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(Communicated by J. Pecari¢)

Abstract. The generalized trigonometric functions which have a short history, were introduced
by Lindqvist two decades ago. Since 2012, many mathematician began to study their classical
inequalities, general convexity and concavity, multiple-angle formulas and parameter convexity
and concavity. A number of results have been obtained. This is a survey. Some new refinements,
generalizations, applications, and related problems are summarized.

1. Introduction

It is well known from calculus that

arcsinx = / 1/2 ——dt

for0<x<1 and

T . 1 1
5 —=arcsin 1 :‘/0 mdt
<

For 1 < p <o and 0 < x < 1, the arcsine may be generalized as

alrcsinpx:/0 mdt (1.1)

and - | |
7” = arcsin,, | :/O md:. (1.2)
The inverse of arcsin, on [0, %] is called the generalized sine function, denoted by

sin, and may be extended to (—eo,0). See [29] and closely related references therein.
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For x € [0, %} , the generalized cosine function cos, x is defined by

dsinyx
= . 1.3
CoSpx o (1.3)
It is easy to see that
cospx = (1 —singx)l/p (1.4)
and d
Czipx = —coslz,_pxsing_lx. (1.5)
The generalized tangent function tan, x is defined as
sinj, x T,
t =—— xeER\Skn,+—:kEZ;. 1.6
anp'x COSP.X X \{ P + 2 } ( )
From 1.6, it follows that
dt T, T
Z‘;px:1+\tanpx\1’, XE (—7’7,7”). (1.7)

The generalized secant function sec, x is defined as

1 T
= 0,2 ). 1.8
secpx cosyx’ xe [ ; 2) (1.8)
It follows from 1.6 and 1.7 that
T
sechx = 1+4tanhx, x€ (0, 7”) (1.9)
and q
T
SZSCP" =secpxtan) x, x € [0,7”). (1.10)
The generalized cosecant function csc, x may be defined as
csc ! e (o (1.11)
xX= X — . .
P singx” T2
It is clear that .
Top
csc?le%—m, X € (0,7) (1.12)
and q
csCp X CsCp X T,
=-— , xe | 0,=— ). 1.13
dx tan, x * < 2 ) (1.13)
The generalized inverse hyperbolic sine function arcsinh,x is defined by
x 1
_ / ————dt, x € [0,0),
arcsinh,, (x) = { Jo (1+17)1/p (1.14)

—arcsinh,(—x), x € (—e0,0).
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The inverse of arcsinh,, is called the generalized hyperbolic sine function and denoted
by sinh,.
The generalized hyperbolic cosine function cosh, x is defined as

h dsinh, x (1.15)
cosh,x = . .
r dx
It is easy to show that
(cosh?x) — [sinh,x|” =1, xeR (1.16)
and deosh
% = coshf,_pxsinhﬁ_lx, x>0. (1.17)

The generalized hyperbolic tangent function and the generalized hyperbolic secant
function are defined as

sinh, x
tanh, x = P 1.18
. cosh, x (118)
and {
h,x = 1.19
ST Coshy x (119
Their derivatives are
dtanh
I i tanhfx = sechly, x>0 (1.20)
and dsech
% — —sechyxtanh? ' x. (1.21)

Recently, Takeuchi [47] studied the (p,q)-trigonometric functions depending on
two parameters. For p = ¢, these functions reduce to the so-called p-trigonometric
functions introduced by Lindqvist in his highly cited paper [34]. In present, there has
been a vivid interest on the generalized trigonometric and hyperbolic functions, numer-
ous papers have been published on the studies of generalized trigonometric functions
and their inequalities. The following ( p, q)-eigenvalue problem with Dirichlét bound-
ary condition was considered by Drdbek and Mandsevich [23]. Let ¢, (x) = |x[P~2x.
For T,A >0 and p,q > 1

{ (0p () +A¢(u) =0, 1€(0,7),

They found the complete solution to this problem. The solution of this problem also
appears in [47, Thm 2.1]. In particular, for T = m, , the function u(r) = sin, (1) is a
solution to this problem with A = p/q(p — 1), where

2 11

1
nM:/O (l—t’f)l/l’dt:53<1—;,5>. (1.22)



836 L. YIN, L.-G. HUANG, Y.-L. WANG AND X.-L. LIN

For p = q, mp, 4 reduces to 7,, see [6]. In order to give the definition of the function
sinp 4, first we define its inverse function arcsin, 4, then the function itself. For x €
[0,1], set

Fy(x) = arcsin, , = / (1—9)"VPar. (1.23)
0
The function F, 4 : [0,1] — [0, 7, /2] is an increasing homeomorphism, and
sin, 4 = Fp_q1

is defined on the the interval (0,7, ,/2]. The function sin, , can be extended to [0, 7, 4]
by
Sinp g(¥) = 8inpg(Tp g —x), X € [Mpq/2,Tp4)-

By oddness, the further extension can be made to [—m, 4,7, 4. Finally, the functions
sin,, 4 is extended to whole R by 27, ,-periodicity, see [25].

In this survey, we give an account of the work in the generalized trigonometric and
hyperbolic functions. In many of these results, the I’"Hospital Monotone Rule is a very
useful tool. Because of practical constraints, we have to exclude many fine papers and
have limited our bibliography to those papers most closely connected to our work.

This survey is organized as follows: In Section 1, we give the introduction. Sec-
tion 2 gives multiple-angle formulas of generalized trigonometric functions. Section 3
presents classical inequalities for generalized trigonometric and hyperbolic functions.
In Section 4, we focus on general convexity and concavity for generalized trigonomet-
ric and hyperbolic functions. In section 5, Some Turdn type inequalities have been
obtained. Section 6 shows some new results about generalized elliptic integrals. Fi-
nally, we gives some open problems in Section 7.

2. Multiple-angle formulas of generalized trigonometric functions

Motivated by addition formula for sine function, Edmunds, Gurka and Lang ob-
tained a very beautiful result named by Edmunds-Gurka-Lang identity:

2 sin4/374x(cos4/3’4x)1/3
(1 +4(Sin4/374x)4(COS4/374X)4/3)1/2

sin4/374(2x) = (21)

for x € [0,7434/4] in [25]. The proof of formula 2.1 applied the addition formula of
the Jacobian elliptic function.
Later, in 2012, Bhayo and Vuorinen gave two sub-additive inequalities. For p,q >
1, then
sinp g(r+s) < sinp g(r) +sinp ¢(s), r,s € (0,7p4/4); (2.2)
and
sinh, 4(r+s) > sinh, 4(r) +sinh, 4(s), r,s € (0,e0). (2.3)

See Lemma 2.14 of reference [13] in detail.
Recently, Takeuchi [51] gave an alternative proof of formula 2.1 based on multiple-
angle formula of lemniscate function six in 2016. In the paper, he also presented
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multiple-angle formulas between two kind of the generalized trigonometric functions
with parameters (2,p) and (p#, p) where px = %,

THEOREM 2.1. (Theorem 1.1 [51]) For p € (1,00) and x € [0,272/1771'271,] =
0,7y /2], we have

sing ,(2%/Px) = 22/Psin,. pxcoshlx (2.4)

and
cos2 (2%/Px) = coshy ,x—sinh,  x=1-2sinf  x=2cosh: x—1. (2.5)

Moreover, for x € R, we have

sing,, (2%/Px) = 22/P sin s x| cOS i p X|P* 2 COS i p X (2.6

and

cosz7p(22/1’x) = |CcOSpu pX|P* — [ sinps p x|V =1 —2|8inps px|P = 2| cOSps p x|

(2 7)

The general multiple-angle formulas of generalized trigonometric functions with
single and two parameters are still open.

3. Classical inequalities for generalized trigonometric and hyperbolic functions

3.1. Mitrinovi¢-Adamovi¢-type inequalities and Lazarevic¢-type inequalities

In 2012, Klén, Vuorinen and Zhang [32] obtained Mitrinovi¢-Adamovi¢ inequal-
ity and Lazarevi¢ inequality for generalized trigonometric and hyperbolic functions,
showing that, for all p € (1,c0) and x € (0, 2)

(cosp(x))* < sm;j <1 (3.1

with the best constant oz = # and that, for all p € (1,e) and x € (0,c0),
sinh,, (x)

(cosh,(x))* < B

< (cosh,(x))P, (3.2)
with the best constants o = % and B =1.

In 2013, Bhayo and Yin solved conjecture 3.12 posed by Klén, Vuorinen and
Zhang [32]. Using different methods, the conjecture also had been proved by Song
et. in [45]. In [19], they gave the following inequalities:

For p € [2,%0) and x € (0, %), then

x P sing (x) x
(sinhp(x)> STy © sinh,(x)’ (3-3)
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and
1 sin, (x) 1 (3.4)
(cosh,(x))B x (cosh,(x))*’ '
. 1 o log(B)
with the best constants o = = and B= Toglcosh, ("))

The inequality 3.4 had also been obtained by Yang. See Theorem 1.6 of reference
[53].
3.2. Huygens-type inequalities

In 2012, Klén, Vuorinen and Zhang [32] obtained the following inequalities of
Huygens-type for the generalized trigonometric and hyperbolic functions

psing(x) N tan,, (x)
X

>1+p, (3.5)

forp>landx€(0,%);

psinh(x) N tanh,, (x)

>1+p, (3.6)
X
for p>1 and x > 0.
In the same paper, they also showed that
sin, (x) b5
1)—2L >p+2, > 1,x € (0,2), 3.7
(p+1)— +c0sp(x) p+2, forp>1.xe(0,-7) (3.7)
and inh (2)
sinh,, (x
1 P >p+2, > 1,x>0. 3.8
(p+1)— cosh, (¥) p+2, forp>1l.x (3.8)

In 2014, Yin, Huang and Qi [59] obtained the second Huygens-type inequalities.

px
sin,(x)  tanp(x)

T
>1+p, forpe(l72},xe(077p), (3.9)

and
pX

X
sinh, (x) + tanh,, (x)
The formulas (3.5) and (3.9) had also been obtained by Neumann in 2014. See

formulas (41) and (43) of references [39]. A particular case p =2 of formulas (3.5),
(3.9) and (3.10) also appeared [37] in 2014.

> 1+p, forpe(1,2],x € (0,). (3.10)

3.3. Wilker-type inequalities

In 2012, Klén, Vuorinen and Zhang [32] obtained Wilker-type inequalities for
generalized hyperbolic functions

(sinhp(x))p+ tanh,, (x) >, (3.11)

X X
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for p>1 and x > 0.

In 2014, Yin, Huang and Qi proved Wilker-type inequalities involving the gener-
alized sine and tangent functions: For p > 1 and x € (0,72), then

(sinp(x)>p+ tan (x) <. (3.12)

X X

In the same paper, they also proved the second Wilker-type inequalities, showing that,
for x € (0,2),p € (1,2],

P
(.x ) TR (3.13)
sinp x tan, x

and that, for x > 0,p € (1,2],

X P X
(sinhp(x)) * tanh,, (x) 2 S

Later, Yin and Huang [57] generalized above the first and second Wilker-type
inequalities, showing that, for x € (0, %),p >1,0—pB <0,5>0,

. o t l}
(Sm”x> + ( anpx> >2 (3.15)
X X
and that, for p > 1,x > 0,00 — pB < 0,8 >0,
sinh,x\ ¢ tanh, x B
( ”) +< 1’) > 2. (3.16)
X X
Using different method, Neumann [37] and Yin el. [59] proved the following
inequality
! P t in,(1)\” tan,t
< : ) + < (Sm”()> + 2P (3.17)
sin, (1) tan, t t t

for p>1 and € (0, %) Applying AGM inequality, Yin, Huang and Qi had proved

that, for p > 2,7 >0 and x € (0, 22),

X pt X t
(Sinp(x)) +<sinhp(x)) =2 (3.18)

i (sinz(x))t " <(Sinlj;(x)>t >prl (3.19)

and
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3.4. Cusa-Huygens-type inequalities

In 2012, Klén, Vuorinen and Zhang proved the following Cusa-Huygens type in-
equalities for generalized trigonometric and hyperbolic functions, showing that, for
pe(1,2] and x € (0,72],

sin, (x) - cos,(x) +p - cosp(x) +2

< 3.20
by 1+p 3 ( )
and that, for p € (1,2] and x > 0,
sinh), (x) - cosh,(x) —i—p' 321)
X 1+p
Later, Yin and Huang [57] obtained the following version of 3.20: For p € (1,2]
and x € (0, 2],
p+cospx\ _ sin,,(x) _ ((pHcospx ﬁ. (3.22)
p+1 X p+1
In(7) .
The constants o = n( —- ) and § = 1 are best possible.
1
In 2013, Yin and Ii{uang [56] also obtained the following inequality
24cospx\* sinpx  [24cos,x\P
< < (3.23)
3 X 3
In(7) 3

for p € (1,2] and x € (0, 72]. The constants o = and § = 77 are best possible.

3.5. Neumann inequality

In 2014, by using Schwab-Borchadt mean, Neumann proved that
1

1 sin, ¢ P sing,t T
cos, 1) Pt < P <=L forp>1,xe(0,-L
(cosp 1) [tanh_l(sinpt)] PR (©, 2)

and 1

(cosh t)ﬁ - sinh), ¢ r - sinh, 1
P tanh~ ! (sinh , )

, forp>1,x>0.

3.6. Bounds of generalized trigonometric and hyperbolic functions

In 2013, Bhayo and Vuorinen [14] gave some bounds of generalized trigonometric
and hyperbolic functions by using properties of hypergeometric function. Their results
read as follows
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THEOREM 3.1. (Theorem 1.1 [14]) For p > 1 and x € (0,1), we have

12 ) < arcsin, x < 2
———— | x <arcsin, x < —-x,
p(1+p) T2

1 —xP T
(l—i—ix) (1 —xP)/P < arccos,x < 7’7(1 —xP)l/p,
p

(1+p)
PY 4 xP p \Up
(Lt p)U+ ") 27 < arctan,x < 2'/7b,, = .
p(1+p)(1+xp)1+1/p 1 +xP

THEOREM 3.2. (Theorem 1.2 [14]) For p > 1 and x € (0,1), we have

log(1 +xP 1 P\
Z<1+%) < arcsinhpx<z<l+l—)10g(1 +xp)> L= <1j_xp) ’

1 1
x| 1— log(1 —x”) ) < arctanh,x <x|1——log(l—x") ).
(1= 1 toe(1 =47) ) <arctanhyx <x (1 2 og(1 - ) )

Later, in [13], they also gave bounds of generalized trigonometric and hyperbolic
functions with two parameters, showing that for p,q > 1 and x € (0,1),

(1) x (1 + ﬁ) < arcsing gx < min{ ”’2"”x7 (1 —xq)’l/(l’(”q))x},

xP

1/p . @ \V/P
(2) (lJr—x"> L(pqux) < arcsmhp7qx< (W) U(p’q’x)’

q -1 g\ ~1/q
where L(p,q,x) :max{<l - m) (x4 1)1/P (%) },and

—aq/(p(g+1))
U(p7q7~x): (1_14_% .
In 2014, Baricz, Bhayo and Pogdny presented some new lower and upper bounds
for the functions arctan,(x) and arctanh,(x) in [5].

THEOREM 3.3. (Theorem 6 [5]) For p > 1,x € (0,1), there holds

X 2 p 27by
arctanh,(x) < = [ 1 — —log(1 —x2)+ —
2 P (1+x5)7
arctan,(x) < x (1 - ¥log(l —xP)— llog(l +xp)> =:R,(x)
. p(1+p) P S

where

() ()

arctanh,, (x) > )_ZC (1 -

Moreover, we have
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and

log(1—x") —

arctan,,(x) >x<1+p 10g(1+x1’)> =:Lpy(x).

(1+p)
In addition, they also proved that

1+2p

1 1 1 111
xF <—, 1+—2+ —;—x”) < arcsinhpx < xF (—1 +—,———x" ), p,xe(0,1)
p p p pprpp
(3.24)
and | {
arctan, (x) > xF(2, —;2 4+ —;—x") (3.23)
p p
by proving that the function
- arcmlnhf():)
XF(=1+ 2, 5553 —xP)

is decreasing on (0, 1) for all p € (0, 1), while the functions
1 1. L.
xF(p, 1+ 552+ 5 —x )

X
- arcsinh,, (x)

and | X
1. 1._,p
xF(Z,p,Z—l—p, xP)

arctan, (x)

X

are increasing on (0, 1) forall p > 0.

3.7. Griinbaum-type inequalities

In 2014, Baricz, Bhayo and Pogany gave Griinbaum-type inequalities for general-
ized inverse trigonometric functions.

THEOREM 3.4. (Theorem 5 [5]) Let x,y,z € (0,1) be such that > = x> +y*. If
p = 1, then the following Griinbaum type inequalities are true

arcsin (z?) . arcsin,,(x?)  arcsin,(y?)

1+

2 ZT 2 2
arctanh,(z?) _ arctanh,(x*) arctanh,(y?)
T e

Moreover, if p > 2, then we have

2 2 2
14 arctan,(z”) - arctan,(x*)  arctan,(y~)

2 = 2 32 ’
arcsinh, (z?) - arcsinh,, (x?) n arcsinh, (y?)
2 = 2 32 ’

and the last inequality is reversed when p € (0,1].
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Recently, Yin and Huang generalized these inequalities to generalized inverse
trigonometric function with two parameters in 2015. See [58].

4. General convexity and concavity for generalized trigonometric and hyperbolic
functions

For two distinct positive real numbers x and y, the Arithmetic mean, Geometric
mean, Logarithmic mean, Harmonic mean and the Power mean of order € R are
respectively defined by

x+y
A(x7y): 7 G(Xd’):\/x_y»

x—y
L(x,y) = Tog(x) — log(y)’ XF£Y,
1

HOY) = i)y
and

Mt: (#)Ut, t7é07
VXY, t=0.

Let f:1— (0,°0) be continuous, where [ is a sub-interval of (0,0). Let M and N
be the means defined above, then we call that the function f is MN-convex (concave)
if

fM(x,y)) < (ZN(f(x), f(v)) for all x,yel.

Recently, generalized convexity/concavity with respect to general mean values has
been studied by Anderson et al. in [4]. We recall one of their results as follows.

LEMMA 4.1. ([4], Theorem 2.4) Let I be an open sub-interval of (0,0) and let
f I — (0,00) be differentiable. Then f is HH-convex (concave) on I if and only if
x*f'(x)/f(x)? is increasing (decreasing).

In [4], Baricz studied that if the functions f is differentiable, then itis (a,b)— convex
(concave) on I if and only if x!=¢f"(x)/f(x)'~? is increasing (decreasing).

It is important to mention that (1,1)-convexity means the AA-convexity, (1,0)—
-convexity means the AG— convexity, (0,0)-convexity means the AG-convexity, and
(0,0)-convexity means GG— convexity.

Recently, Bhayo and Yin considered extensively LL-convex, II-convex by using
Chebshev inequality in [17, 18]. They presented the following results.

LEMMA 4.2. ([17], Theorem 1) Let f:1— (0,0) be a continuous and I C (0, o),
then

1o L(f(x), f(y) 2 (<) f(L(x,y)),
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2. L(f(x0), /() 2 (S)f(Ax,y)),

if f is increasing and log-convex(concave).

LEMMA 4.3. ([18], Theorem 1) Let f:1 — (0,e) and I C (0,c0). Then the fol-
lowing inequalities holds true:

1(f(x),f(v) = fI(x,y) U(f(x),f(y) < F(A(x,3)))-
If the function f(x) is a continuous differentiable, increasing and log-convex(concave).

Other results of MN-convexity may see references [60, 18]. When these results
applied to generalized trigonometric and hyperbolic functions, we can obtain a number
of inequalities.

In 2015, [15], Bhayo and Vuorinen proved some power mean inequalities for gen-
eralized trigonometric functions with single parameter.

THEOREM 4.1. ([15] Theorem 1.1) For p > 1,t > 0 and r,s € (0,1), we have
(1) arcsin,(M;(r,s)) < M;(arcsin,(r),arcsin,(s)),
(2) arctanh,(M;(r,s)) < M;(arctanh),(r),arctanh,(s)),
(3) arctan,(M;(r,s)) > M;(arctan,(r),arctan,(s)),

(4) arcsinhy,(M;(r,s)) > M; (arcsinh,(r),arcsinh,(s)).

THEOREM 4.2. ([15] Theorem 1.2) For p > 1,t > 0 and r,s € (0,1), the follow-
ing relations hold

(1) siny(My(r,s)) = M;(sinp(r),sinp(s)),
(2) cosp(Mi(r.s)) < Mi(cosy(r),cosy(s)),
(3) tan, (M, (r,s)) < M, (tan,(r), tan . (s)),
(4) tanh,(M;(r,s)) > M, (tanh,,(r), tanh,,(s)),
(5) sinh,(M;(r,s)) < M;(sinh(r),sinh(s)).

Using the same method, Baricz, Bhayo and Klén obtained some power mean in-
equalities for generalized trigonometric functions with two parameters.

THEOREM 4.3. ([7] Theorem 1) If p,q > 1 and a > 1, then arcsin,, 4 is (a,a)—
-convexon (0,1), arctan,, 4 is (a,a)— convex on (0,1), while arcsinh,, 4 is (a,a)— convex
on (0,0). In other words, if p,q > 1 and a > 1, then we have

arcsing, 4(Mq(r,s)) < Mg (arcsing, 4(r), arcsing 4(s)), rs € (0,1),
), nse(0,1),
arcsinh), (M, (r,s)) > M, (arcsinh), 4(r),arcsinh, 4(s)), rs>0.

arctan,, ,(M,(r,s)) > M,(arctan,, 4(r), arctan, ,(s)
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THEOREM 4.4. ([7] Theorem 2) If p,q > 1 and a > 1, then sin, 4 is (a,a)—
-concave, and cosp g,tany 4,sinh, ; are (a,a)—convex on (0,1). In other words, if
p,q>1,a>1 and r,s € (0,1), then the next inequalities are valid

sinp.q(Ma(r,s)) 2 Ma(sing ¢(r),sinp 4(s)),
€08p,q(Ma(r,s)) < Ma(cosp,q(r),cospq(s)),
tany q(Ma(r,s)) < M;(tan 4(r), tan, 4(s)),
sinh, 4 (Mq(r,s)) < M;(sinhy, 4(r),sinh, 4(s)).

The next theorems improve some of the above results.

THEOREM 4.5. ([7] Theorem 3) If p,g > 1,a<0 and b € R or 0 <a < b and
b < 1, then arcsin, 4 is (a,b)—convex on (0,1), and in particular if p = q, then the
function arcsin, = arcsin,, , is (a,b)—convex on (0,1). In other words, if p,q > 1,a <
0,and beR or 0<a<band b< 1, then forall r;s € (0,1) we have

arcsing, (M (r,s)) < Mp(arcsing, 4(r), arcsing 4(s)).

THEOREM 4.6. ([7] Theorem4) If p,g>1,a<0>2bor0<a<band a<1,
then arcsinh, 4 is (a,b)—convex on (0,00), and in particular if p = q, then the function
arcsinh, = arcsinhy, , is (a,b)— concave on (0,0). In other words, if p,q>1,a <0 >
bor0<b<aanda<l,thenforall r,s € (0,00) we have

arcsinhy, , (M, (r,s)) = My (arcsinh), 4(r),arcsinh), 4(s)).

Due to geometric convexity (concavity), Bhayo and Vuorinen [13] posed a con-
jecture in 2012:

CONJECTURE 4.1. For p,q € (1,%0) and r,5 € (0,1), we have

(1) sinpg(V/7s) < /sinq(r)sing o (s),
(2) sinhy,q(y/75) > \/sinhy, 4 () sinhy, 4(s).

Very quickly, the conjecture has been proved to be correct by Jiang et. in [29].
In 2014, Bhayo and Yin gave some logarithmic mean inequalities for generalized
trigonometric functions by using Lemma 4.2. Their results read as follows:

THEOREM 4.7. ([17] Theorem 2) For x,y € (0,7,/2), the following inequalities

1. L(sin,(x),sin,(y)) <sin,(L(x,y)), p>1,

2. L(cosp(x),cosp(y)) < cosp(L(x,y)), p=2.

THEOREM 4.8. ([17] Theorem 3) For p > 1, we have

L L(gmsm0) 2 smac: 5 € (0.71/2),

sinp (x) * sinp (y)
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2. Ligs,m wom) 2 stz % € (0.75/2),

3. L(tanh,(x),tanh,(y)) < tanh,(A(x,y)), x,y € (0,00),

4. L(arcsinh,(x),arcsinh,(y)) < arcsinh,(A(x,y)), x,y € (0,1),
5. L(arctan,(x),arctan,(y)) < arctan,(A(x,y)), x,y € (0,1).

Later, in 2014, Cui and Yin [22] obtained logarithmic mean inequalities for gener-
alized trigonometric functions with two parameters.

5. Parameter convexity and concavity for generalized trigonometric and
hyperbolic functions

In 2015, Baricz, Bhayo and Vuorinen began to discuss parameter convexity and
concavity of generalized trigonometric functions in [6]. Their main results read as
follows.

THEOREM 5.1. ([6] Theorem 1) Forall x € (0,1) fixed, the following hold:

(1) The functions p — arcsing(x) and p — arctanh, (x) are strongly decreasing and
log-convex on (1,00). Moreover, p — arcsin,(x) is strictly geometrically convex
on (1,).

(2) The function p — arctan,(x) is strictly increasing and concave on (1,%0). In
particular, the following Turdn type inequalities are valid for all p > 2 and x €

(0,1)

2
14

arctanhf, (x) < arctanh,,_;(x)arctanh,, | (x),

arcsin, (x) < arcsin,_(x)arcsin, (x),

arctani (x) > arctan,,_; (x) arctan, 1 (x).

THEOREM 5.2. ([6] Theorem 2) For all x € (0,1) fixed, the following hold:

(1) p— arcsing 4(x) is completely monotonic and log-convex on (1,%0) for g > 1.
(2) pw arcsing, 4(x) is strictly geometrically convex on (1,0) for g > 1.

(3) g arcsing 4(x) is completely monotonic and log-convex on (1,e0) for p > 1.
(4) pw arcsinh, 4(x) is strictly increasing and concave on (1,e0) for g > 1.

(5) q+ arcsinhy, 4(x) is strictly increasing and concave on (1,%0) for p > 1.

In particular, the following Turdn type inequalities are valid for all p > 2,q > 1 and
xe(0,1)

2

arcsmpﬂ

(x) < arcsing,_y 4(x)arcsing 1 4(x),
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arcsinhlzw(x) > arcsinh,,_1 4(x)arcsinh, 1 4(x).

Moreover, for p > 1,q > 2 and x € (0,1), we have the next Turdn type inequalities

arcsinlzw(x) < arcsin, 41 (x)arcsing 441 (x),

arcsinhlzw(x) > arcsinhj, ;i (x)arcsinh,, 441 (x).

In the same paper, they also posed two conjectures.

CONIJECTURE 5.1. For x € (0,1) fixed, the function p — arcsinh,(x) is strictly
concave on (1,c0). In particular, the following Turdn type inequality is valid for all
p>2andxe(0,1)

arcsinhf7 (x) > arcsinh,_ (x)arcsinh, 1 (x).

CONJECTURE 5.2. The following Turdn type inequalities hold for all p > 2 and
€(0,1)

x) > c08,_1(x)cos,pqq(x),

)

)
x) < tan,_q(x)tan, 1 (x),
»(x) <sinhj,_;(x)sinh,(x),
(%)

> tanh,,_ (x) tanh,,4 1 (x).

Later, Karp and Prilepkma [31] studied extensively the conjectures in 2015. Using

an auxiliary Lemma, they obtained the following results, showing that, for each fixed

€ (0,1), the function p + sin,(y) is strictly log-concave on (0,e0), and that, for

each fixed y € (0,log2), the function p — tan,(y) is strictly convex on (1,e0), and the

function p — cos, () is strictly concave on (1,ee) respectively, and that, for each fixed

y € (0,00), the functions p — sinh,(y) and p — cosh,(y) are strictly log-concave on
(0,00), the function p — tanh,(y) is strictly concave on (0,e).

6. Generalized complete elliptic integrals

We may define all kinds of general complete elliptic integrals via generalized
trigonometric functions.

6.1. Complete p-elliptic integrals

In 2016, Takeuchi [50] defined a new form of the generalized complete elliptic
integrals via generalized trigonometric functions with single parameter. We repeat the
definition of complete p—elliptic integrals of the first kind K, (k) and of the second
kind E,(k): for k € (0,1)

n:,,

K, (k) : / _/ : -, 6.1)
1 1-1L
kl’smpe ) ( 1_th17) »
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0= [F 0 _wamepao= [(LF), 6
Ep()._/o (1—kPsin” 0) 7 _/0 —) 6.2)
In the paper, he showed Legendre’s relation for K,,(k) and E,(k)

K, (k)Ep (k) + K, (k)E,, (k) — K (k)K,, (k) = 7” forke (0,1), (6.3)

where k' := (1 —kP)» » K, (k) = Kp(k') and Ej,(k) := E,(k'), and observed relationship
between the complete p- elhptlc integrals and the Gaussian hyperbolic functions. As
applications of complete p-elliptic, Takeuchi also gave a computation formula of 7,
with p =3 and an elementary proof of Ramanujan’s cubic transformation.

Later, Yin and Mi [60] presented some Landen type inequalities related to K, (k)
as follows.

THEOREM 6.1. ([60] Theorem 2.1) Let a,b,c € R,p > 1 such that c is not a
negative integer or zero and consider the function H : (0,1) — (0,00), defined by

H(x) _ F(abicix)

m Then the following results are true.

(1) If a+b—c >0 and p*ab > max{(p—1)c,(p— 1)}, then H(x) is increasing,

and
F(a,b;c;rP) < Kp(r) (6.4)
(abc(lf,r)> Kp ’ii/f)
Flaba()") k() ©5)

< P
F(a,b;c;1—rP) K, ((1—rp)1/p)
hold true for each other r € (0,1).
(2) If a+b—c <0 and p*ab < max{(p —1)c,(p — 1)}, then H(x) is increasing,

and
F(a,b;c;rP) Kp(r)
F(a,b;c; 22 2K 27y’ "
1 (14r)P P\ T+r
r\P —r
<a bic: (1) ) .- K, (1) (6.7)

F(a,b;c;1—rP) ~ K, ((1—rp)t/r)

hold true for each other r € (0,1).

6.2. Complete (p,q)-elliptic integrals

In 2015, forall p,e (1,e0) and r € (0,1), the complete (p,q)-elliptic integrals of
the first and second kinds [20, 48] are defined by

™.q

Kp4(r) ::/0 ; (1—risinf , t)(l/p Udt»K;vq_K;Lq(r):leq(”/)
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and .
P9

Eyo(r)i= [ © (1—rsind, 0)\/Pdt,E! = E' (r) = E, o

pa(r) = A (1 =risind ,t)/Pdt,E, = E, ,(r) = Ep4(r'),

respectively. Here, p,q > 1,r € (0,1) and ¥ = (1 —rP)'/7.
In [20], Bhayo and Yin studied Turan type inequalities and series representation
of complete (p,q)—elliptic integrals in detail. Their main results read as follows.

THEOREM 6.2. ([18] Theorem 2.6) For p,q > 1 and r € (0,1), we have

(1) The function r— K, 4(r) is strictly increasing and log-convex. Moreover, r—
Ky 4(r) is strictly geometrically convex on (0,1).

(2) The function r — E, 4(r) is strictly decreasing and geometrically concave on
(0,1).

THEOREM 6.3. ([18] Theorem 2.7) For fixed r € (0,1) and q > 0,
(1) The functions p — K, 4(r) is strictly increasing and log-concave on (0,e°),
(2) The function p — E, 4(r) is strictly increasing and log-concave on (0,0).
(3) The functions q— K, 4(r) is strictly decreasing and log-convex on (0,0),
(4) The function q— E, 4(r) is strictly decreasing and log-convex on (0,00).

In particular, for r € (0,1), the following Turdn type inequalities hold true

~
[\S]

~
[\S]

T~ o~ o~ o~

~

~
=2 2T
N NNV
ﬁN

THEOREM 6.4. ([18] Theorem 2.9) For p,q> 1 and r € (0,1),A < %, we have

5% 50 BV G G0 e

(6.8)

and
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Later, Bhayo and Yin [20] gave two interesting inequalities. First of all, they
denoted the function

!/ !
Apq(r) = Epg— (")PKpg  Epg—1mKpyg
P.q - P (r/)p

and obtained following theorems.

THEOREM 6.5. ([20] Theorem 1.3) The function A, is strictly increasing and

. (1= 5)mp, (1-5)mp, .
strictly convex from (0, 1) onto (2(1;’7{;_1}:’) —1,1— 2(1;’7;_'}:’)) for p,q satisfy the fol-

lowing conditions:
. L, 1 5,1 L.
(i) 2+l_7+17<1_7+5<3+17’
(ii) €(p,q) > 0;
where
42 6 21 2 20 9 3 1

ep.g)=20——+—-4+—5-————+—5———=— 5.
(p,q) p q p? 2 2 3 3

Moreover, for all r € (0,1), we have

(= 3)Tg (1= 3)Tpg
L+ a(r) <Apy(r) < b -1+ 6.10
2(1+$_11_7) (r) <Apg(r) 2(1+$_%) Br (6.10)
(lfé)np.q

with best possible constants o =0 and f =2 —

(4=

THEOREM 6.6. ([20] Theorem 1.4) Forall r,s € (0,1) and p,q satisfying condi-
tions (i) and (ii), we have

(1= )7 1-YHHr,,
— P 1< Ay (rs) = Ay (r)— A, (s) <1 — —L—— 6.11
2(1_'_5_%) pq( ) IM]() Pﬂ() 2(1+5_%) ( )

Theorem 6.5 and 6.6 generalized results of Alzer and Richards in [2]. It is worth
to note that Yin and Huang also denoted another (p,q)— elliptic integrals in 2015. The
reader may see the reference [56] for more. Very recently, Takeuchi [52] gave a new
complete (p,q,r)— elliptic integrals with three parameters. These integrals are defined
by

1 dt
Kpq.r(k) := / T - (6.12)
O (1 —19)7 (1 —kat4)7
and U
11— g/
Epgr(k) = / %da (6.13)
0 1 —rar

Wherepe]P’* = (—oo’O)U(LooLq,re (1700) and 1/r+ l/r* =1.
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For p € P* and g,r € (1,), using sin, ,0 and 7, , we can express K, (k)
and E, 4 (k) as follows.

Tp.g/2 do
Ky (k :/ , , 6.14
P4, ( ) 0 (1 —kqsmgfwe)l/’ ( )

Tal? q oind 1/r*
Epqr(k) = /0 (1—Ksind, , 0)/7do. (6.15)

In the paper, he proved Legendre type relation:
Let p € P*,q,r € (1,00) and k € (0,1). Then

Tty g, r
Epar K Kpsq (&) + Kpgr 0 Epsgr () = Kpgr 0Ky (K) = 425, (6.16)

where k' := (1—k9)"/" and 1/s=1/p—1/q.
The research has just begun, and there are a lot of work remains to be further
research.

7. Open problems
Here, we enumerate several open problems or unsolved problems.
OPEN PROBLEM 7.1. (conjecture 3.29 [32]) For p € (2,0) and x € (0,7,/2),

sinh, (x) o_P +1
x p+cosy(x)”

(7.1)

OPEN PROBLEM 7.2. (conjecture [31]) There exists pg € (0,1) such that the
function p — sin,(y) is strictly concave on (pg,ee) for all y € (0,1). If p € (0,po),
concavity is violated for some y € (0,1).

OPEN PROBLEM 7.3. (open problem 3.1 [54]) For all p € (1,2] and x € (0,7,),
then

In(1 — sin, (x)) - x+p

Incos, (x) X 72)

OPEN PROBLEM 7.4. (conjecture 3.8 [14]) For a fixed x € (0,1), the functions
sin,, (%5*) ,tan, (%5*) ,sinh, (c,x) are monotonein p € (1,0). For fixed x > 0, tanh,,(x)

is increasing in p € (1,00).

OPEN PROBLEM 7.5. (open problem 4.1 [59]) For p € (1,+e0),

psinpx+tanpx o _Px X

- + (7.3)
X X Sinpx  tanpx

is valid on (0, %)
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