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SOME PROPERTIES OF GRAND SOBOLEV-MORREY
SPACES WITH DOMINANT MIXED DERIVATIVES

ALIK M. NAJAFOV AND SAIN T. ALEKBERLI

(Communicated by A. Meskhi)

Abstract. In this paper we construct a grand Sobolev-Morrey spaces with dominant mixed deriva-
tives, and by means of integral representation we study differential and differential-difference
properties of functions from this spaces.

1. Introduction and preliminary notes

The Sobolev Sﬁ,W, (I € N") and Nikolskii Sﬁ,H (I € (0,%0)") spaces with domi-
nant mixed derivatives were introduced and studied by S. M. Nikolskii [15] and later by
A.D. Djabrailov [3]. The spaces S;W were extended to the case when [ = (I1,0,...,1,),
where [; > 0 cannot be an integer, also in the paper by T. I. Amanov [1]. The spaces
of Morrey type with dominant mixed derivatives were introduced and studied in [11],
[12], [14].

Note that at studying of differential equations with the higher order mixed partial
derivatives, it became necessary to study such spaces with dominant mixed derivatives.

EXAMPLE 1. Let’s consider an equation of the form

(2)

u? gy Ul +u=f.

G, 4 uld) il

Ky | T?

2t U
In our case the solution of this equation is sought in the space $22)Ww . One can look for
the solution of equation in the space W+ but then this solution will require additional
derivatives, in other words, in our case the solution belongs to a wider class.

In the paper we introduce a grand Sobolev-Morrey space with dominant mixed
derivatives

Sl

LW (G), (1.1)

where G C R" is a bounded domain [ € N, p € (1,e0), a € [0,1]", 3 € (0,00)" and by

using integral representation for generalized mixed derivatives functions defined on n-
dimensional domains satisfying the flexible horn conditions in [11], received inequality
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type Sobolev’s in this spaces and also was proved generalized mixed derivatives the
functions belongs to a Holder class.

The grand Lebesgue spaces L) (G) for ameasurable set G C R” of finite Lebesgue
measure were introduced in the paper of T. Iwaniec and C. Sbordone in [4]. Later a vast
amount of research about grand Lebesgue and grand Lebesgue—Morrey spaces (with
different norms) has been done by many mathematicians (see, e.g., [5]-[10],[13],[16]-
[19D.

We note that in this paper it is investigated the grand Sobolev—Morrey spaces
S; ).a.%W(G) with dominant mixed derivatives giving possibility to increase “Holder
expdnents” (see Theorem 2) more than in the case of the Sobolev—Morrey type spaces
Sé7u7%7TW(G) with dominant mixed derivatives studied in [11].

Let e, = {1,2,...,n}, e Cey; [ = (l1,...,1,), I; > 0 are integers (j € e,), and
let 1¢=(If,....,I5), I =1; for j€e; 1§ =0for j€e,\e=e¢'.

Let for any x € R",

1 i
G (x) =GNIx(x) =GN {y: Iy —xj| < Etjj’j € en};

and

e bj
7f(x)dxe = H/dxj f(x),

jEeaj
i.e. integration is carried out only with respect to the variables x; whose indices belong
toe.

DEFINITION 1. Denote by S; ) W (G) the space of locally summable functions

,a,x

f on G having the generalized derivatives D' f (e C e,,) with the finite norm

f — Dl"f” R (1.2)

Al wea) eggn PG

where

||pr)7u,%;G = HfHL,;),a#x(G) -
1
p—E€
1 € -
= sup = 595 () / [f )P~ dy ) (1.3)
XeG 1+ |Gee(x)]
0<tj<dj,j€en \ jeey Gy (x)
O<e<p—1
d;(j € e,) is diagonals of I (x).
Observe some properties of the spaces L), ..(G) and Sﬁ,) aW(G).

1. The following embeddings hold:

Ly) a(G) = Ly (G), S;)7a7%W(G) . s;)W(G),
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and,
Hf”p),G < C||f“p)7a7%;c; Hf”S;)W(G) < C”fHS;)‘a‘%W(G)’ (14)
where
D“f ‘ ,
HfHSqu( A H ).G
1
€ e
1£lp6= Wl = s | oo [ LFel~“dx
¢ O<e<p—1 |G|G
Indeed,
1
=
11l = sup O -
e e\ TG >
0<tj<dj.j€en \ jeey ’ Gy (%)
O<e<p—1
1
,"jj‘ej e ~ p—¢
2T s | [lr@Pax ) =clfl
Jj€en O<e<p—1 Z

2. Ly)4,.(G) and S’

p).a,x
3. For every real ¢ >0

W (G) are complete.

”fH ),a,c6G HfH a%G’ ”f”s’ Mw(c) = ”fHS;).axW(G);
4. Hf” ),0,56G — ”fH ”f”S;).o‘xW(G) = ||f“s;)w((;)

DEFINITION 2. We say that the open set G C R" satisfies the condition flexible-
horn, if for any x € G and T € (0,)" there exists a vector-function

p(tax):(pl(t17x)7"'apn(tnax))7o<tj TJ:JEQM

with the following properties:
Dforall j € e,, the functions p; (;,x) are absolutely continuous with respect to 7;
on [0,7;], and |p; (tj,x)| < 1 foralmostall ¢; € [0,T;], where p; (tj,x) = a%pj (tj,%);
2) pj(0,x) =0 forall j € ey,

x+V(xo)=x+ [J [p(tx)+twl] CG,

0<;<T;

Jj€en
where o = (o,...,0,) ; € [0,1] for j € e, I = [-1,1]",
tol = {(ty@1y1,. .. ta@uyn) iy €1} Ity =12ty =1", A= (A1,..., M), p (£,x) =

p (t*x),0* = (0M,...,0"), € (0,1],then V (x,A,0)= U [p (t*,x) +* @]
is a flexible A -horn introduced by O. V. Besov [2].
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Let M(-,y,z) € C5 (R") be such that

I .
S(M):suppMCh:{y:|yj| < E;]Een}

and let 0 < 7; < min{1,d;}, j € e, and assume

y
v= U {y:(e e,)ES(M)},
0<r<T, e+ T

where we have ¢ + T¢ = ti, j€e; ¢+ T = Tj’, j €€ and clearly, V C Iy =

1
X: \xj\ < ETj 1je en} . Let U be an open set contained in the domain G; hence-

forth we always assume that U +V C G, and put
GT%(U) = (U +IT%()C)) NG.

Obviously, if 0 < »; <1 (j €e,), then It C It~ and thereby U +V C Gr=(U) =Z.

1
LEMMA 1. Let 1 <p<g<r<oo, 0< ;< T5a’ 0<1j,m; <T;<min{1,d;},
aj
0<% <70, V=_(V1,V2,.--,Va), Vj = 0 are integers (j € e,),¥ € L) , ..(G) and

1 1
u,:l,-—v,-—(l—%j—%,-a,)(———),

p—¢€ 4g—¢€

r’t.”
= /H,l.f—v.f—2 ~

0¢ j€e

y p(te+T6/’x) yon4 6, e
v M t°+T dydt 1.5
< [Wety) (HTW P T ) |, ()

Rl‘l
TE
:/H;l/‘*"jﬂx
ne Jjee
Yy p(te+T6/7x) I(e ¢ e
x [V M , —.p (t°4+T°, dydt®. 1.6
/n (x+) (HT@, T ) | dy (1.6)
Then ,
Sup||E H —eUyp (3) SCLY|p) ez € 7F%
quz/ )(pls qle) Hj
<11 HT [Iny (wj>0), (1.7)

J€en jee j€e
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E‘JPHERTH,H,UW@ <

jaitx;
C ||\[1H . p L H /q/s J HT % %juj)(p%s*q%)
2 N VA Yj x
J€en jee
I1 T”’ for u; >0,
jee
% ];Ilnn ,for pi=0, (1.8)
jEe
Hn for u; <o,
Jjee

where Uy=(x) = {x: Ix; —xj| < %ylf'",j € en} and Cy and C, are constants indepen-
dent of ¥,y,n,T and €.

Proof. Applying the generalized Minkowskii inequality we deduce
e 2 e
151, e, /grwww My ey di" (1.9)
e /&€

for every x € U, where

x,t: "le+ M 79 !
ox1) /( 2 1+ T e Te

( y p(l +T ’x>,p/(te+Te,,x)> dy (1.10)

Estimate of the norm ||@(-,7)|| g Upe (%) From Holder’s inequality (¢ < r) we obtain

_ 1
H(p('vt)”q—e,ny(f{) < H(p( ||r &Uyx H j (‘1 ’ ) (L.1D)

]een

Let x be the characteristic function of S(M). Using the fact that 1 < p < r < o,

1 1 1
s<r<—:1— —l——) and
K p—€ r—¢

L

WM = ([P M) TE (W] ) TR (M)

and applying again Holder’s inequality (r -+ (— - ﬁ) +(i-L) = 1> , we
have
1
p—€ r—¢
- y
ot < s Y(x+y)PE - |d X
I0C0l-eayein < _sip [l (i ) @

L

x Y(x+y)"%d /' ( )
= U/() (x+y) P dx o

7;{)(

s

dy| (1.12)
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here it is assumed that |M(x,y,z)| < |M;(x)|.

Obviously, if »; <1,0<1t; <Tj,j € ey, then Z

e e (X) C Z e g (x). For every

x € U we have

[rewenra (s [ worTas
Y

te_|_Te

Zieyre ()

p—E
< [ ROy <IN <
Z/;‘B+fol(x)
_ |th(x)| _ #j(1+aj) % (I+aj)
SIS T < I e TL " T aay
jee jEe
ForyeV

_ _ (I4aj)
[ weenptars [opp@ra< el Ty s

Uype (%) Zpe (%4y) J€en
dy=|m; TT 7] (1.15)
/‘ <te+Te ) jee  jee
It follows from (1.11)-(1.15) for r = g that
||(p('7t)||q—g7Uy%(f) g
#j4j g 1 PO (S S
SCIMI W1l ) ez € 7 pe Iy HT ) (e ”’E)x
J€en jee
><H (1=s-s07) (e 3t (1.16)
Jjee
Unseating this inequality in (1.9), for all x € U, we see that
o1
H an EUA(A)\ClH\PH £ PEx

),a,0.Z

nj—xja L L
xH/ng HT 1 ‘j JJ(p q)Hn ‘uj>0

Jj€en jEe Jj€Een

Similarly, we can prove (1).



PROPERTIES OF GRAND SOBOLEV-MORREY SPACES 1177

2. Main results

Proved two theorems on the properties of the functions from the space S' W(G).
p)a,x

THEOREM 1. Let open bounded set G C R" satisfy the flexible-horn condition,

l<p<g<eo, 2 < ﬁal_;v = (V1,V2,...,Vn), V; = 0 are integers (j € e,) and
Ui >0 (jEe,),and f € S;)WW(G).
Then D" : S;)’a’%W(G) — Ly—¢(G) holds for any 0 < &€ < p— 1. Moreover; the

following inequality is valid

IDY flly—ec <Cle) X T 7,

eCeyp jeen

D" H : 2.1
! p).a,7G 1)
Hj, je e,
—Vj— (1 == xja;) p%g—qu>7 jee.
In particular, if

where s. j =

1 .
u,,',ozl,-—v,-—(l—%,-—%,-a,-)pfg>0 (j€en),

then DV f is continuous on G and

sup\D"f 2 l_IT\'”0

eCep jEen

A

where 0 < Tj < dj, (j € e,) C(€) is a constant independent of f and T .

Proof. Under the conditions of the theorem, the generalized derivatives DY f exists
[111,[12]. Indeed, if u; > 0,(j € e,) and [; —Vv; > 0(j € ¢,). Since p < q,; <
1
" a W(G) — S;)W(G) — 8, W(G) (p—& >1). Then D"f
aj
exists on G and belongs to L, ¢(G) and for almost each point x € G the integral
identity received in [11]:

——,j € e, and Sl)

a,»

DYfe) = ¥ (oM //Hﬂ”

eCep jee 0¢ Rn /€€

(v) y p (te + Te,?'x) (e ¢ ¢ e
K, y ) o +7¢ x) | D dyde, (2.3
<K <ﬁ+p T e ) | D e avar, 23

0<T;<dj, and K,(-,y,z) € C5(R"). Recall that the flexible horn x+V C G is the
support of the representation (2). Hence, using Minkowski’s inequality, we arrive at

1—
IDfllyec< X T1T 7 IES, e 2.4)

eCep /€e
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By means of inequality (1) for U = G,D" f = ‘P,Ke(v) =M,n; =Tj(j € ey) We get
inequality (2.1).

Now, let conditions ujo > 0 (j € e,) be satisfied, then based around indentity (2)
from inequality (2.4) we get

|pr=p”

DN | K

) 0#eCey jee'

Dlepr)

oo a,0,G

As T — 0(j € en), the left side of this inequality tends to zero, since f}v) is continuous
on G, in our case the convergencein L..(G) coincides with uniform convergence. Then
the limit function DY f is continuous on G. The theorem is proved.

Let y be an n dimensional vector.

THEOREM 2. Let all the condition of Theorem 1. If uj >0 (j € e,) then D" f
satisfies the Holder condition with exponent Bj on G in the metric of Ly_¢; more
exactly

|A(Y,G) DY fll4—e.c < C(€) ||f||s2)MW(G) [T imlP, (2.5)

J€Een

where B; is an arbitrary number satisfying the inequalities:
0<B;<L,if up>1,jce;
0<Bi<1, if ui=1,jee;0<B;<1,jee; (2.6)

0<Bi<uy, if up<l,jee,
If jo>0(j€ey) then

sup |A(y, G)D" [ < C(€) Il wiey [T lP, @.7)

xeG J€en
where B satisfy the same conditions as B; with W; o instead of ;.

Proof. By Lemma 8.6 of [2], there is a domain G5 C G (G = (01,...,00),0; =

Eir(x), & > 0,r(x) = dist(x,0G),x € G). Suppose that |yj| < 0j(j € ep). Then, for
every x € Gg, then segment joining the points x and x+ ¥ is contained in G. Iden-
tity (2) are valid for all points of the segment with the same kernel. Making simple
transformations, we obtain

A.GIDf <
[¥] g
<a XTI [ —s

eCep jee 0e tj

/
(v) y p(te+Te ,X) 1(e 4
K. <te+Te” 1T P (t +T ,)C)

|A(y,G)D" f(x+y)|dy+

g

Rr
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T¢

0 X M7 T |

eCep jee JE€en
X /

Rn

dr®
pERTR RS

I1¢
Il jce /

)

/9 X
te+T¢ e+ Te

1 1
x/ /| fx+y+yu+ ...+ Yttn)|dudy =
0 0

=C X Fxn)+C Y F(xy), (2.8)
eCep eCep
where 0 <T; <dj, j € en,[Y| = (IXf],-- -, 1%])s [¥i| =1yl for j€ e [¥|=0for jee'.
We also assume that |y;| < T}, (j € e,) and consequently |y;| < min(0;,Tj), ) € en. If
x € G\Gg then by definition A(y,G)DY f(x) =0
By (2)
1A, G)DY flly—e. = 1A, G)D" flly e 6, <

<C Y I N gmego +C 20 M G166, - (2.9)

eCey eCep

By means of inequality (1) for D" f =W, n; = |y;| (j € e) we get

1) eco < C1||P1F

’ . (2.10)

jEe

and by means of inequality (1) for D' f =¥, n; = |y;| (j € e) we get

IT %1% (2.11)

J€en

e ¢
M <A,

From inequalities (2)-(2.11) we get the required inequality.
Now suppose that |y;| > min(c;,7}),j € e,. Then

IA(.G)DY fllg-e.6 < 2IDY fllg-e.c S C (0. T IDY fllyec TT 1517

J€en

Estimating [|D" f{|,_, ; by means of (2.4), we obtain the sought inequality in this
case as well. The theorem is proved.
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