lournal of
athematical
nequalities

Volume 13, Number 4 (2019), 1023-1038 doi:10.7153/jmi-2019-13-73

ON RETARDED NONLINEAR INTEGRAL
INEQUALITIES OF GRONWALL AND APPLICATIONS

A. ABDELDAIM, A. A. EL-DEEB AND REDA GAMAL AHMED

(Communicated by A. C. Peterson)

Abstract. By some new analysis techniques, we generalize the results presented by Pachpatte in
[8] to nonlinear retarded inequalities, and also investigate some new forms. Some examples are
presented to illustrate our results at the end.

1. Introduction

In 1919, Gronwall [4] discovered a new inequality which plays a fundamental role
in the development of the theory of differential equation and proved if f and u are
real-valued nonnegative continuous functions defined on R, with a positive constant
uop, then

e <uo+ [ F5)uts)as, (1.1
implies
u(r) < upexp (/Otf(s)ds>.

In 1943, Bellman generalized the inequality (1.1) to inequality with a function
a(r) instate of the constant ug and proved that: If u, f, a, € C(Ry,R;) and a(r) is a
nondecreasing, then the inequality

) <a)+ [ f6)uls)as, (1.2)
implies
u(t) < a(t)exp ( /0 f(s)u(s)ds) .

Many results on its generalization can be found for example in [19, 14, 16, 12,
10, 11, 20, 21, 15, 6, 13]. Among them is Bihari’s [11] in 1956, where he extended
inequality (1.1) to the nonlinear inequality

u(t) < uo+ /0 " (s)o(u(s))ds. (1.3)
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In 1957, Ou-lang [2] investigated one of the most useful nonlinear inequalities in
the development of the theory of differential equations. In particular, he proved if u, f
are nonnegative continuous functions on R ,ug > 0 is a constant and

() <42 /O " Hs)u(s)ds, 1ER,, (1.4)

then .
t)<u0+/f(s)ds7 t € R;.
0

It is interesting to note that Ou-Iang inequalities and their generalizations have proved
to be useful tools in oscillation theory, boundedness theory, stability theory, and other
applications of differential and difference equations.

In 1995, Pachpatte [3] obtained the following generalization of the Ou-lang in-
equality (1.4) as follows: If u, f and g are nonnegative continuous functions defined
on Ry and c is a nonnegative constant, then

0 <42 [ [F0(6) + glouls)as, (1.5
0

)< elenp [ 1051 ).

!
et):c—l—/g(s)ds, vt e Ry.
0

In 2000, Pachpatte [8] studied several non-retarded integral inequalities arising in
the theory of differential equations and difference equations related to the inequality
(1.4)

for t € R, implies

for t € R, where

uP(t) <a(t)+b(r) /t [g(s)u? (s) + h(s)u(s)]ds, vVt € Ry, (1.6)

0
where u, a, b, g, h, are real-valued nonnegative continuous functions defined on R,
and p > 1 is areal constant.
Further, in 2000, Lipovan [6] studied the retarded case of the inequality (1.3) by
replacing ¢ by a function ()

u(t) <uo+ ( )f(s)w(u(s))ds, 1o ST (1.7)
oty

In 2005, Ravi Agarwal et al. improved the results obtained by Lipovan [6] where
they generalized the inequality (1.7) to the general form

+2 f, 1,8);(u(s))ds, 1o<t<t. (1.8)

Qi IO

where a(?) is a function and @;’s may be distinct.
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For more contributions of Gronwall-type inequalities, we refer the reader to the
paper [1] which considers the development of Gronwall-type discrete and continuous
retarded integral inequalities. In recent years, the study of retarded inequalities has
received a lot of attention.

In 2014, Hassan El-Owaidy, Abdeldaim and El-Deeb [15] proved the inequality in
the following form:

(t><f(z)+/ao”(’)g( ds+/a2 u(s))ds,¥ 1 €l = [a,b]. (19)

In the same paper, the authors [15] also established the following inequality:

+/ ds+/ u(s))ds, Ve € I,

where u, g, h € €(I,R}), o, f € €'(I1,1;) be nondecreasing functions, with
0;(t) <t, aj(a) =a, o/(t) 20, i=1,2, and w; € (R4+,R,) nondecreasing function,
and k(t,s) € €(I; x I;,Ry) with %(1,5) € € (I, x I, R.,).

In 2015, Abdeldaim and El-Deeb [14] discussed the inequality of the form

u t)<uo+/0a(t)f(s)(p( [ +/ g(A dx]ds

forall t € R, where @, ¢', a € ¢€'(R,,R,) are increasing functions, with ¢’ () <k,
0 >0, oft) <t, a(0) =0, forall r € Ry, k, up are positive constants.

In the same paper, Abdeldaim and El-Deeb [14] proved a new inequality with a
different kernel

o(r) s p
) <ot [ 7610 [us) + [ eR (A | s € e,

where @1, ¢, € €' (R, ,R,) are increasing functions with () <t,¢;(t) > 0,i =
1,2,a(0) =0 and ¢ (t) = @2(t), p > 1 and uy is a positive constant.

One of the generalizations of Gronwall-type inequalities has been proved by the
authors [19]

o(r)
))<u0+/ g(s)o ds+/ (8))ds,Vt €1,
0

with () <t, @i(t) >0, i=1,2, a(0) =0, ¢|(t) = @2(t), and ¢, ' (¢) is a submul-
tiplicative function and ug is a positive constant.

Now, we state the basic theorem that will be needed in the proofs of the main
results.

THEOREM 1.1. ([9]) If x>0, y>0 and 11—,+§ =1 with p > 1, then

_—

xryi <Xy (1.10)

<=
< I'<
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Our results will be based on the mentioned results of Pachpatte [8]. The main
aim of this paper is to extend some of these results to retarded integral inequalities
depending on the application of the Holder inequality and some analysis techniques.
The paper is organized in the following way: In Section 2, we state and prove the
main results. In Section 3, we introduce some applications of our results to obtain the
estimates of the solutions of certain integral equations for which inequalities obtained
in the literature thus far do not apply directly.

Our main result is given in the following section.

2. Main results

In what follows, R denotes the set of real numbers and R = [0,0), I = (0,00) are
given subset of R, and €(S1,S>) denotes the class of all continuous functions defined
on set S; with range in the set S, .

THEOREM 2.1. Let u,a,b,g,h € €(R.,R.), a(t) € €' (R, Ry), with a(t) <
t, 0(0) =0 and p > 1 be a constant. If

o(t)
ul(t) <alt)+ b(t)/O [g(s)up(s) + h(s)u(s)} ds, 2.1)

forallt e Ry, then

<[ " [g(s)a(s) +h(s) (2L 4 ?)]
X exp [—/Oxb(r) (g(r)—|— %)dr] ds}%, (2.2)
forallt e R,
Proof. We take the function z(¢) by
o)
Z(1) = /0 [g(s)up(s) + h(s)u(s)] ds, Vi eR,. (2.3)

That z(¢) > 0 nondecreasing on R with z(0) = 0. Then (2.1), can be written as
uP(t) <a(t)+b(t)z(t), Vi e R;. (2.4

From (2.4) and using Theorem 1.1, we have

p—1

p

u(t) < <a(t)+b(t)z(t)>é<l) ,

<Pl a0 B0 yer,. (2.5)
p p p
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Differentiating (2.3) and using (2.4) and (2.5), we get

2(0) < blo(r)) (g<a<z>>+ M)zwm)a’(r)
+[< () )ale(t)) + h(a <>>( e ”’)}a'(r)
h(a(r))
g z
P
[( o)a(or(e)) + h(er <>>( e (”)}a'a), 2.6)

forall + € R, . The inequality (2.6) gives us the following bound

o) <esp [0 (et + 12 )]

x /Oa(t) [g(S)a(S) +h(s) (ijl * @)]

s h
X exp [ - / b(r) (g(r) + ﬂ)dr] ds,Vt € R (2.7)
0 p
The required inequality (2.2) follows from (2.7) and (2.4). The proof is completed.
REMARK 2.1. If ¢t(z) =t¢, then Theorem 2.1 reduces to [8, Theorem 1 part (a;)].

THEOREM 2.2. Let u,b,g,h € €(R;,R.), aft) € €' (R, Ry), with a(t) <t,
0(0) =0, c(t) € €(R4,I) be a nondecreasing function and p > 1 be a constant. If

o(r)
ul (1) < cP(r) —|—b(t)/0 [g(s)u”(s) —|—h(s)u(s)] ds, Nt € Ry, (2.8)

then
u(t) < c(t){ i +b(t)exp[ /0 “O <g(r) + M)dr]
<[ [ o)
cono[ = [0 (500 £ MDYl
forallt e R,.

Proof. Since ¢(t) > 0 and nondecreasing on R , then from (2.8), we note that

(%)2 1+b(t) /0 " {g(s) (%)p%@cl—p@ (% )] & @10

for all + € R, . By using the inequality which proved in Theorem 2.3, we get the
required inequality in (2.9). The proof is completed.
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REMARK 2.2. If a(r) =1, then Theorem 2.2 reduces to [8, Theorem 1 part (a;)].

THEOREM 2.3. Let u,a,b,g,h € €(R.,R.), a(t) € €' (R, Ry), with a(t) <
t, @(0) =0 and p > q > 1 be constants. If

ot)
uP (1) < a(t)+b(t)/0 [g(s)up(s)—l—h(s)uq(s)] ds, (2.11)

forallt € Ry, then

o(r)

u(t) < {a(t)+b(t)exp [ /0 b(r) (g(r)—|— %h(r))dr]

<[ [0t #1024+ Lats))]

« exp [— /Osb(r) <g(r) + %h(r))dr] ds} " (2.12)

forallt e R..

Proof. We take the function z(¢) by

z(r) = /Oa(t) [g(s)up(s) —i—h(s)uq(s)} ds, VreR,. (2.13)

That z(¢) > 0 nondecreasing on R with z(0) = 0. Then (2.11) can be written as
uP(t) <a(t)+b(t)z(t), Vi e R, (2.14)

From (2.14) and using Theorem 1.1, we have

() < (a(t)+b(t)z(t)>% (1)’_’

P90 900+ Lo(0)ar),  VieR,. (2.15)
p p p

Differentiating (2.13) and using (2.14) and (2.15), we get

<

S

Z(t) < b(a(t)) (g(a(t)) + %h(a(t))>1(a(t))a’(t)

- :g<a<t>>a<a<t>> +hla) (2 l%a(a(t)))] o (1)

< b(ar))| gla()) + %h(a(t))>2(t)a’(t)
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forall + € R, . The inequality (2.16) gives us the following bound
o(r) q
2(1) < exp /O () &)+ Sh(r) Jar

[ e1ats) 105 (P04 Lats) )|

S
xexp{—/ b(r) (g(r)—f— zh(r))dr] ds,Vt e Ry. (2.17)
0 p
We get the required inequality (2.12) from (2.17) and (2.14). The proof is completed.

REMARK 2.3. If a(r) =t and g = 1, then Theorem 2.3 reduces to [8, Theorem
1 part (a1)].

REMARK 2.4. If g = 1, then Theorem 2.3 reduces to Theorem 2.1.

THEOREM 2.4. Let u,b,g,h € €(R;,R.), aft) € €' (R, Ry), with a(t) <t,
0(0) =0, ¢(t) € €(Ry,I) be a nondecreasing function and p > q > 1 be a constants.

4 Q)
uP (1) < cP(t)+ b(t) /0 [g(s)up(s) + h(s)uq(s)} ds, (2.18)

forallt € Ry, then
u(t) < c(t){ L+ b(1)exp { /O “O <g(r) + %h(r)c‘!P(r)> dr]
<[ [ o)

alt) q -~ P
xexp[—/o b(r) (g(r)—f— I—)h(r)cq P(r))dr} ds} , (2.19)
forallt e R,

Proof. Since ¢(t) > 0 and nondecreasing on R . From (2.18), we observe that

<%)p< 1+b(,>/00‘(t) [g(s)<%)p+h(s)cq17@(%)1 ds, (2.20)

for all + € R, . By using the inequality which proved in Theorem 2.3, we get the
required inequality in (2.19). The proof is completed.

REMARK 2.5. If a(r) =t and g = 1, then Theorem 2.4 reduces to [8, Theorem
1 part (a2)].

REMARK 2.6. If g =1, then Theorem 2.4 reduces to Theorem 2.2.
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THEOREM 2.5. Let u,a,b,g,h € €(R+,R,), a(t) € €' (R4, Ry), with ot) <
t, a(0) =0, and k(t,s) € €(Ry x Ry 1) with $k(t,s) € €(Ry x Ry, 1), and p > 1
be a constant. If

k(z,s) [g(s)up(s) + h(s)u(s)} ds, (2.21)

forallt e Ry, then

1

() <{a(z) +b(t)exp{ /0 a(t)Al(r)dr} /O “O ) exp[— /O SAl(r)dr} ds}”7 (2.22)
forall t € Ry, where

A1) = ke, a(0)blac(r)) [g<a<r>> n @} o (1)

aft) K
[ Skt e+ as, (2.23)

forallt e R..

Bu0) = k(1. 0) |l + o) (22 + 45 |

+/Oa(t)%k(t,5) <g(s)a(s)+h(s)<p771+@)

)ds, (2.24)
p

forallt e R,

Proof. We take the function z(¢) by

o)
Z(1) = /0 k(t,s) [g(s)up(s) + h(s)u(s)} ds,Vt € R, (2.25)

with z(0) = 0, that is z(r) > 0, and nondecreasing on the interval R, . As in the steps
of proof Theorem 2.3 from (2.13), we observe that the inequalities (1.10) and (2.14)
satisfy. By differentiating (2.25) and from the inequalities (1.10) and (2.14), we deduce

2(1) = ke, 1)) [g<a(,>>up<a(,>> +h<a<z>)u<a<z>>} o (1)

o(r)
+ /0 %k(w) [g(S)u” (S)+h(5)u(5)} ds. (2.26)
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For all + € R . From Theorem 1.1 and using (2.4) and (2.5) in (2.26)

() < k(t.a(0)) [g<a<r>> (a(am) +b<a<r>>z<a<r>>)

p p p
# [ S0, s a5+ 15100
+h(s)< . as) f:) z(s))]ds, (2.27)

for all # € R, Using the fact that z(a) < z(¢), from (2.27), we get

2(1) < [k(t,a(t)) [b(a(t))(g(a(t)) n h(";(”)

[ g Yl
(

)|’

+k<r,a<r>>[g< a(t)aln()) + o) (P2 e (”)}a'm
at) — als
+ /0 %k(t,s) [g(s)a(s) +h(s)(% + %)} ds,
=A1(t)z(t) + By (1),Vt € R (2.28)

The inequality (2.28) gives us the following bound for z(7)

7(r) < exp[/oa(t)Al(r)dr} /Oa(t)Bl(s) exp[— /OSAl(r)dr] ds. (2.29)

Forall r € Ry . Using (2.29) in u”(r) < a(t) + b(r)z(t), we get the required inequality
in (2.22). The proof is completed.

REMARK 2.7. If a(r) =t and, then Theorem 2.5 reduces to [8, Theorem 1 part

(a3)].
THEOREM 2.6. Let u,a,b,g,h € €(R,R;), a(t) € €' (R4, Ry), with ot) <

t, (0) =0 and c(t) € €(Ry,1), k(t,s) € €(Ry x Ry, I) with $k(1,5) € €(R+ x
Ry ,1I), and p > 1 be a constant. If

o(r)
ul(t) < (1) + b(t)/0 k(t,s) [g(s)u”(s) —|—h(s)u(s)] ds, (2.30)

forallt e Ry, then

1

u(?) <c(t){l+b(t)exp[/0a([)A(r)dr} /Oa([)B(s)exp[—/OSA(r)dr} ds}g, 2.31)
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forall t € Ry, where

A() = K1, o) b(oc(r) (g<a<z>> ¥
# [ k600 a1+ 1)
forall t € R,
B(1) = k{t, (1) [g<a<t>> +hlaln)e (o) o'0)
[ Sk o)+ 006 s,
forall t € R,
Proof. Since () > 0 and nondecreasing on R, from (2.30), we observe that

(40) <1500 [ k00 [et6) (42 5 706) (40 s,

for all € R, . Applying the inequality given in Theorem 2.5 implies the desired result
in (2.31). The proof is completed.

THEOREM 2.7. Let u,a,b € € (R, R.), a(t) € €' (R, Ry), with a(0) =0, a(t) <
t and p > 1 be a constant and f € € (Ry x R, R.), such that

ng(tax)_f(tay)gm(tay)(x_y)aVIeRJra (232)

and x >0, y >0, where m € €(Ry x Ry, Ry). If
o(r)
0 <a+o0) [ 75t as 233

forallt € Ry, then

! + @)@dr}

u(t) < {a(t)+b( )exp{/o‘(t)m(r » ' p

X/Oam [f( L als) ]
xexp[ /m (r)) () } }%, (2.34)

forallt e R..
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Proof. We take the function z(¢) by

21) = /0 " (f(s,u(s))) ds, Vi € R, (2.35)

That z(z) > 0 nondecreasing on R, with z(0) = 0. Then as in the proof of Theorem
(2.1) from (2.33) we deduce the inequality (2.4) and (2.5) hold. from (2.35) and (2.5)
and the hypothesis (2.32) it follows that

p P p
gf(a(z),p_ +a(0;?(t))+ (ng))z(t))a/(t)
—f(a(t), ’%1 + a(O;(t))>a’(t) +f<a(t), ’%1 + @) o (1)
a2 4 SNV,
+f<a(t),p7_l+%}t))> o (1). (2.36)

For all € R, . The inequality (2.36) gives us the following bound

Z(r) € exp[/oa(t)m<r, ijl + @) %dr]

p
L)
X exp[— /Osm<r7 ijl + ?) %dr} ds. (2.37)

For all + € Ry . From (2.36) and (2.4) the desired inequality in (2.34) follows. The
proof is completed.

REMARK 2.8. If o(z) =t, then Theorem 2.7 reduces to [8, Theorem 2 part (b;)].

THEOREM 2.8. Let u,a,b € €(Ry,Ry), a(t) € €' (Ry,Ry), with o) <t,
o(0) =0, and p > 1 be a constant and [ € € (Ry x R4, Ry), with ® € € (R4, Ry)
be a strictly increasing function, ¢(0) =0 such that

0 < (%) = f(t,y) <mlt,y)9 ™" (x—), (2.38)
forallt € R, and x >y >0, where m € € (R, x R, R.), and ¢!, and

o () <o )T, (2.39)
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forall x,y € R, where ¢! is the inverse function of ¢. If
o)
WP(t) < alt) +b(1)9 / [f(s,u(s))} ds, (2.40)
forall t € Ry, then
u(t) < {a(t) 1 b(1)0 |:exp|:/0a(t)m(r, p—1, alr)y ;150 )dr}

X/a(l) [f(s,p__lJr@)] ’ ’ ’
0 P P

1

xexp[—/osm(r,p; Ly ?)qﬁ‘(?)d;’} ds} }p, (2.41)

forallt e R,.

Proof. Repeats the steps as in the proof of theorem 2.1, then from the inequalities
(2.4) and (2.5), we deduce

ul(t) <a(t)+b(t)o(z(1)), (2.42)
and
u(r) < ijl + ? + ?qb(z(z)), v € R, (2.43)

From (2.35) , (2.43), it follows that

)4 )4 )4
p—1  aa() . bla) ,
<f<a(t)7 — Ao, M ¢<z<t>>)a<t>
(el ala) p—1  ala®)
f(am, L, 2 )a<r>+f(a<r>, L, el )am.

(2.44)

For all + € R, . Using the condition (2.38) in (2.44), we obtain

20) < m(a<t>,”—‘l+M)¢l (Mmm)))a’(z)

p p P

+f<(x(t),p771+%ft)))(x/(t). (2.45)
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For all + € R, . By using the condition (2.39) in (2.45), we obtain

2(1) < m(a(t)7 p; Ly “(O;(t)) ) 9o (b(();(t)))z(t)a’(t)

+f<a(t)7 ijl + @) o (1). (2.46)

For all t € Ry . The inequality (2.46) gives us the following bound

osenl [ttt e (5o
S )
XeXp[—/Oxm< ppl ?)(b(@)dr]ds. (2.47)

For all r € R, . We get the required inequality (2.41) from (2.42) and (2.47). The proof
is completed.

REMARK 2.9. If o (z) =1, then Theorem 2.8 reduces to [8, Theorem 2 part (b;)].

3. Some Applications

In this section, we indicate some applications of our results to get the estimates
of the solutions of certain retarded integral equations for which inequalities obtained in
the literature thus far do not apply directly.

EXAMPLE 3.1. As an application of Theorem 2.3, we consider the nonlinear re-
tarded integral equation

Vi
ut(r) < t—l—/() [s2u4(s) —l—suz(s)} ds, (3.1)

where u is defined as in Theorem 2.3 and we assume that every solution u(z) of (3.1)
exists on R, . Hence, by Theorem 2.3 and equation (3.1), we obtain

u(r) < {t—l—exp[/()\/;(rz_i_%r)dr}
(ko)
XGXP{—/OS<r2+%r>dr}ds}4.

In Figure 1, we plot the graph of estimated bound of u(r) for 0 <7 < 1.
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Figure 1: Graph of the estimated solution

EXAMPLE 3.2. Consider the following retarded integral equation:

W (t) :M<s, /(:H(s,up(oc(s)),u(a(s)))> W ERy, (3.2)

where M € €(Ry xR, Ry) and H € ¥(R;: x Ry x Ry, R, ), satisfy the following
hypothesis:

M) <a(t)+b()u| Vi €Ry, (3.3)

[H(t,u,w)| <g(t)lul+w  VieRy, 3.4

where u, a, b, g, o and p as defined in theorem (2.3). Using the conditions (3.3) and
(3.4), from (3.2), we get

WP < att)+000) [ { o (o) +uts) s
o(r) —lg
< a(t)+b(t)/0 {Mup(s)—f—u(s)}ds,

o' (o= (s))

for all + € R, . Now a suitable application of Theorem 2.3 with A(¢) = 1, yields
lu(r)| < {a(t) +exp an([) b(r) (% + %)dr]
< [t ()
Xexp[—/Osb(r)<§/((oé_7ll((r:)))+l§)dr]ds}ﬁ7 (3.5)

for all + € Ry . Thus, the estimation in (3.5) implies the boundedness of the solution
u(r) of (3.2).
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Conclusions

In this work, some new results as regards Gronwall-Bellman type inequalities,

which provide explicit bounds on unknown functions, are included. The results can be
useful in the study of the uniqueness of the solution for nonlinear retarded differential
equations, integral equations or integro-differential equations. Some applications also
presented to illustrate the benefits of our results.

Acknowledgement. The authors are very grateful to the editor and the referees for

their helpful comments and valuable suggestions.

[1]
[2]

[3]
[4]
[5]
[6]
[7]
[8]

[9]
[10]

[11]
[12]

[13]

[14]

[15]

[16]

[17]
[18]

[19]

REFERENCES

B. G. PACHPATTE, Integral and finite difference inequalities and applications, Elsevier, 2006.

L. OU-I1ANG, The boundedness of solutions of linear differential equations y" + A(t)y = 0, Shuxue
Jinzhan 3 (1957), 409-415.

B. G. PACHPATTE, On some new inequalities related to certain inequalities in the theory of differential
equations, Math. Anal. Appl. 189 (1995), 128-144.

GRONWALL, Note on the derivatives with respect to a parameter of the solutions of a system of differ-
ential equations, Ann. Math. 20 (1919), 292-296, http://dx.doi.org/10.2307/1967124.

R. BELLMAN, The stability of solutions of linear differential equations, Duke. Math. 10 (1943), 643—
647, http://dx.doi.org/10.1215/50012-7094-43-01059-2.

O. LIPOVAN, A retarded Gronwall-like inequality and its applications, J. Math. Anal. Appl. 252
(2000), 389401, http://dx.doi.org/10.1006/jmaa.2000.7085.

WS. WANG, RC. LUO AND Z. L1, A new nonlinear retarded integral inequality and its application,
J. Ineq. Appl. 2010:462163 8 (2010).

B. G. PACHPATTE, On some new inequalities retarde to a certain inequality arising in the theory of
differential equations, J. Math. Anal. Appl. 2000 251 (2000), 736-751.

D. S. MITRINOVIC, Analytic Inequalities, Springer-Verlag, Berlin/New York, 1970.

F. WILLIAM AMES AND B. G. PACHPATTE, Inequalities for Differential and Integral Equation, vol-
ume 197. Academic press (1998).

BAHARI, A generalization of lemma of Bellman and its application to uniqueness problem of differen-
tial equation, Acta. Math. Acad. Sc. Hung 7 (1956), 81-94.

P. AGARWAL, S. DENG AND W. ZHANG, Generalization of a retarded Gronwall-Like inequality and
its application, Appl. Math. Comput. 165 (2005), 599-612.

HASSAN MOSTAFA EL-OWAIDY, ABDELWAHAB ABBAS RAGAB, WALEED MOSTAFA KAMAL
ABUELELA AND AHMED ABDEL-MONEIM EL-DEEB, On some new nonlinear integral inequalities
of Gronwall -Bellman type, Kyungpook Math 54 (2014), 555-575.

A. ABDELDAIM AND A. A. EL-DEEB, On some generalizations of certain retarded nonlinear integral
inequalities with iterated integrals and an application in retarded differential equation,]. Egy. Math.
Soc. 23(3)(2015), 470-475.

H. EL-OWAIDY, A. ABDELDAIM AND A. A. EL-DEEB, On Some New Retarded Nonlinear Integral
Inequalities and Their Applications, Math. Sci. Lett. 3(2014), 157-164.

A. ABDELDAIM AND A. A. EL-DEEB, On Some New Nonlinear Retarded Inte- gral Inequalities with
Iterated Integrals and their Applications in Integro-differential Equations, Bri. J. Math. & Comput.
Sc. 5(4) (2015), 479-491.

G. I. CHANDIROV, On a generalization of Gronwall’s inequality and its applications, Uchen. Zap.
Azerb. Univ. Ser. Fiz. Mat. Nauk, In Russian 6 (1956), 3—11.

SAMIR SAKER, Odcillation Theory of Delay Differential and Difference Equations, VDM Verlag Dr.
Miiller Akteingesellschaft. Co. KG., 2010.

A. ABDELDAIM AND A. A. EL-DEEB, On generalized of certain retarded nonlinear integral inequal-
ities and its applications in retarded integro-differential equations, Appl. Math. Comput. 256 (2015),
375-380.



1038 A. ABDELDAIM, A. A. EL-DEEB AND R. G. AHMED

[20] A. A. EL-DEEB AND REDA GAMAL AHMED, On Some Explicit Bounds on Certain Retarded Non-
linear Integral Inequalities With Application, Adv. Inequ. Appl. 2016 Article-ID15 (2016), 19 pages.

[21] A. A. EL-DEEB AND REDA GAMAL AHMED, On Some Generalizations of Certain Nonlinear Re-
tarded Integral Inequalities for Volterra-Fredholm Integral Equations and Their Applications in Delay
Differential Equations, J. Egy. Math. Soc. 25 (2017) 279-285.

(Received March 5, 2016)

Journal of Mathematical Inequalities
www.ele-math.com
jmi@ele-math.com

A. Abdeldaim

Community College

Shagra University

Al-Dawadmi 11911, Saudi Arabia

Mathematics Department, Faculty of Science

Port Said, Port Said University

Egypt

e-mail: ahassen@su.edu.sa

A. A. El-Deeb

Department of Mathematics

Faculty of Science, Al-Azhar University
Nasr City (11884), Cairo, Egypt
e-mail: ahmedeldeeb@azhar.edu.eg

Reda Gamal Ahmed

Department of Mathematics

Faculty of Science, Al-Azhar University
Nasr City (11884), Cairo, Egypt
e-mail: redagamal@azhar.edu.eg



