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COMPLETE REFINEMENTS OF THE BEREZIN NUMBER INEQUALITIES

MOJTABA BAKHERAD, RAHMATOLLAH LASHKARIPOUR,
MONIRE HAJMOHAMADI AND ULAS YAMANCI

(Communicated by J. Pecari¢)

Abstract. In this paper, several refinements of the Berezin number inequalities are obtained.
We generalize inequalities involving powers of the Berezin number for product of two operators
acting on a reproducing kernel Hilbert space %" = #(€2) and also improve them. Among other
inequalities, it is shown that if A,B € Z(.¢) such that |[A|B = B*|A|, f and g are nonnegative
continuous functions on [0,e0) satisfying f(z)g(t) =1 (¢t > 0), then

ber? (AB) < r”(B) x
(ver (770D + P2 (°D) = o2 AN B3 )7 — (20" s )P0 )

forevery p> 1,00 > B > 1 with é—&-%:l,ﬁp}Z and r():min{é,%}.

1. Introduction

Throughout this paper, a reproducing kernel Hilbert space (RKHS for short) 57 =
A (Q) is a Hilbert space of complex valued functions on a (nonempty) set 2, which
has the property that point evaluations are continuous i.e. for each A € Q the map
f+— f(A) is a continuous linear functional on 7. The Riesz representation theorem
ensure that for each A € Q there is a unique element k; € 5 such that (1) = (f,k, ),
forall f € 7. The collection {kj : L € Q} is called the reproducing kernel of J#. If
{ex} is an orthonormal basis for a functional Hilbert space .77, then the reproducing
kernel of 77 is given by k; (z) =Y., en(A)en(z); (see [12, problem 37]). For A € Q, let
ky, = leﬁ be the normalized reproducing kernel of .7 . For a bounded linear operator
A on A, the function A defined on Q by A(A) = (Ak,,k;) is the Berezin symbol
of A, which firstly have been introduced by Berezin [4, 5]. The Berezin set and the
Berezin number of the operator A are defined by

Ber(A) := {A(L) : 1 € Q} and ber(A) := sup{|A(1)| : A € Q},

respectively(see [13]). The Berezin number of operators A and B satisfies the property
ber(0A) =|o|ber(A) (o € C) and ber(A + B) < ber(A) +ber(B) and ber(A) < [|A|],
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where || - || is the operator norm. The spectral radius of A € Z(J) is defined by
r(A) :=sup{|n|:n €sp(A)}. Let

1(A) = inf {||Ax[| : x € 7, |[x]| = 1} = inf {|{Ax,y)| : x,y € 2, ||| = [|yl| = 1}.

In [18], Kittaneh estimated a spectral radius inequality for any A,B € %() as fol-
lows:

1
ra8) < 5 (1481 + 1814\ ABI - [BAD +ama) ). )

where m(A, B) = min{||A||||BAB||, ||B||||ABA||} . Also, he showed
IAY2BY2) < |AB| "2 2)

and

1 ;
1A+ Bl < 5 (Al +[IBI| + \/(IIAH — |IBI)> + 4 min(||AB||, | BA)). 3)

Namely, the Berezin transform have been investigated in detail for the Toeplitz and Han-
kel operators on the Hardy and Bergman spaces; it is widely applied in the various ques-
tions of analysis and uniquely determines the operator(i.e., forall A € Q, A(A) = B(A)
implies A = B). For further information about Berezin symbol we refer the reader to
[2, 14, 15, 21] and references therein. Recently in [3, 9, 10, 11, 22, 23] have studied
about the inequalities for the Berezin number and the numerical radius of operators.
Also, some Berezin number inequalities were obtained by using the Hardy types in-
equalities(see [7, 8, 24]).

2. Main results

To prove our Berezin number inequalities, we need several well known lemmas.

LEMMA 1. [17] Let A,B € B() such that |A|B = B*|A|. If f and g are non-
negative continuous functions on [0,°) satisfying f(t)g(t) =1(t > 0), then

|[(ABx, y)| < r(B) || f(|A])x[]|g([A" )yl )
forevery x,y € .
LEMMA 2. [1] Let A € () be positive. Then

[ (A, 2) [P < [(APx,x) = (|A = (Ax,x)1[Px,x)] x [(APy,y) = {|A = (Ay, ) |Py.y)]

<
< (APx,x)(APy, y) (5)
Jorall p>2 and any x,y € €.

Now, we show some Berezin number inequalities.
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THEOREM 1. Let A,B € B() suchthat |A|B=B*|A|. If f and g are nonneg-
ative continuous functions on [0,0) satisfying f(t)g(t) =1 (¢t > 0), then

1
ber(AB) < S r(B) ber{f*(|A]) +g*(|A"])]-
In particular for f(t) =t%* and g(t) =t'~%, we have

ber(AB) < =r(B)ber(|A|** 4 |A*|2(1=%)).

M| —

Proof. 1f we put x = IAQ in (4), we have

|(ABky & )| < r(B) [ (JADK I8 (1A |
(B)(f* (1A Dkx k)2 (8> (1A Dy Ry )2

r(B)({(f2(IADkz 2} + (g (14" i k)
r(B)((/*(|A]) +&*(IA")ka Kz )

< 5r(B)ber[f(|A]) +g*(|A")]. 6)

I
<

N

X

N = = N =

By taking the supremum over A € Q we have

ber(AB) < 5 r(B)ber[f>(|A]) +g7(|A*])].

N —

REMARK 1. Let A,B € () such that |A|B = B*|A|. If f and g are nonneg-
ative continuous functions on [0, ) satisfying f(z)g(t) = (¢ > 0), then from (3) and
(1) for A =1, we have

ber(AB) < = r(B)ber[f>(|A]) +g7(|A*])]
< SUBI+ 1B [ (AN + 18> (1A

+ \/(\\f2(|A|)|| = llg2(la=D1)> +4llF(1AD)-g(lA[[I2].

oo|»—N|»—

THEOREM 2. Let A,B € B() suchthat |A|B=B*|A|. If f and g are nonneg-
ative continuous functions on [0,0) satisfying f(t)g(t) =1t (¢t > 0), then

ber”(AB) < r”(B)ber [ S (AD + ﬁgﬁ”(lA*\)

forevery p>1,a>B > 1 with L +ﬁ—1andﬁp
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Proof. Let k; € 7. We have

|(ABky k3 )|P < rP (B) | FIAD k|| |8 (JA" s |17
= rP(B){F2 (AN k) (62 (1A Dy Ky )72

<28 | AN R} 24 5 (0 D )
<) | AT ) + 5 6 (A D )
= B[ (A + 5P (A" k)

< () ber( 27 (A]) + 6" (A4°)).

By taking the supremum over A € Q we get the desired result.
In the following by using of refinements of the Cauchy-Schwarz inequality, we have an
upper bound for product two operators.

THEOREM 3. Let A,B € B(H) such that |A|B=B*|A|. If f and g are nonneg-
ative continuous functions on [0,0) satisfying f(t)g(t) =1 (¢t > 0), then

[(ABRy k)| < r(B) 2(/<f2p(\A\)7</1»f</1> = (I£2(1AD = (F2(1ADk2 ka1 Pky )
x 2(/<g2”(\A*I)7<uJA<u>—<|g2(\A*|)—<gz(\A*I)/A<uJA<u>I\”/A<uJA<u>

< r(B) /{20 (AN ko) X (6 (1A% D o) )
Sforall p > 2 and any k}uku S

Proof. Let ky,k, € 7. Applying (4) and (5), we have

[(ABky &) < r(B) [ (JADK I8 (1A |
<r(B)(FUADKE k) g (AT DRE ) 2

<r(B) 2(/<f(|A|)7€2”»7</1> = (IP201AD = P2 UAD R R 1 k)

XZ(/<g(|A*I)k2” k) — {18214 1) = (&2 (1A* Dy, )[R ).

We get the result.

COROLLARY 1. Let A,B € B(H) suchthat |A|B=B*|A|, p=2and 0 < o0 < 1.
Then

|(ABky k)| < r(B) 2(/<\A\2”°‘/A<AJA<A> — (|A]P* — (|| p ) 1|7k er )

X 2</<\A*|2’7(17a)]}ﬂ7]%u> ([la= P — (A= 0=y Ky )| Phy, k)

< r(B) (/A1 k) X (1A PO~y ). ®)
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Proof. By putting f(¢) =t%* and g(¢) =¢'"% (0 < @ < 1) in (7), we get the result.
The next result gives an upper bound for the product of two operators based on the
refinement of the Cauchy-Schwarz inequality.

THEOREM 4. Let A,B € B(H°) suchthat |A|B= B*|A|. If f and g are nonneg-
ative continuous functions on [0,) satisfying f(t)g(t) =1t (t >0). Then

€L

ber(AB) < %(IIBH +1B7/2) [ber (£ (JA]) =L (ILF2(1A]) = £ (ADIP]17)]>7

x [ber(g*(|A*]) =1 (|lg*(|A%]) — Hg(IA*\)Hz]I”)]TI”
forall p>2.
Proof. 1f lAc;“lAcu € #, then (7) implies that
P (B) ({77 (IAD Ky ) = (P (IA]) = (P (A Dk k)T Pkg )]
[<82p(|A*|)]A€u»i‘u> - <82(|A*D - <82(|A*Di‘u7]}u>l|p]}u»]%u>]
r*(B) [ber(f*(|A]) = (f*(|A]) = (f*(|ADkw, k) [Pky k)]
[ber(g””(|A*])) — (¢”(JA*|) — (&> (JA™ [V, K ) |P K )] -

|(ABky k)7

<
X
<
X

Now, let k; = ]A{u and taking supremum over A € Q, we have
ber®”(AB) < " (B) [ber(f** (A])) — L (ILF*(1A]) — ILF(1AD?]|”)]
x [ber(g?(|A%])) — 1 (Il (1A"]) — llg(IA"DIP1IP) ] -

Now inequality (1) implies the statement.
Through following we state some refinements of Theorems 1 and 2, which based on a
refinement the Young inequality that is shown in [19] by Kittaneh as follows:

ab"* < oa+ (1 —a)b—ro(a’?—b'/?)? )
forany a,b>0,0< a <1 and rp =min{a, 1 — ac}.

THEOREM 5. Let A,B € B() suchthat |A|B=B*|A|. If f and g are nonneg-
ative continuous functions on [0,0) satisfying f(t)g(t) =1 (¢t > 0), then

ber(AB) < %r(B)
x (ber[f2(|A]) + g*(JA*)] — ((F(IADkx k2) ' /2 = (g2 (IA" Dk kr ) 72)?).
In particular, for f(t) =1% and g(t) = =% which 0 < o0 < 1, we have

ber(AB) < %r(B)

~

x (ber(JAP* + A" PU) — (PR k)2 = (AT PO k) 2)7).
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Proof. If we put x =y = k;_in (4) and applying (9), we have
[(ABk;, k)|
<rB)|£(ADK g (A" |
(B)(F(ADka ka) ' (82 (147 ks Ka) /2
r(B) (2 (JADkx &z ) + (g (14" ka Ka )
— (P (AN R )2 = (82 (1A koK) 7))

r(B)( (A + (A )R k) — (PUADRL &) — (@ (A" Dk k) 2)2)

(10)

I
<

<

| =

VAN
N = | —

r(B)(ber[f*(|A]) + (14" ])] = (F(1ADKz. k) * = (g2 (1A" ks Ka) ' 2)).

(1)
By taking the supremum over A € Q we get the desired inequality.

THEOREM 6. Let A,B € B(H°) suchthat |A|B= B*|A|. If f and g are nonneg-
ative continuous functions on [0,0) satisfying f(t)g(t) =1 (¢t > 0), then

1 1
ber”(AB) < r(B) | ber(— [ (|A]) + Bgﬁ”(h‘\*l))
—ro((f2(JAD Rz k2 )P — (P (|A" ka Ka )PP
forevery p> 1,00 > > 1 with é—!—ﬁ: 1, Bp>2 and rozmin{é,%}.
Proof. Let k; € 7. We have
[(ABky, k)|

<P B (ADK P g (A" llP
=P (B){f*(IADki, k2)" (62 (1A s K )2

<7(B) | P OADR )2 5 P D )P
< (B[ PAAD )P + 5 (A" D )PP

— ro((£>(ADka Ta )oP/* — (@ (|A" ) Ka )PP/
<P B[ A7 (AR k) + é@ﬁp(m*%,@m

—ro({f* (|ADky Ry ) P/ — <g2(|A*|)l%,1,/},1>ﬁl’/4)2]
< B[ A ) + 5 (PPN )

— (A 7 — (2" ey )7
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=r’(B)([— f“p(\A\)+Bg’3”(\A Dk kz)
—ro((F (AN k) *P* — (g2 (1A™ s Ky )PP
<r’(B)|ber(— f""’(lAI)+Bg’3”(\A )

- r0(<f (‘A‘)]27L7]27L>ap/4 - <g2(|A*\)/A<;L,IA<A>/3P/4)2

By taking the supremum over A € Q we get the desired result.

3. Number Berezin inequalities involving off diagonal matrices

In this section, we improve and extend some Berezin number inequalities for 2 x 2
off diagonal matrices by nonnegative increasing convex functions. We recall that the
polarization identity says that,

(x,y) = 421"\\x+zy||2 (x,y € 7). (12)
i=1

For our goals, we need to the following lemmas.

LEMMA 3. [2] Let A € B(H), B € B(4,4), C € B(H,7) and D €
PB( ). Then the following statements hold:

(a) ber ( [g g]) < max{ber(A),ber(D)};

rver (|6 ) < 4B+l
(c) ber(A) = supy g ber(Re(e'%A)).

LEMMA 4. [16] Let h be a nonnegative nondecreasing convex function on [0,o)
and let A,B € B(.H°) be positive operators. Then

(D) <)

THEOREM 7. Let T = [2 g} €EB(H(Q)DH(Q,)) and f, g be nonnegative

continuous functions on [0,0) satisfying the relation f(t)g(t) =t (t € [0,00)). Then

h(ber(T)) < %Ilh(f2(lcl)) +h(g*(ICN)II+ %Hh(fz(lBl)) +h(g(B))I. - (13)
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Proof. Let B=U|B| and C = V|C| be the polar decomposition of operators B

and C. Then T = W|T| = [3 (é] {IC 0

0 |B] ] is the polar decomposition of 7.

For any (A1,4) € Q) x Qy, let lAc( M) = be the normalized reproducing kernel

in 7(Q) @7 (Q2). Then

k)Ll
klz
<ReeieTi€(7Ll~,7Lz)’]A‘(M?Lz)>
=Re(e®W|Tlk(2, 1) k(2 0))
=Re(e®W(IT)g(IT ke, 1)k (2, 1))
=Re(e®g(|IT Nk, 1) f (\ W k%,@)

—re(e [4D gBNZ;] LS i) [o-5 ] [12])

=Re(e” 6(1C ks, 8Bk ). (FCDV ki, S (BI)U" )

= Re((e"g(ICIks,  F(ICI)V k) + (1B, FIBNU ks, ))

= 3 (1€ (1 ks, + FUCHV K12~ € (ICDRs, — FICHV K, 1)
+ 5 (1e8(BI)ka, + F(BIU K, |~ 1e2(1BI)ks, — F(BIU K, )

(by (12))
1 i * 1 i *
< ZHe"g(ICI)kmf(ICI)V k12||2+leeeg(lBl)kxﬁf(lBl)U Ky, |I?

= 3estiensicovr| g ||+ 3 reeeamnsamne | 5 | |
<%H[e"g<|cw>f<\cw>v*w2+§m O (1B])£(1B)U"
— 4leesensaenv [ &) M+ Jieesqansaznur | 000 ||

= ¢+ F(CHV*V (IS + 5 £ (BU*U £(BI) + £(B1) |
= IR0 +£C] + 517218 + £ (1B -

By taking the supremun over all A € Q, Lemma 3(c) and applying Lemma 4 for any
nondecreasing convex function %, we get the desired result.

0B

COROLLARY 2. Let T = [C 0

[0,1] and p > 1,

] € B(H(Q) DA (Qy)). Then for any o €

0B 1 _ 1 _
ber? ([ g |) < JIIBEP=+ (BP0 + FlicPre +CPP-).
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Proof. By putting h(t) =17, f(t) =t* and g(¢) =t'~% in inequality (13), we get
the desired inequality.

4. Berezin number and Cartesian decomposition

In this section, our purpose is to give an upper bound for Berezin number in terms
of the Cartesian decomposition of operators on a RKHS 57 = 7 (Q). Before giving
the results, we need several well known lemmas.

LEMMA 5. [20] Let A € B (H) be a positive operator. Then for x €
(i) (@APxx) > PP (Axx)?, if p > 1
(if) (APx,x) < [|x[*" P (Ax,x)7, if O < p < 1.

LEMMA 6. [17] Let A € B () and 0 < p < 1. Then for x,y €

[Aax ) < (JAP7x.x) (470 yy).

LEMMA 7. [6] Let x,, be a positive real number, 1 < n < k. Then for each p > 1

k P k
(2“) <KX
n=1

n=1

Now, we are ready to give our results.

THEOREM 8. Let A, € B () have the Cartesian decomposition A,, = B, +iC,
forn=1,...kand p > 1. Then

¢ [\
ber” [ YA, | < <\/§k> sup | Y <|Bn2p(7t)+ AR (/l))
n=1 AEQ | n=1
for A € Q.
Proof. Let k; € 2 (). Then

k ~ ~
N Anky Ky,
n=1

for A € Q. Applying Lemma 6 for o = 1, we get

<§Ana}x> < (é (<|Bn\2a,%}u> + <|Cn\2%/1@1>>

P k ~ ~\2 RTIEAN
< (Z <<Bnkl7kl> +<an/1,k/1> ) )

n=1
)I’

p

(S
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for A € Q. Using Lemma 7 and Lemma 5, we obtain

k o~ o~
N Anky Ky,
n=1

4

P k 4
<K'y <<\Bn|2kz7kz> + <\Cn|2k/17k/1>> ’
n=1

< (VB S (18P ) + (16 PR ))
1

< (V)" 3 (8RR )+ (j6 P ) )

n=1

for A € Q. Taking supremum over A € Q, we have

<§,1An%1}1> ! < <\/§k>pil sup [i (<|Bn\2pa}z> + <‘Cn|2r7€lj€k>> é]

A€Q [n=1
and so

sup
ArEQ

A€Q [ n=1

ber? (iAn> < (V)" sup li <|BN2P (JL)+|E,:|2/”()L))1 |
n=1

THEOREM 9. Let A, € B () have the Cartesian decomposition A,, = B, +iC,
forn=1,...kand p > 1. Then

reQ [ n=1

k k — — 1
ber” <2An> <k 125 Tgup [2 (Bn+Cn|2” (A)+ B, —C,|*? ()L)) 2]
n=1

for A € Q.

Proof. Let k; € 7 (). We have
koo o\ [P k 2 o
‘<2Ankl’kl> < (2 <<Bnkz,kz> +<anz,kx>> )
n=1 n=1
kor1 ~ ~\2 o)’
< 2(5 <<(Bn+Cn)kA,kA> +<(Bn—cn)k)ukl> ))

=1

for A € Q. Using Lemma 7 and Lemma 6, respectively, we have

k ~ ~
<2Anklakl>
n=1

p
P 2

<kr12-8y (B OB a) 4 (B T ) )
n=1

k
<1278 Y ((Bat Gl ) + (Ba— G ) )

n=1

IS
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for A € Q. Then, applying Lemma 7 and Lemma 5, we obtain

p

(S

S 1% 2272\ 27 7\
YAk )| <280 Y ((Ba+ Gtk ) + (18— G PRk ) )
n=1 n=1

Nl—

k
<k =28 S ((1Bu+ PRk ) + (1B G Rk ))
n=1

for A € Q. Taking supremum over A € Q, we reach that
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