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SHARP BOUNDS FOR SANDOR-YANG MEANS IN TERMS
OF ONE-PARAMETER FAMILY OF BIVARIATE MEANS

YUE-YING YANG™, WEI-MAO QIAN AND HUI-ZUO XU

(Communicated by E. Neuman)

Abstract. In the article, we present the best possible parameters o, o, o3, o4, Bi, B2, B3
and f4 on the interval (0,1) such that the double inequalities

Gl)tl (X7y) < RGQ(X7_Y) < Gﬁl (X7y)7 Ql)tz (xvy) < RQG(X7_Y) < Qﬂz (xvy)v

Ho; (x,y) < Rgo(x,y) < Hp, (x,y), Cey(x,y) <Rog(x,y) < Cp, (x,y)
hold for all x,y > 0 with x # y, where Rgo(x,y) and Rog(x,y) are the Sandor-Yang means,
Hy(x,y), Gp(x,y), Op(x,y) and Cp(x,y) are the one-parameter means.

1. Introduction

Let r € R and x,y > 0 with x # y. Then the rth power mean A,(x,y) [1, 2, 3, 4]
and Schwab-Borchardt mean SB(x,y) [5, 6] of x and y are given by

x4y L/r
a6 = (555) 7 0200 aen) =S
and
22
_ ) arccos (x/y)?’ X<y,
SB(x,y) = 2_y2 Py

cosh~ 1 (x/y)’

respectively, where cosh™!(¢) = log(t + /72 — 1) is the inverse hyperbolic cosine func-
tion.

It is well known that the power mean A,(x,y) is continuous and strictly increasing
with respect to r € R for fixed x,y > 0 with x # y, and the Schwab-Borchardt mean
SB(x,y) is non-symmetric and homogeneous of degree one with respect to its variables
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x and y. Many bivariate means are the special cases of the power mean and Schwab-
Borchardt mean, for example,

2
H(uy) = 75 =Aa(0y), Gloy) = Vi =do(x) M
X+y [ x2 +y2
A(X,y) = T :Al(xay)7 Q(xay) = 2 :AZ('XLY)’ (2)
T(x,y) = ﬁ — SBIA(x,),0(x.y)];
arctan | 22
x+y
NS(x,y) = ——— = SBIQ(x.y). A(x.))]
2sinh™ (%)
U()):x;y:SBG(7)aQ(7)7 (3)
Y ﬁarctan(%) (Gl x)
and
V(xy) = ———2—— = SB[O(x,), G(x.y)] 4
v/2sinh~! (j%)

are respectively the harmonic [7], goemetric [8], arithmetic [9], quadratic [10], sec-
ond Seiffert [11], Neuman-Sanodor [12], first and sencond Yang means [13], where
sinh~!(t) = log(t + /12 + 1) is the inverse hyperbolic sine function.

Recently, the bivariate means have attracted the attention of many researchers due
to they are closely related to the special functions [14, 15, 16, 17, 18, 19, 20, 21, 22, 23,
24,25,26,27,28,29, 30], they have wide applications in pure and applied mathematics,
physics, mechanics, statistics, economics and other natural sciences [31, 32, 33, 34, 35,
36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57,
58,59, 60, 61, 62, 63, 64]. In particular, many remarkable properties and inequalities
involving the bivariate mean can be found in the literature [65, 66, 67, 68, 69, 70, 71,
72,73, 74,75,76,77,78, 79, 80].

Let X(x,y) and Y (x,y) be the symmetric bivariate means of x and y. Then the
Séndor-Yang mean Ryy (x,y) [81] is defined by

X(x,y)

Ry (x,y) = Y (x,y)e BRGn 76 !

and Yang [81] provided the explicit formulas for Rap(x,y), Roa(x,y), Rgo(x,y) and
Rog(x,y) as follows

Alxy) O(xy)
Rag(x,y) = Q(x,y)eTe) " Roa(x,y) = A(x,y) VSt
G(x,y) 0(x.y) 1

Rao(x,y) = Q(x,y)e Ut Rog(x,y) = G(x,y) Vo) (5)
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Letx>y>0,v=(x—y)/(x+y)€(0,1), p€[0,1] and N(x,y) be a symmetric
bivariate mean. Then the one-parameter bivariate mean N, (x,y) [82] is given by

Np(x,y):N[(Hp)x;r(l—p)y,(1+p)y42r(1—p)X]. ©)

From (1), (2) and (6) we clearly see that
Hy(x,y) =A(xy) [1= ()], Gp(x,y) = Al y)y/1 = (pv)?, (7)
0p(x,y) = A y)\ /14 (pv)?,  Cplx,y) =A(x,y) [1+(pv)*], (8)

where C(x,y) = (x> +y?)/(x+) is the contra-harmonic mean.
In [83, 84], the authors proved that the double inequalities

All <RQA('xay) <AI~ll (X,y), Alz <RAQ('xay) <AH2(x7y)a

A7L3 < RQG(X,y) <AIJ3 (x7y)’ A)L4 < RGQ(X,y) <AIJ4(x7y)a

hold for all x,y >0 with x #y if and only if A; <log2/[1+log2—+/2log(1++/2)] =
15517+, uy > 5/3, A < 4log2/(4+2log2 —m) = 1.2351---, up > 4/3, A3 <
2log2(2 —log2) = 1.0607---, u3z > 4/3, A4 < 2log2/(2+1log2) = 0.5147--- and
Us =2/3.

Xu and Qian [85] found the best possible parameters ¢, ¢, B; and B, on the
interval [0,1], and a3, a4, B3 and B4 on the interval [1/2,1] such that the double
inequalities

0% (x,y)A"% (x,y) < Roa(x,y) < OP1 (x,y)A'P1 (x,y),

Q% (x,)A' "% (x,y) < Rag(x,y) < QP2 (x,y)A" P2 (x, ),
Olasx+ (1 — 03)y, o3y + (1 — 03)x] < Roa(x,y)
< Q[Bsx+ (1= B3)y, Bsy+ (1 — B3)],
Oloux + (1 — ou)y, cuy + (1 — 0u)x] < Rag(x,y)

< Q[Bax+ (1= Ba)y, Bay + (1 — Ba)x]

hold for all x,y > 0 with x # y.
The main purpose of the article is to present the best possible parameters o, 05,
o3, 04, Bi, Bo, B3 and B4 on the interval (0, 1) such that the double inequalities

Gal (xvy) < RGQ(XJ) < Gﬁl (xay)7 Qaz(xvy) < RQG(X»)’) < Qﬁz(xay)7

Hocg, (x,y) < RGQ(X,y) < Hﬁ3 (xvy)7 Ca4(x7y) < RQG(x7y) < Cﬁ4(x7y)
hold for all x,y > 0 with x # y.
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2. Lemmas

In order to prove our main results, we need four lemmas which we present in this
section.

LEMMA 1. Let p € (0,1) and

2t

f(l) = m — arctan(t). (9)

Then the following statements are true:
( )pr V/3/3, then f(t) <0 forall t > 0.
Q) If p=+/1—2/e2=0.8540---, then there exists L >0 such that f(t) >0 for
alltE(O A) and f(r) <O fort € (A, )

Proof. Tt follows from (9) that

F0) =0, fle) ==, (10)
l‘2
FO = me i ® (1D
where
fie)=(p* = 4p* +3)7 +2(1 = 3p?). (12)

(1) If p=+/3/3, then (12) leads to

16 ,

fit) = 50> 0 (13)

for t € (0,00).
Therefore, f(r) <0 forall # € (0,c) follows easily from (10), (11) and (13).
(2) If p=+/1—2/¢€2, then (12) and the numerical computations show that

pt—4p? +3=0.6146---> 0, (14)

£1(0)=2(1-3p%) = —2.3759--- <0, fi(c0) = oo. (15)

From (11), (12), (14) and (15) we clearly see that there exists A9 > 0 such that f(r)

is strictly increasing on (0,4¢) and strictly decreasing on (Ag,1). Therefore, Lemma

1(2) follows from (10) and the piecewise monotonicity of the function f(z) on the
interval (0,1). O

LEMMA 2. Let p € (0,1) and

2tvV12+1 I
=-————— —sinh . 16
80 = (o S0 (16)
Then the following statements are true:
(1 )pr V/3/3, then g(t) <0 forall t > 0.
(2) If p=/8/e* — 1=0.2875, then exists 1L >0 such that g(t) >0 for t € (0, 1)
and g(t) <0 fort € (U, ).



BOUNDS FOR SANDOR-YANG MEANS 1185

Proof. Tt follows from (16) that

!/ t2
)= — 1), 18
¢t m[(1+p2)t2+2}2g1() (%)
where
gi(t) = (1+p*)+2(3p - 1). (19)
(1) If p=+/3/3, then equation (19) leads to
16
gi()=51>0 (20)
forall + > 0.
Therefore, g(¢) < 0 for all # > 0 follows from (17), (18) and (20).
(2) If p=+/8/e?— 1, then then (19) and the numerical computations give
g1(0) =2(3p> 1) =—1.5039--- <0, gj(c0) = oo, Q1)

From (18), (19) and (21) we clearly see that there exists iy > 0 such that g(7)
is strictly increasing on (0, tlp) and strictly decreasing on (g, o). Therefore, Lemma
2(2) follows easily from (17) and the piecewise monotonicity of the function g(z) on
the interval (0,1). O

LEMMA 3. Let p € (0,1) and

21[(1+ pH)? +2]

M) = i = e+ 2]

— arctan(?). (22)

Then the following statements are true:
(1) If p=~/6/6, then h(t) <0 forall t > 0.

(2) If p=1/1—+2/e =0.6926---, then there exists ¢ >0 such that h(t) > 0
fort€(0,0) and h(t) <0 fort € (0,00).

Proof. Tt follows from (22) that

h0) =0, (=) ==, 3)
/ r
"= e - et (4
where
h(t) = (p* +2p* = 3)® —2(3p* — 14p> + 7)1* (25)

—4(2p* — 18p* +5)1* +8(6p> — 1).
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(1) If p=1/6/6, then equation (25) becomes
1
hi(1) = — % (95¢* + 34212 +296) 1. (26)

Therefore, h(r) < 0 for all # > 0 follows easily from (23), (24) and (26).

(2) If p=1/1—+/2/e, then we denote hy(t) = h(¢)/(2t) and h3(t) = Hy(t)/(41).
Equation (26) and numerical computations show that

pr+2p?—3=-18103---<0, 27)

3p*—14p> +7=0.9740--- > 0, (28)

2p* —18p> +5=—3.1750--- < 0, (29)

6p°> —1=1.8784--->0, (30)

hy(t) = 2(p* +2p% — 3)* —4(3p* — 14p> + 7)i> — 4(2p* — 18p* +5), (31)
hs(t) =3(p*+2p* = 3)> —2(3p* — 14p> + 7). (32)

It follows from (25) and (27)-(32) that

hi(0) =8(6p*—1) >0, hy(ee) = —eo, (33)
hy(0) = —4(2p* — 18p*+5) > 0,  hy(e0) = —oo, (34)
hs(r) <0 (35)

forall t > 0.

From (34) and (35) we know that there exists oy > 0 such that & (¢) is strictly
increasing on (0, 0p) and strictly decreasing on (0p,c). Then (24) and (33) lead to the
conclusion that there exists o7 > 0 such that k() is strictly increasing on (0,07) and
strictly decreasing on (07 ,0). Therefore, Lemma 3(2) follows easily from (23) and the
piecewise monotonicity of the function 4(z) on the interval (0,1). O

LEMMA 4. Let p € (0,1) and

2 _ a2\42
ki) = ZthtJrsz)E([ §1+ pl;);)zt ++2}2] — sinh™ (1), 0

Then the following statements are true:
(1) If p=~/6/6, then k(t) <0 forall t > 0.

(2) If p=1/2v2/e—1=0.2012---, then there exists T > 0 such that k(t) >0
Sfort€(0,7) and k(t) <0 for t € (T,00).



BOUNDS FOR SANDOR-YANG MEANS 1187

Proof. Tt follows from (36) that

k(0) =0, k(o) = —ee, 37

K= VA2 +2)2[(1+p2)z2+212k1(t)’ %)

where
ki(t) = (1+ p»)*O +2(5p* + 14p> + 1)e* +4(2p* + 18p* — 1)* +8(6p* — 1). (39)
(1) If p = v/6/6, then equation (39) becomes
_ 1
36
Therefore, k(1) < 0 for all ¢ > 0 follows from (37), (38) and (40).

(2) If p=1/2v/2/e— 1, then we denote k(1) =k} (t)/(2¢) and k() = kh(t) / (41).
Equation (39) and numerical computations lead to

ki (1) (49¢* +2501% 4 296)1%. (40)

2p+18p> —1=—-0.2673--- <0, (41)
6p°>—1=—-0.7568--- <0, (42)
ky(t) =3(1+ p?) 2t +4(5p* + 14p> + )i> +4(2p* +18p> — 1), (43)
ka(r) =3(1+ p?)2r> +2(5p* + 14p> 4+ 1). (44)
It follows from (39) and (41)-(44) that
ki(0) =8(6p* —1) <0, ki(o0) = oo, (45)
ka(0) =4(2p* +18p> = 1) <0, ky(o0) = oo, (46)
k3(t) >0 (47)

forall > 0.

From (46) and (47) we know that there exists 7y > 0 such that k() is strictly
decreasing on (0, 7)) and strictly increasing on (7p,e). Then (38) and (45) lead to the
conclusion that exists T; > 0 such that k(z) is strictly increasing on (0, 7;) and strictly
decreasing on (7;,%0). Therefore, Lemma 4(2) follows from (37) and the piecewise
monotonicity of the function k(¢) on the interval (0,1). O

3. Main Results
THEOREM 1. Let o, € (0,1). Then the double inequality
Gocl (x,y) < RGQ(x7y) < Gﬁl (x,y)

holds for all x,y > 0 with x #y if and only oq > /1 —2/er =0.8540--- and By <
V3/3=0.5773---.
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Proof. Since Rgo(x,y) and G,(x,y) are symmetric and homogeneous of degree
one, without loss of generality, we assume that x >y > 0. Let p € (0,1) and ¢ =

(x—y)/v2xy € (0,%). Then from (1)-(3), (5) and (7) we get

log[Ro(x,y)] —log[Gp(x,y)] (48)
= %log(l +12) + arctan(t) _ %log B(l —pHr+ l} -1
Let
F(t):%log(l—ktz)—kw—%log B(l—pz)tz—kl} —1. (49)
Then simple computations lead to
F(0) =0, (50)
F(oo):%log<l_2p2)—l7 (51)
F'(t) = }zf(w, (52)

where f(z) is defined by (9).
We divide the proof into four cases.
Case 1l p= \/5/3 Then from Lemma 1(1), (48)-(50) and (52) we get

Reo(x,y) <G 55(x,y).
Case 2 p=+/1—2/¢2. Then from Lemma 1(2) and (52) we know that there

exists A > 0 such that F(¢) is strictly increasing on (0,4) and strictly decreasing on
(A,o). Note that (51) becomes

F(0) =0. (53)
Therefore,
G /1,2/62()67)}) <RGQ(x7y)

follows easily from (48)-(50) and (53) together with the piecewise monotonicity of the
function F'(¢) on the interval (0,00).
Case 3 v/3/3 < p < 1. Let t — 0". Then making use of (49) and power series

expansion we get

F(t)z%( 2—%>t2+0(t2). (54)

Equations (48), (49) and (54) imply that there exists small enough 0 < §; < 1 such
that

RGQ('xay) > Gp(xa)’)
forall x >y >0 with (x—y)/+/2xy € (0,6).
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Case4 0<p< m. Then equation (51) leads to
F(o0) < 0. (55)
From (48), (49) and (55) we clearly see that there exists large enough M; > 0
Gp(x,y) > Rgo(x,y)
forall x >y >0 with (x—y)//2xy € (M},00). [
THEOREM 2. Let o, € (0,1). Then the double inequality
Qa, (x,y) < Rog(x,y) < Qp, (x,y)

holds for all x,y > 0 with x #y if and only 0p < +/8/e2—1=10.2875--- and B, >
V3/3=0.5773---.

Proof. Since Rpg(x,y) and Q,(x,y) are symmetric and homogeneous of degree
one, without loss of generality, we assume that x >y > 0. Let p € (0,1) and ¢t =
(x—v)/+/2xy € (0,°0). Then it follows from (1), (2), (4), (5) and (8) that

log[Rog (x,y)] — log[Q) (x,y)] (56)

V1 +12sinh™! 1 1
:M——log [E(H—pz)tz—i-l} -1

! 2

Let |

—
G(t):Ht+Hh(I)—%log E(l+p2)t2+l] —1. (57)

Then
G(0) =0, (58)
G(o0) = %log2 — %log(l +pH) -1, (59)
1

Gt ——— 60
(z) 2 msz(l% (60)

where g(¢) is defined by (16).
We divide the proof into four cases.
Case 1l p= \/5/3 Then from Lemma 2(1), (56)-(58) and (60) we know that

RQG(XaY) < Q\/§/3(xay)

Case 2 p = +/8/e2— 1. Then it follows from Lemma 2(2) and (60) that there
exists i > 0 such that G(z) is strictly increasing on (0, 1) and strictly decreasing on
(,00). Note that (59) becomes

G(c0) = 0. 61)
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Therefore,

Rog(x,y) > Qm()@y)

follows from (56)-(58) and (61) together with the piecewise monotonicity of the func-
tion G(r) on the interval (0,1).

Case 3 0 < p <+/3/3. Let t — 0T . Then making use of (57) and the power series
expansion we have

G(t) = % (% —p2) 4o (). (62)

Equations (56), (57) and (62) lead to the conclusion that there exists small enough
0 < & < 1 such that

RQG(xay) > Qp(.X,y)

forall x>y >0 with (x—y)/v/2xy € (0,6,).
Case 4 /8/e?—1 < p < 1. Then equation (59) leads to

G(e0) < 0. (63)
Equations (56), (57) and (63) imply that there exists large enough M, > 0
0p(x,y) > Ro(x,y)
forall x >y >0 with (x—y)//2xy € (Ma,00). O
THEOREM 3. Let 0,3 € (0,1). Then the double inequality

Hg, (x,y) < Rgo(x,y) < Hp,(x,y)

holds for all x,y > 0 with x #y ifand only 03 > \/1—+/2/e =0.6926--- and B3 <
V6/6=0.4082--.

Proof. Since Rgo(x,y) and H,(x,y) are symmetric and homogeneous of degree
one, without loss of generality, we assume that x >y > 0. Let p € (0,1) and ¢ =
(x—v)/+/2xy € (0,°0). Then it follows from (1)-(3), (5) and (7) that

log[Rao(x,y)] — log[Hp(x,y)] (64)
1 4431242 1
~ L og 1743t + +arctan(t) tog| (- 1| -1
2 2 2
Let
1 431242 tan(r 1
H(r) = Llog (L35 H2) parctan) o T2 (65)
2 2 2
Then

H(0) =0, (66)
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H(ee) = 31082 ~log(1 — p?) ~ 1, (67)
h
H'(r) = % (68)

where h(t) is defined by (22).
We divide the proof into four cases.
Case 1l p= \/6/ 6. Then from Lemma 3(1), (64)-(66) and (68) we know that

RGQ(.X,y) < H\/€/6(x7y)

Case 2 p=1/1— \/5/ e. Then it follows from Lemma 3(2) and (68) that there

exists ¢ > 0 such that H(r) is strictly increasing on (0,0) and strictly decreasing on
(0,90). Note that (67) becomes
H () =0. (69)

Therefore,

Reo(%.y) > Q =7, (%.3)

follows from (64)-(66) and (69) together with the piecewise monotonicity of the func-
tion H(¢) on the interval (0,1).

Case 3 v/6/6 < p < 1. Let t — 0T . Then making use of (65) and the power series
expansion we get

H(t)z%( 2—%>t2+0(t2). (70)

Equations (64), (65) and (70) lead to the conclusion that there exists small enough
0 < 03 < 1 such that

RGQ(xvy) > Hp(x7y)

forall x>y >0 with (x—y)/v/2xy € (0,03).
Case4 0<p<y/1l— \/f/e. Then equation (67) leads to

H(o) < 0. (1)
Equations (64), (65) and (71) imply that there exists large enough M3 > 0

RGQ(xvy) < Hp(x7y)

forall x >y >0 with (x—y)/v/2xy € (M3,00). O
THEOREM 4. Let 04,4 € (0,1). Then the double inequality

Co, (x,y) < Rog(x,y) < Cp, (x,y)

holds for all x,y > 0 with x #y if and only o4 < \/2v/2/e —1=0.2012--- and B4 >
V6/6=0.4082---.
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Proof. Since Rpg(x,y) and Cp(x,y) are symmetric and homogeneous of degree
one, without loss of generality, we assume that x >y > 0. Let p € (0,1) and ¢ =
(x—v)/+v/2xy € (0,00). Then it follows from (1), (2), (4), (5) and (8) that

log[RoG (x,y)] — log[Cp(x,y)] (72)

1 1 V1+42sinh (s

1
—log [§(1+p2)t2+1] —1.

Let

K(z):%log (%t2+1)+mqog B(I—sz)tz-i-l} —1.  (73)
Then

K(0) =0, (74)

K(e0) = %log2—log(1 +pH) -1, (75)

K1) = 5—ash(). 76)

where k(¢) is defined by (36).
We divide the proof into four cases.
Case 1l p= \/6/6 Then from Lemma 4(1), (72)-(74) and (76) we know that

RQG(xay) < C\/6/6(xay)

Case 2 p= \/2\/5 /e — 1. Then it follows from Lemma 4(2) and (76) that there

exists 7 > 0 such that K(r) is strictly increasing on (0, 7) and strictly decreasing on
(1,0). Note that equation (75) leads to

K(e0) =0. (77)

Therefore,
Rog(x,y) > C fr 77— (xy)
follows from (72)-(74) and (77) together with the piecewise monotonicity of the func-
tion K () on the interval (0,1).
Case 3 0 < p<+/6/6. Let t — 0T . Then making use of (73) and the power series
expansion we get

2\6

Equations (72), (73) and (78) lead to the conclusion that there exists small enough
0 < 64 < 1 such that

K(t) = 1 (1 —pz) ?+o(1?). (78)

Rog(x,y) > Cp(x,y)
forall x >y >0 with (x—y)/+/2xy € (0,64).
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Case 4 \/Zx/f/e — 1 < p < 1. Then equation (75) leads to
K(e0) <O0. (79)
Equations (72), (73) and (79) imply that there exists large enough My > 0

RQG(x7y) < Cp(xa}’)

forall x>y >0 with (x—y)/v/2xy € (My,*°). O
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