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APPROXIMATION PROPERTIES OF (p,q)-GAMMA OPERATORS

WENTAO CHENG®*, WENHUI ZHANG AND AXIU SHU

(Communicated by V. Gupta)

Abstract. In this paper, we introduce a new analogue of Gamma operators and we call it as
(p,q)-Gamma operators which is a generalization of g-Gamma operators. Moments of these
operators is estimated. And some other results of these operators are studied by means of mod-
ulus of continuity and Peetre K -functional. Then, some theorems concerned with the rate of
convergence and the weighted approximation for these operators are also obtained. Finally, a
Voronovskaya asymptotic formula is also presented.

1. Introduction and definitions
Let f be a function defined on [0,0) and satisfy the following growth condition:
|f(xX)| < Me™P¥ (M > 0;8 > 0;x — o0). (1)

In [18], Zeng investigated and studied some approximation properties of the following
sequence of linear positive operators (named Gamma operators)

Go(fix) = ﬁ/omf(%)r”‘le‘idt. )

During the last decade, the wide application of g-calculus in the field of approx-
imation theory has led to the discovery of new generalizations of classical operators.
For more comprehensive details, the readers should look through the references mate-
rial [1], [14], [15]. In [3], Cai introduced and studied g-analogue of Gamma operators
as follows:
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DEFINITION A. For f € C[0,) satisfies (1), g € (0,1) and n €N, the g-Gamma
operators G, 4(f;x) is defined by

Stancu generalization of G, 4(f;x) was discussed and studied in [12]. Nowadays,
with the rapid development of the post-quantum calculus, which called the (p,q)-
calculus for short, the generalizations of several classical operators have been stud-
ied intensively (Such as [4, 5, 9]) since Mursaleen et al. first defined and constructed
(p,q)-Bernstein operators[10] and (p,q)-Bernstein-Stancu operators[11]. The (p,q)-
calculus has been used in many other fields, such as Lie group theory, CAGD, physical
sciences(see [7], [16]). Let us recall the basic notations of (p,q)-calculus which can be
found in [15].

For any fixed real number p >0, g > 0, the (p,q)-integers [m], , are defined by

B, p#q# 1L
m—1 _ .
mlpg=p" '+ p" 2q+p"3F A pg" g =P s P=q#1;

[mlg, p=1L
m, p=q=1,
where [m], denotes the g-integers and m =0,1,2,---. Also (p,q)-factorial is defined

as follows:

[m] | — { [1]17751[2}177’1"' [m}p,q, m>=1;
P9 17 o,

Now, we introduce two types of (p,q)-analogues of exponential function e, ,(x)
and E, 4(x) (see [2]):

m(m—1)
ot
epg(x) =Y, W,xel&\[ﬂ <land|q| < I;
m=0 Pq-
= 4 ( xm
Epq(x) =3, m X ER,|p| <land|g| <1.
m=0

Let f be an arbitrary function. The improper (p,q)-integral of f(x) on [0,c0) is
defined as (see [13])

/f dpgx=(p— q)Z ,Hf< l+1>,0<%<1.

l*—oc

The (p,q)-Gamma function of the second kind was defined in [13] as follows

Yra(2 / q o £ ep g(—pt)dp gt R(z) >
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Meantime, the (p,q)-Gamma function fulfils the following relation

Yoz +1) = [2]pg¥pq(2)

moreover, for any nonnegative integer n > 0, the following relation holds

Yog(n+1)=[n]p4!.

Now, we construct (p,q)-Gamma operators using the (p,q)-Gamma function of
the second kind preserving linear functions as:

DEFINITION 1. For f € C[0,) satisfies (1), 0<g<p<1andneN,the (p,q)-
analogue of Gamma operators (2) are defined as

1 ©° q't nn=l) pt
GPA(fix) = 7/ 2 )g T ! — =) dpt.
w1 (f3) XYp.q(n) Jo f([”}zw)q ep,q( x) m

This paper is organized as follows: In Section 1, we give some basic notations
and the definition of (p,q)-Gamma operators. In Section 2, we present basic lemmas
and estimate the moments of the operators. In Section 3, we present a direct result of
(p,q)-Gamma operators in terms of first and second order modulus of continuity. In
Section 4, we deal with the rate of convergence. In Section 5, we study the weighted
approximation of the (p,q)-Gamma operators. In Section 6, we obtain Voronovskaja
type asymptotic formula.

2. Auxiliary results

In this section, in order to prove our main results, we first establish some useful
lemmas.

LEMMA 1. Let 0<g<p<1, x€[0,0) and k=0,1,---, we have

xkg H n+k—1]p4!

Gtk x) =
! [n]}.qln = 14!

Proof. Direct computation gives

1 e qn[ k nn-1) p[
GP(t*,x) = / ( ) g 7 1" le, <——>d gt
FYpg(n) Jo \[n]pg PAN )

k

i )T e () ()
= 2 — e P d —
[n]§7qu,q(n)[) q X pq X P4 X

xkq*@ /oo (R k1) <t>n+k—l ( pt>d (t>
_ - @ . v _pt '
[n]?qqu(”) 0 a X 2 A AN

k1],
[n]% 4, —1]p4!

Lemma 1 is proved. [

_ g
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LEMMA 2. Let 0<g<p <1, x€[0,%), we have

GhA(l) =1, GpY(rx) =x, Gf?‘f(tz;X>:<l+ p—)x27 3)
‘I["]zw

+
¢*nlpg 7 ["];,q

(7 +q2)p.q+Blpg) P i (20p.aBlpa+alBlpa+a20pq) P

n 2n
Gg.,q(lﬁ;x) _ <1+P ([2]P751+q) 14 >x37

@%ﬁ@:<L+

2 [ ]p7q 2 [ ]p7q
2 P.q 3 mqp 4
/ P4 )

Proof. From Lemma 1, we get the first and second equalities of (3) easily. Using
[n+mlpg=q"[n]pq+ p"lm]pq. we have

1 n
GP(1%;x) = [n+ ]p,qxzz (1_|_ p )xz'

qlnlpq qlnlpq
Next,
Gp’q(t&x) _ n+1pgn+2]pq 5 (qlnlpg+ Pn)(qz nlpq+0"2lpg) 3
" a*[n]3, a[n]3,
p" ([2]17,q +q) P2n 3
- (1 ' P[nlpg i q3[n]?,’q>
Finally,
n+1 n+2,4n+3
vaq(ﬂ;x) _ [n+ ]p’q[q%n];:q[ + ]p.,qx4
_ (CI[”]p.,q +p") (612 [n]p,q +p" [2]17.,:1) (‘13 [n]p,q +p" [3]p,q)x4
q6 [n];,q
_ (1 n (@° +4[2lpg+[3lpg) P n (2lpgBlp.g +aBlp.g+ a*2lpg) P*"
7 [”]p,q 7 [”]%;,q
Bmﬂmﬁfﬁ
T, ) '

Lemma 2 is proved. [J
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LEMMA 3. Let 0<g<p <1, x€[0,), we have

Gt —x;x) =0;

A(x) =GP ((t —x)%x) = -2, 4)
CI[”]M
A ((f—x)4 ) = Pn(P—CI)2X4 (120p.4Blpq+alBlpg+ 2] —44%) Pznx4
Gha((t—x)*x) = peE I S
2lp4Blpgp™ 4
- ehl, =

Proof. Because Gh¥(t —x;x) = Gh(t:x) —x, GHI((t — x)%:x) = GF(1*;x) —
26T (1;x) + x* and GI((t — x)*;x) = GH(t*;x) — 4xGE (13, x) + 6x>GH ¥ (1%5x) —
4x3GH(t;x) +x*, and from Lemma 2, we obtain Lemma 3 easily. [J

REMARK 1. The sequences (p,), (¢,) satisfying 0 < g, < p, < 1 such that p, —
1, q,— 1and p; —a, q) — b, [n]y,q, — o as n— o where 0 < a,b < 1, then:

1. lim[n],, 4, Ga" " ((t — x)%;x) = ax?;

n—oo

2. lim [n] .4, G (1 —x)*x) = 0.

n—oo

3. Local approximation

Let Cp[0,) be the space of all real-valued continuous bounded functions f on

[0,00), endowed with the norm ||f|| = sup |f(x)|. The first-order and second-order
x€[0,00)

modulus of continuities, the Peetre’s K -functional of the function f € Cp[0,c0) are

defined by for 6 >0

o(f;0) = sup sup [f(x+1)—f(x)],

0<1<8xe(0,00

o (f;8) = sup sup |f(x+2t) —2f(x+h)+ f(x)],

0<1<8xe(0,00

k(f:0)= _inf ){Hf—gH +6lg"I},

geCyl
where C3[0,0) := {g € Cp[0,) : g’,g" € Cp[0,0)}. By [6], there exists an absolute
constant M > 0 such that
Ky (f:8) < Man(f:V3). (5)
LEMMA 4. For f € Cg[0,0), we have

GA(fs0l < A1)

Proof. The proof of this lemma is obvious. [
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THEOREM 1. Ler f € C[0,+00), 0 < g < p < 1, then for every x € [0,00) and

n> 2 we have
(GRA(f:) — F(x)] < Con (/AW

where C is some positive constant and A(x) is given by equation (4).

Proof. For all g € C2]0,), using the Taylor’s expansion for x € [0,0), we have

80) = ¢+ ¢ () =)+ [ (=)

Applying the operators G5 to both sides of the equality above and using Lemma 3,

we get
G160~ = o [ - ausr) | < 67 (| [ - )

<GR(llg" 1t —x)%x) <AM)18"]-

By Lemma 4 , we have

|GLI(f3%) = F) S [GRI(f = 8:) = (f = &) () [+ G (g5%) — g ()]

<
<20f =gl +Am)lg"l

Lastly, taking infimum on both side of the equality above over all g € C3[0, )

GL(f3x) = f(0)] < 2Kz (f3A(x))

for which we have the desired result by (5). This completes the proof of Theorem
. O

THEOREM 2. Let 0 < y< 1 and E be any bounded subset of the interval [0,).
If f € Cpl0,0) is locally in Lip(y), i.e., the condition

@) = O <Lix—t]"t €E and x€[0,%)

holds, then, for each x € [0,°), we have
Gh(f:0) — ()] <L{ (AT +2(d(sE) ],

where L is a constant depending on y and f; and d(x; E) which is the distance between
x and E is defined by
d(x;E) =inf{|t —x|: 1 € E}.

Proof. From the properties of infinum, at least an point #y exists in the closure of
E, thatis ¢ty € E, such that
d(xE) = |to —x|.
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Using the triangle inequality, we have

GLA(f3%) = F)] < GRA(1f () = f(x)]:%)

GrA(|f () = f (o) sx) + G (1 f (t0) — f(x)]:%)
(GRA(|t —10]"5x) + GR(Jt0 — x[":x))

(GEA(Jt — x|"5x) + 2|10 — x|7) .

n

/

NN IN
N~

2
Choosing a; = )—/ and ap = and using the well-known Holder inequality

)
|

Y
GLA(f3x) = fx)] <L { (GR(]t —[ ) (GR(1:x))7 + 2 —XY}

Y
< L{ (GRA((t —x)%x)) * +2Jto —ﬂ} < L{A%(x) +2(d(x;E))7} .
This completes the proof. [l

4. Rate of convergence

Let B,2[0,o0) be the set of all functions f defined on (0,c0) satisfying the con-
dition |f(x)| < Ms(1+x?), where My > 0 is a constant depending only on f. Let
C,2[0,0) denote the subset of all continuous functions in B,2[0,c0). Let C}[0,c0)

X
be the subset of all functions f € C2[0,00) with the norm [|f][,» = su |f(x)2\
xef0,0) 1 X
S

1+x?
continuity on f on the closed interval [0,a], a > 0 by

@4(f,8) = sup sup |f(t) = f(x)|.

[r—x|<0 x,t€[0,q]

and

C%[0,00) = { f €Cal0,) : lim < oo}. Meantime, we denote the modulus of
X X—00

Obviously, for the function f € C2[0,0), the modulus of continuity w,(f,d) tends to
zero as & — 07, Now we give the theorem about the rate of convergence theorem for
the operators G5(f;x).

THEOREM 3. Let f € C2[0,), 0<g<p< 1 and &,+1(f,8) be its modulus of
continuity on the finite interval [0,a+ 1] C [0,00), where a > 0. Then, for every n> 2,

1GE9(£:0) = (@) leto.g < 4Mr(1+a2)A(@) + 20001 (£, V/A@))

Proof. For all x € [0,a] and ¢ > a+ 1, we easily have (t —x)> > (t —a)* > 1,
therefore,
() = F)I S FOI+ 1) S Mp2 457 +12) = My 2427+ (x—1—x)?)

My (2+3x2—|—2(x—t)2) SMy(4+32%) (1 —x)* <AMp(1+a°) (1 —x)%,
(6)

NN
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and for all x € [0,a], t € [0,a+ 1] and & > 0, we have

r0-s@l <ontri-< (145 a0

From (6) and (7) , we get

| — x|

-1l < a1+ -2+ (145 ) @ (7.9)
By Schwarz’s inequality and Lemma 3, we have
GR9(f22) — £(0)] <GRI(F() — F(0) )
<AM (1 +a)G((t —)%x) + GL ((1 " "%) ) e (f.6)
<AM (14 a®)GP((t — x)%:x) + a1 (£, 6)

X (1 +% G{Z’q((t—x)z;x))

<M (1 D) + 0, (1.8) (145 VAT )
<M (1 (@) + 0, (7:8) (145 V/A@)).

By taking 0 = \/A(a), we get the proof of Theorem 3. [

As is known, if f is not uniformly continuous on the interval (0, ), the usual first
modulus of continuity @(f;8) does not tend to zero as & — 0. Forevery f € ng [0,0),
we would like to take a weighted modulus of continuity Q(f;8) which tends to zero as
0—0.

Let

Q(f;6)=sup w, forevernyCSZ[O,oo).

0<h<sxs0 1+ (x+h)
The weighted modulus of continuity Q(f;0) was defined by Yuksel and Ispir in [17].
It is known that Q(f;0) has the following properties:
(i) Q(f;0) is a monotone increasing function of & ;

(ii) For each f € C%,[0, ), 51i151+§2(f ;6)=0
(iii) For each m € N, Q(f;md) < mQ(f;9);
(iv) Foreach A € RT, Q(f;A8) < (1+21)Q(f;6).

THEOREM 4. Let f € ng [0,00) and the sequences (py). (qn) satisfying 0 < g, <
pn < 1 suchthat p, — 1, g, — 1, [n]p, 4, — o as n — oo, then there exists a positive
integer N € N such that for all n > N, the inequality

o G ] _ m( 1 )
xE[O o0) (I+x ) h . V[1lpua

holds.
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Proof. Fort >0, x € (0,00) and 6 >0, by the definition of Q(f;0) and the above
property (iv), we get

£ = F)] < (L4 (et [x— 1)) Q3] —x])

<2014 (14 (t—x)?) (1 i ;x|> Q(f;6).

Using lim p, = lim ¢, = 1, lim[n],, ,, = o> and Lemma 3, there exists a positive
n—oo n—oo Nn—oo
integer N € N such that forall n > N,

G (o —xin) < 200D ®
[n]Pn Gn
G (1 —x)*x) <o ©)
Since G4™" is linear and positive, we have
1GE () = 0] < 201+ 2)038) {1+ G (1=
(10)

+ Gt ((1 +(t—x)?) %;x) }

To estimate the second term of (10), applying the Cauchy-Schwartz inequality and
(x+y)? <2(x* +y?), we have

Gl ((1 (- x) h%;x) <V2 (G (14 (1 - x))) (Ggmffn <(t;—;)2;x>) i

By (8) and (9),

t—x| 2(1 —l—xz)%
Ghmin ( 1+ (t—x)? | ;x) <=
( )75 STl

Taking 6 = , We can obtain

vV ["]pn qn
1
(GE(£3x) = ()] < 10(1 +2%) 30 (ﬂ*) :
[ ]Pn 4qn
The proof is completed. [J

5. Weighted approximation
Now, we obtain the weighted approximation theorem as follows:

THEOREM 5. Let the sequences (p,), (qn) satisfying 0 < g, < pn, < 1 such that
pn— 1, gn— 1, [n]p, 4, — o as n— oo. Then for f € C32[07oo), we have

Tim (|G (£) — L2 =0
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Proof. Using Korovkin’s theorem (see[8]), it is sufficient to verify the following
three conditions:
lim ||GEm4n (1K) — x¥|| 2 = 0,k=0,1,2. (11)
Since Gy (1;x) =1, G (t;x) = x, (11) holds for k=0,1.
By (3), we have,

HGp q (l‘ 2” sup }Gp q (l2 ) 2} sup x2 PZ
nwdn (123x) = su n X)) —xT| = su —
2T X€[0,00) 14 x2 x€[0,00) L+22 | gu[n]p,.q,
prmd L = O,n — oo,
qn[”}ﬁm‘{n

which implies that
lim || GEm 9 (1% x) 2|| , =

n—o0

Thus the proof is completed. [J
Now, we present a weighted approximation theorem for function in C2[0,e0).

THEOREM 6. Let the sequences (p,), (qn) satisfying 0 < g, < pn < 1 such that
pn— 1, g — 1, [n]p, g, — o as n— oco. Forevery f € C2[0,00) and o. >0, we have

G () — ()

,}E}Lx:[gi) (1+x2)I+ =0.
Proof. Let xg € [0,0) be arbitrary but fixed. Then
Gﬁm‘]n : o ng,qn ; o ng,qn : _
p IS WL G ] GRG0
x€[0,00) (1 +x ) x€[0,xp) (1 +x ) XE(x0,%0) (1 +x )

G (1 +12):)]
< Pndn ( £- _
\HGn (f’x) f(x)HC[O,xo] +MZES(EOI,)°°) (1 +x2)l+a
/()]

+ sup )7(1 )

XE(xg,00

(12)

Since |f(x)| < My(1+x?), we have sup (lgfz’g)llm < (H]fl 7 . Let £ > 0 be arbitrary.
X€E(x0,00)

We can choose xj to be so large that
My 13
(1+4x3) <& (13

In view of Lemma 2, while x € (xg,0), we obtain

G4 (1) My My
My 1i =M = < <E.
fngrolo (1+x2)1+a f(1+x2)l+a (1 _|_x2)oc (1—|—x(%)0‘
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Using Theorem 3, we can see that the first term of the inequality (12), implies that
1GR3 (f5%) = F ()l clo,g) < € asn— e, (14)

Combining (12)-(14), we get the desired result. [

6. Voronovskaja type theorem

In this section, we give a Voronovskaja-type asymptotic formula for G ( f;x)
by means of the second and fourth central moments.

THEOREM 7. The sequences (pn), (qn) satisfying 0 < g, < pn < 1 such that
pn— 1, go— 1 and p) —a, ¢ — b, [n]p, 4, — o as n— o where 0 <a,b < 1. For
f € C3[0,c0), the following equality holds

lim ], g, (G (f3x) = f(x)) = 5" (),

n—so0 2
forevery x € [0,A], A> 0.
Proof. Let x € [0,0) be fixed. In order to prove this identity, we use Taylor’s
expansion
/ 2 (%)
f@) = fla) = =x)f () + (=27 | = +06(,x) ),

where 6(z,x) is bounded and tlimO(t,x) = 0. By applying the operator G, 4, (f:x) to
the above relation, we obtain

1
GR (£:3) = F(0) = G)GE ((1=x)2) + 21" ()G (13
+ GBI (0(1,x)(t —x)%;x)
1
:Ef”(x)Gﬁ"’q" ((z —x)z;x) + GBmn (6(1,x) (¢ —x)z;x) )
Since }im@(t,x) =0, then for all € > 0, there exists > 0 such that |r —x| < 6 implies

|6(z,x)| < € forall fixed x € [0,e0) where n is large enough. While if |r —x| > &, then

M
|6(r,x)] < ﬁ(t —x)%, where M > 0 is a constant. Using Remark 1, we have

lim [n]Pnﬂn G{:m‘{n ((t - x)z;x) = a'xz

n—o00

and

Gl (8(0.2)(0 )| <elnlg g, GF " (0 —2)%:)

M
52 1l g, G (=2 *x) =0 (n— o).

[n][’nvf{n

The proof is completed. []
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