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SHARP L7 HARDY TYPE AND UNCERTAINTY
PRINCIPLE INEQUALITIES ON THE SPHERE

ABIMBOLA ABOLARINWA*, KAMILU RAUF AND SONGTING YIN

(Communicated by G. Sinnamon)

Abstract. This paper studies L? - version of the Hardy type inequalities on the geodesic sphere
of constant sectional curvature and establishes that the corresponding constant is sharp. Further-
more, the inequalities obtained are used to derive an uncertainty principle inequality and another
inequality involving the first nonzero eigenvalue of the p-Laplacian on the sphere.

1. Introduction

In this paper, we present some new version of L” Hardy inequalities on the unit
N -sphere and show that the associated constant is the best possible. Applications of this
inequality yield an uncertainty principle inequality and inequality involving the bottom
of the spectrum of the p-Laplacian.

1.1. Preliminaries

Let RV, N >3 be the N-dimensional Euclidean space, the classical Hardy in-
equality for f € C3(RY) and p > 1 states that

x|

where ((N — p)/p)? is the best constant. In recent years, several papers have been
devoted to improvement and extension of the above inequality owing to its numerous
applications to fields such as Analysis, Mathematical Physics and Differential Geome-
try, see [3, 5, 6, 7, 14] for instance. In paricular, see [8, 10, 16, 18] for the extension to
complete manifolds. For more exposition see [1] and the references therein.

In the Riemannian manifold setting, Carron [4] studied weighted L?-Hardy in-
equalities under some geometric assumptions on the weight and obtained the following
weighted L?-Hardy inequality on compact or noncompact manifold M

C+oa—1\2 [ |fP
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forall feCy(M), c« € R, C>1, C+oa—1>0 and the positive weight function
p satisfying [Vp| =1, Ap > %. Recently, Kombe-Ozaydin [8] (see also Kombe-
Ozaydin [9] and Kombe-Yener [10]) extended Caron’s result to the general case 1 <
p < o. In these papers the authors proved several Hardy-type, Rellich-type and even
uncertainty principle inequalities on manifolds satisfying certain geometric restrictions.
Yang-Su-Kong [ 18] applied the above ideas to obtain the following Hardy inequality
on Riemannian manifold with negative sectional curvature for N >3, 1 <p <N — ¢,

aeR, feCy(M)
V[P N-p—ua 1’/ f1P
> (£ 7
- dV/< . ) [ SV

a\?

where |Vp|? =1, Ap > Y=L and the constant ( 27 is sharp. Hardy-Rellich type

and uncertainty principle 1nequa11tles have also been established for various settings
such as Poincaré model [9] and Lie groups [13].

However, a few literature has been devoted to L” Hardy type inequalities on the
sphere so far. To the best of our knowledge, the only papers found are [1] and [15],
both generalising [17] for p =2 (see also [19, 2] for p =2 and [18] for Riemannian
manifolds of negative sectional curvature). Recently, the third author in [19] studied the
inequality for p = 2 and derived the following for any function f € C*(SV), N >3

_2/SNf2dV+/SN|Vf\2dV> (N2—2>2/SN tan2§2(q7x)dv’ (1)

(N—2)? . o .

1 is sharp. This is the first time Hardy type
2
tan?d(q,x)
to the application of Laplacian of the distance function Ad(g,x) = (N — 1)cotd(q,x),

where d(q,x) is smooth (in the sense of distribution).

where ¢ € SV is a fixed point and

inequality is appearing with the term The appearance of this term is due

1.2. Main theorem

The major aim of this paper therefore is to generalise (1) to the case of general p
and show that the corresponding constant is also sharp. The main theorem is then stated
as follows:

THEOREM 1. Let N >3, 1< p <N and q €SV, then there exists a positive
constant A(N, p) such that for all f € C*(SV)

A(N,p)/ .fip(q’x)dvju/wwfﬁdv> (N;p)p/g i —dv, (2)

sV sin?2d N |tand(x,q)|

for 2 < p <N and

Np/ |f|PdV+/ IV£[PaV > (Npp> /SN|tand7f(‘J:q)|pdV’ 3)
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p—1
for 1 < p <2, where A(N,p) = (%) and d(x,q) is the geodesic distance from

~_o\? .
x to a fixed point g on SN . Moreover, the constant (%) is sharp.

REMARK 1. When 1 < p <2, theterm [ %dV cannot control the right

hand side of (3) since sin”2d (g,x) is large enough where x is close to g. Hence, we
use [ov |f|PdV instead. Notice also that the first term in (2) (resp. (3)) cannot be
removed because it will lead to contradiction if f is a nonzero constant. It is interesting
also to note that if the coefficient A(N, p) is arbitrary, the constant (M )P is still sharp.
When p = 2, the inequality (2) (resp. (1)) reduces to (3).

1.3. Notations

The unit N -sphere is denoted by S¥ = {x € R¥*! : |x| = 1}. By the geodesic polar
coordinate transform one writes

T
dV = Vol SN_I/ sinr,)N " ldr,
[, 7y = ol ™) [“inry)¥ar,

where r, =d(g,x), Vol(S¥~!) is the volume of the unit (N — 1) sphere and dV denotes
the standard volume element on SV. The function f = f(r) depending only on r is
called radial and its gradientis |Vf(r)| = |f'(r)|. In this case, the Laplacian of distance
function is given as Ad(x,q) = (N —1)cotd(x,q) and |Vd| =1 in the distributional
sense. Let ¢ be the antipodal point of g. Then d(g,g) =  and for any point x € SV,
we have ry+rz = . We shall construct a function possessing a fair degree of bilateral
symmetry on the sphere.

Section 2 of this paper is devoted to proving the main theorem. As in [19], we
use symmetry of the sphere to modify the construction of an auxilliary function that
has been used in literature and then do the calculation in two hemispheres using an-
tipodal points. Since the auxilliary function is only continuous, we use approximation
by smooth function to show sharpness of the inequalities. The appearance of general p
makes our calculation more complicated, especially for the existence of the best con-
stant. The last two sections are devoted to some applications of our inequalities. That
is, Section 3 derives an uncertainty principle inequality, while Section 4 presents an
inequality involving the bottom of the spectrum of the p-Laplacian on the sphere.

2. Proof of the main Theorem

Recall from [11, 16] that for any &,1 € RV, it holds that | + 1|7 > |E|F +
plEIP2(E,n). Letting y = —%, f=pr¢ eC=(S), p=sinr,,q€S", we have

VAP =IV(p")o+p"VO|P = yp" 'Vpo +p'Vo|
>|y[Pp"PP|Vp|P[9]P + plylP Py P[P 20| Vp P (Vp, V)
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p—2

e rVpplor + L (v iz, vor)
P2y

=|y|Pp?"P~P|Vp|?|¢ 1’+Ldlv GpPVpYP—PT2

p P b= P
1”2y —pt2

T ApYPPE2 Py,
yp_p+2< P N

A simple calculation yields
A(sin rq)_l3 = divV(sin rq)_ﬁ
= div(—p (sin rq)_ﬁ_1 cos74Vry)
= —B(sinry) P~ cosr,Ar, + B(B+ 1)(sinry) P ~2cos? r, + B(sinr,) P.
Using Ary = (N — 1)cotr,, we obtain
A(sinry) P = B(N =B —1)(sinr,) P = B(N— B —2)(sinr,)~ P2,
Taking B = —(yp—p+2), using p =sinry and y= —% we have |Vp| = cosry,

p p—l
Ap"P=PF2 = A(sinr,) N2 = (N —2)(sinr,)~¥~2) and )lg"piz =5 <¥) .

Therefore

N-—p sinr,)" p=2
o> o it + o)
q

1 N—p\r=l o oNt2
— m<7> A(Sll’qu) + q)p.

Integrating over SV, applying divergence theorem and using ¢ = p~7f = (sinr,) " 7f
yield

_ P
/ |Vf\1’dV>(N P)p/ |f] dv
SN p SN |tanrgy|P

1 N —p\r-1
-— <_p / A(sinrq)’N“q)”dV
N-2 p SN

N — P N — -1 P
:( p)l’/ /] dv_( p)l’ / .|f7|2 av,
p SN | tanry|P p SV sin” "y,

which recovers inequality (2) for p > 2. While for 1 < p < 2, we replace the term

Jsv S 7 av by Jsv |f|PdV based on the explanation in Remark 1. Hence, inequality

nP—2 rq
3).
N—p\P .
In what follows, we show that the constant (—) is sharp. It then suffices to
p
show that
Nop\ P! P
N—p Jov V1PV + (—”) Jon H—av
( ) inf .
p

~ fecm(®)\{0} Jor kkmav
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The argument is similar to [19] and we follow it closely, see also [1, 15, 17, 18].

Let ¢(z) : R — [0, 1] be a smooth function such that 0 < ¢(z) < 1 and ¢(7) =
for |t| <1 and @(¢) =0 for |¢| > 2.

Set H(t) = 1 — ¢(¢). For sufficiently small ¢, define

0, for r=0,

H(%)(tanrq)%, for 0 <r, < g,
Je(rg) =

H(n;rq>(tan(rc—rq)%, for g<rq<7t,

0, for r=rm.

Without loss of generality, we assume 0 < € < 1/2 and f¢(r,) can be approximated
by smooth function on SV. Let g be the antipodal point of g on SV and re(x,q) =
T —ry(x) be the distance from point g. Then we have

P p
sV (sinrg)P By(%) (smrq (5 smr

where

/Bq(§) ( e Ginrgr2 Y =V (8™ l)/ij< € )(tanr )p_N(Sinrq)z_p(Sin”q)N_ldr

sinry)P—2 e

Vol N—1 2
< VOI(SNfl)/Z rngrfIV*PJrldr: M (TC_ _£2>
£ 2 4

1=

/B— .|f¢dv :VOI(SN_I)[H_EHP(n;r )(tan( q)p—N

€
< VOI(SN_I)/% r‘127 Vy7p+ld _ VOI(SN_I) <TE_2 —82>
= e 4 4 2 4
Therefore
2
/ ey < voi(sY- H(E-#).
sy (sinrg)P—2 4
Similarly,

P P P
/ el g [ P [ Al
SN tan” ry By(%) tan? rq 7(%) tanfrg

q
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where
|fel” Noty [2 » “Nei . \N—1
/(g)tanprqdv Vol(S )/g 17 (22 (tanry) N sinry ) ar
> Vol(S¥1) / "7 (22 (tanrg) N (sinrg) V1
2¢e 3
— Vol(SV1) / (tan )™ (sinry )V 'dr
2¢
and

|fel” Mel” 1y — vol(sN-1 ﬂier P77\ “N (o N-1,4
52(3) tan’ rg I( ) x ( - )( an(m —rz) " (sin(mw — rg) r
2

2

_ N-1 p N \N—-1
Vol(sV1) /8 H <28>(tanr) (sinr;)¥~dr
: (tanr,) N (sinr, )N dr.

> Vol(s' 1) /

2¢

Therefore

(S

p
/S fe| dV}ZVOl(SNfl)/ tanr,) N (sinr,)V " 'dr.

N tan? ry 2¢

Next we want to evaluate
[ IVslrav = / VRl / Vsl
2 7
A straightforward computation yields
| o Vslrav
By(%)

—Vol(SV1) / :

€

1 p=N -N _N P, .
EH’(%)(tanrq)pf’ +p—H<;—q>(tanrq) Il\fseczrq‘ (sinry)Ndr
p
201 pN  p—N N
:VOI(SN_l)/g ‘EH’(;—">(tanrq)pf’ +p—p H(%)(tanrq) Il\f(l—i—tanzrq))p

x (sinrg)V " tdr

+V01(SN*1)<¥>17/ H(%)(tanrqf

2¢e
Vol(SNV—1) /2s
<— 7
ep £

i3
2 N
P

P
(1 + tan® rq)‘ (sinrg)V~dr

H’(%)’p(tanrq)p’N(sinrq)N*Idr
P N’ /28 )(tanrq) N(sinrq)N_ldr

2¢
+ VoI (SV1 )p N’ / )(tanr) NF20 (sinr, )N dr

+ VoI (SM~1)
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+V01(§N—1)) ﬂ)p/; H r—‘f) (tanr,) ™ (sinry)V"dr

+ VoI (SV1 ’p N’ / )(tanr) NF20 (sinr, )N dr
2¢e
Vol(SNV—1) LN [
< P
< o (tga);]H (t)) /‘S ry dr

_ 2¢
+V01(SN*1)’¥”’ / (tanr,) N (sinr,)Vdr
i
p— N)p

_ 2¢
+V01(SN*1)’M”’ / (tanrq)*N“P(sinrq)N*‘dr+Vo1(SN*1)(
p € p

X /7(tanrq)*N(sinrq)N*ldr—|—VOI(SN*I)<u\/>p/7
2 2e

tanr,) NP (sinr, )N dr
€ p

—~

o Np (3
:TVOI(SN*I)QIEn[g)z(]H/(I)) + Vol(SV! ’p ‘ /2 tanr,) N (sinr, )V " 'dr

+Vol(sV1 (ﬂ)p / * (tanry) N2 (sinr, V" dr:
P £

Similarly, we compute

A
Bz(%)

N p
‘p ‘ / (tanrq)*N(sinrq)N*Idr

€

2P — 1
< Vol(SV~! H'(t Vol(sV!
Vol >(gﬁ§] )"+

—N z
+Vol(sV ) (2==)" / * (tanrg) N2 (sin )V dr
P £
and then

2(217 1) N—1 / P
Vfe|PdV <——=VoI(S max H

+2V01(SN*1)‘¥ 'p/7 (tanry) ™ (sinr,)N'dr
€

+2VoI(SV1) (%)” / * (tanry) N2 (sinry )V dr:
€

Since fe(r) can be approximated by smooth functions on the sphere SV, it follows
that

_p\P~ ’
o |Vf|"dV+(M) Jo 4V
fec=(SV)\{o} Jsv \tan ‘,,dV
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-~ p—2
sin rgq

p—l p
Jo [V felrav + (252)" fov sueb—av
<

fSN Lfel? dv

[tanry|P

_ P
%VOI(SN_I) (maxte[oﬁz] H’(t))

2 [ (tanry) =N (sinry)V=dr

p I
2) e ‘ J& (tanry) ™M (sinr, )N ~dr
<

+ 7
2 [ (tanry) =N (sinry)V=dr

(3-)

2 [, (tanry) =N (sinry)N=1dr

2(2) " 12 (tanry) N2 (sinr )V dr

- -

2 [ (tanry) =N (sinry)V=dr

=I + II + IOI + IV.

Passing to the limit as € — 0™ gives

s

lim [ (tanry) N (sinr, )N dr = too.
e—01 J2¢

Applying L’Hopital rule we have

s
2

im fgn (tanry) N (sinry)N~1dr 1 and  lim Ie grtanrq)’NHI’(sinrq)N’ldr o

e=0% [ (tanry) N (sinry )N~ dr e=0" 2 (tanry) N (sinr, )N~ dr

Thus, I=0,I1=0 and IV =0, and then

p—1
fon 1V1Pav + (452)" fou Hav

2
sin’~“ry

. p—N|P
inf TG < ‘ ‘ '
fECW(SN)\{O} fSN de )4
N —p\P
This implies that the constant (_p) of the inequality (2) (resp. (3)) is sharp and
p

the proof is therefore complete. [

3. Uncertainty principle inequality

The classical uncertainty principle as introduced in quantum mechanics says the
position and momentum of a particle cannot be determined exactly at the same time
but only with an ’uncertainty’. The uncertainty inequality on R" can be stated in the
following way

([ werepas) ([ wrwpas) > (S22 ( [ reopar)

for all f € L?(RY) with inequality being attained when f is a Gaussian like function
f(x) = Aexp(—2|x|?) forsome A € R and A > 0.
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In [9], the authors proved Heisenberg uncertainty principle inequalities on com-
plete noncampact Riemannian maifolds and determined an explicit constant in the case
of hyperbolic space. In [1] we derived an analogue of these inequality on the sphere. At
present we shall apply our hardy type inequalities to derive a new form in the following
proposition.

PROPOSITION 1. Let the assumptions of Theorem 1 hold. Then there holds the
following inequality for all functions f € C=(SV)

/17

(/SN mp|tand(x,é)q‘dvy/q(/glv‘Vf|PdV+A(N,p)/SN G Ao

> (§%;£>p( [ Arrav)”

where p and q are Holders conjugate, thatis, 1/p+1/g=1.

dv)
€]

Proof. By Holder’s inequality, we have

L %dv > ([vav)' ([ srhanaeea) ™ o)

where 1/p+1/q = 1. Combining (5) and the Hardy type inequality (2) (or (3)) we
obtain

C/SN mdwr/wvflpd"
(50 (o treav) ([ irtanategyav)

from where the result follows at once. [

4. Eigenvalue of the p-Laplacian

Define a p-energy on SV

_ Jsv [VfIPaV
- Jsv|flPav

whose infimum is the first nonzero eigenvalue, A, of the p-Laplacian

Ap :=div(|Vf|P~2Vf). Thus A, =inf&),(f) subject to the constraint [qv |f|P~2faV =
0 with infimum taken over all f € W'?(SV). It is well known that A, satisfies the
Euler-Langrage equation

&p(f)

Apf ==2,\fIP*f on SV
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with f being the associated eigenfunction. 7L* has been computed explicitly to be

I
k; =N when p=2 and /l;,‘ > <p—:1> for the case p > 2 [12].
We derive the following corollary from Theorem 1.

COROLLARY 1. Let the assumptions of Theorem 1 hold. Then, we have

plN—=p)P~ '+ A;pP Y] - m Jsv | f]P cos? d(x,q)dV
(N—p)» ~ fec=SV\{0} fgv | fIPsind(x,q)dV

)

for 2< p <N and

PN =p)" - dpp T v |f1PeosPd(x,q)dV
(N—p)r ~ fec=(sM\{o} fon | f1Psin? d(x,q)dV’

for 1 <p<2.

Proof. For the case 1 < p < 2. By (3) of Theorem 1, we have

|P

If
— -1 — fN - " dv
(N_p)!’ + inf  &,(f) = <N—p>l7 in S g -
p fec=(sM\{o} p rec=s¥)\for  Jov f PV

Replacing f by fsind(x,q) in the last equation we have

_ —1 _ p P
(N p)l’ A <N p)P o Jsv 1] cos d(x7q)dV,
p fec=(sV)\{o} fsn |fIPsin?d(x,q)dV

from where (7) which is the desired result follows.
For the case P > 2. By (2) of Theorem 1, we have

N —p\r—1 . Vrrdv
( p p> +f6C°°1(1S1£)\{0} L' 'fj'c’" av
fN sin?~2d(x,q)
Lf1P
>(N—p> inf fSN tan? d(x,q) av
N b ey oy L2 gy
sin”~

“d(x.q)

One can show that

P
[l —av> [ igrav, p>2
sV sin”~“d(x,q) sV

and then write

N —p\r-1 . N —p\P
S + f & > (——
(55) +, 60> (

£
inf fSN tan? d(x,q) av

sin? =2 d(x,q)

p ) frec=(SN\0} fov —4L —av’

(6)

(7
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Replacing f by fsind(x,q) and using A, = inf&),(f) in the last equation, we have

— pp—1 _ P cos?
(N p)P s (N p)P inf Jsv 1] C(.)s2 d(x,q)dVv
p p 7/ rec=(sV)\{0} fov |f|Psin®d(x,q)dV

b

from where (6) follows. [l

REMARK 2. When p = 2 the inequality (6) (resp. (7)) reduces to [19, Corollary].
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