ) gp,,
/(o,+oo) 7¢ X Jiga z’(a—x> X
1 X N1
< S N o, P, o
/(O’a)z,(a_x) (a—x)dPy < +

since z+7 < 1.
As a consequence, condition iii) in Proposition 1 holds. Moreover, conditions
i), ii) and iv) are easy to check. Applying that proposition we conclude that

d
— | F P; = X dp;
da/R (or,x)dP; /Rxe dPy

forany o € (0,z). Since z < 1 is arbitrary, the result is also true when o € (0,1). The
same result holds when we consider random variable Y .
Since we have that

/Reaxdp)?:/l‘{eadey

forany o € [0,1], we deduce that

/RxeadeX:/Rxeadey

forany o € (0,1).
By means of the Dominated Convergence Theorem, taking limit as o tends to O
from the right, the mapping @ being a bound of xe® of class .Z!(P;) and £ (P;),

we deduce that
de~=/de~7
fyxars = f xas

thatis, E(X) = E(Y). So the result is true when n = 1.

Let us suppose that the result is true for some natural number 7. Let us see that it
holds for the value n+ 1.

Consider the probability space (R, %, P;) and the interval I = (0,z), with z < 1.
We define the mapping F : I x R — R, with F(a,x) = x"e* for any (o,x) € [ x R.
We have that %F(a,x) = x""1e® forany (o,x) € I x R. On the other hand

d n X ! X
S F(o)] = e < g (3) 4 Koo g, (1)
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where 7 >0 and 7 +z < 1, and K, is any constant satisfying that X! < K, e?~.
Let @ : R — R be the mapping on the right-hand side of the above inequality. In
a similar way to the case n = 1, it can be seen that ® € ¥ l(P)?). That is, we have
condition iii) in Proposition 1. Conditions i), ii) and iv) are easy to analyze.
By means of Proposition 1 we obtain that

d
F P~ — +1 jox P-
da/R (o, x)dP; /Rx" e™ dP;

forany o € (0,z). Since z < 1 is arbitrary, we have the same result for any o € (0,1).
Obviously we obtain the same equality with random variable Y .
By hypothesis we have that

/Rx"eo‘deg:/Rx"eadey
forany o € (0,1), and so
+1 _ +1
/Rx" ew‘dPg—/Rx" e dP;.

Reasoning in the same way as n = 1, the Dominated Convergence Theorem im-
plies that

E®) = [wttapy = [ vtlapy =B,
R R

Thus we conclude that E(X") = E(Y") for any n € N. As a consequence X and
Y have the same distribution.

The injectivity of the logarithm implies that X’/(X’ —a) and Y'/(Y’ — a) have the
same distribution. Applying the same argument, we have that X’ and Y’ are equal in
distribution.

Now note that Py < Py and f/M is a Radon-Nikodym derivative of Py with
respect to Py. Thus for any b € (0,qa) it holds that

M
/(0 o _x+a1(0,b}(x)dPX’ = /(0 o Lo ) (x)dPx = Fx(b),

and the same formula holds for the random variables Y and Y’.

So we obtain that Fx(b) = Fy(b) for any b € (0,a). The right continuity of dis-
tribution functions implies that Fx(0) = Fy(0). Moreover Fx(a) = Fy(a) =1 since
X,Y e X4

Therefore we have seen that Fx = Fy, which concludes the proof. [

COROLLARY 1. Let a >0 and X,Y € X? such that X ~cp Y. If any of the
following conditions is satisfied

i) foranyneN

E(|X1n"(¥)|) < 4o and E(|Y1n"($)}) < oo,
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ii) there exists € € (0,a) with P(X € (0,a—¢])=P(Y € (0,a—¢]) =1,
iii) there exists € € (0,a) such that P(X € [e,a)) =P(Y € [e,a)) =1,

then we have that Fx = Fy.

Proof. In relation to i), observe that such a condition implies that « — X, a —Y €
In- Moreover X ~cp Y is equivalent to a —X ~cp a—Y as Proposition 12 reads.
Applying Proposition 17 we deduce that F,_y = F,_y and then Fy = Fy.
With respect to ii), observe that such a condition implies those in i). Note that

a—X

E(Jxn"(2=2)]) = E(| (X7 In(a—X) — X7 InX)"|).

It is clear that P(X € (0,a — €]) = 1 implies that X7 In(a — X) is a bounded random
variable. Moreover, by means of L’Hopital’s rule it is possible to prove that the mapping

x — x7 Inx is bounded when x € (0,a— €]. As a consequence, the above expectation is
finite and the result follows from 7).

To conclude with iii), note that if P(X € [e,a)) =1 then P(a—X € (0,a—e¢])=1.
Now the result follows from Proposition 12 and ii) in this corollary. [

Acknowledgement. The authors are indebted to the Spanish Ministry of Science
and Innovation and Principado de Asturias since this research is financed by Grants
MTM2013-45588-C3-1-, MTM2015-63971-P,  FC-15-GRUPIN14-101  and
FC-15-GRUPIN14-142.

REFERENCES

[1] BARRO, R.J., SALA I MARTIN, X., Economic Growth, The MIT press, Massachusetts, 2004.
[2] BARTLE, R. G., The elements of integration and Lebesgue measure, Wiley Classics Library, A Wiley-
Interscience Publication, John Wiley & Sons, Inc., New York, 1995.
[3] BELZUNCE, F., MARTINEZ-RIQUELME, C., MULERO, J., An Introduction to Stochastic Orders,
Elsevier/Academic Press, Amsterdam, 2016.
[4] BILLINGSLEY, P., Convergence of probability measures, Second edition, Wiley Series in Probability
and Statistics: Probability and Statistics, A Wiley-Interscience Publication, John Wiley & Sons Inc.,
New York, 1999.
[5] CoBB, C. W., DOUGLAS, P. H., A theory of production, Am. Econ. Rev. (supplement) 18, (1928),
139-165.
[6] EICHHORN, W., Functional equations in economics, Applied Mathematics and Computation, 11,
Addison-Wesley Publishing Co., Reading, Mass, 1978.
[7] HALMOS, P. R., Measure Theory, D. Van Nostrand Company Inc., New York, 1950.
[81 LLOYD, P. J., The origins of the von Thuunen-Mill-Pareto-Wicksell-Cobb-Douglas function, Hist.
Polit. Econ. 33, (2001), 1-19.
[9] LUKES,J., MALY, J., Measure and integral, Second edition, Matfyzpress, Prague, 2005.
[10] MULLER, A., Stochastic orders generated by integrals: a unified study, Adv. in Appl. Probab. 29,
(1997), 414-428.
[11] MULLER, A., STOYAN, D., Comparison Methods for Stochastic Models and Risks, John Wiley &
Sons, Chichester, 2002.
[12] RUDIN, W., Real and complex analysis, Third edition, McGraw-Hill Book Co., New York, 1987.
[13] SHAKED, M., SHANTHIKUMAR, J. G., Stochastic Orders, Springer, New York, 2007.



A STOCHASTIC ORDER BASED ON COBB-DOUGLAS FUNCTIONS 825

[14] VARIAN, H. R., Intermediate Microeconomics, W. W. Norton & Company Inc., New York, 1987.
[15] VOORNEVELD, M., From preferences to Cobb-Douglas utility, SSE/EFI Working Paper Series in

Economics and Finance No. 701, 2008.

(Received March 13, 2017)

Journal of Mathematical Inequalities
v .ele-math.com
jmi@ele-math.com

Maria Concepcion Lopez-Diaz
Departamento de Matemdticas
Universidad de Oviedo

C/Calvo Sotelo s/n. E-33007 Oviedo, Spain

e-mail: cld@uniovi.es

Miguel Lopez-Diaz

Departamento de Estadistica e 1.O. y D.M.
Universidad de Oviedo

C/Calvo Sotelo s/n. E-33007 Oviedo, Spain

e-mail: mld@uniovi.es

Sergio Martinez-Ferndndez
Unidad de Modelos de Riesgos
Liberbank

Plaza de La Escandalera, 2. E-33003 Oviedo, Spain

e-mail: smartinezf@liberbank.es



