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SHARPNESS AND GENERALIZATION OF JORDAN, BECKER-STARK
AND PAPENFUSS INEQUALITIES WITH AN APPLICATION

B0 ZHANG AND CHAO-PING CHEN

(Communicated by T. Buri¢)

Abstract. In this paper, we present an identity related to Jordan’s inequality. More precisely, we
provide a formula for determining the coefficients b, = b,(6) such that

sinx

2= i by (n® — (20)%)",
n=0

X

where 6 > 2 is a given real number. We present a generalization of Jordan’s inequality. As
an application, we improve the well-known Yang Le inequality. We establish sharp bounds

for (tanx/x) ™ for n=0and n=1. Further, an interesting open problem and a conjecture
regarding our present concern are posed.

1. Introduction

1.1. Jordan’s inequality
The Jordan’s inequality

2 sinx
—<—<1, 0<x<
T X

SRS

(1.1

has important applications in many areas of pure and applied mathematics. This simple
inequality has motivated a large number of research papers concerning its new proofs,
various generalizations, sharpness and applications (see [10, 17, 18, 20, 21, 23, 25, 28,
30, 34, 35, 36, 37, 38, 39, 40, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51] and the references
cited in them).

The following sharp lower and upper bounds for the function
[17, 23, 30,43, 47]:

sinx

5 were proved in

2 sinx 2 m-2
Rt (P o) ST p T (), 0<xs

S

(1.2)
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Zhu [48] improved (1.2) and established the following sharp lower and upper bounds:

2 1 12— 2 2 sinx
2t (7 40) e (P 4) <
2 1 T—3 2 T
<;+F(n2—4x2)+7(ﬂ:2—4x2) 7 0<x< 5 (1.3)

Niu et al. [27] established a general result, which includes (1.2) and (1.3) as special
cases.
Two analogues of the inequalities (1.2) and (1.3):

2 2 3 3 Sinx 2 7'[—2 3 3

(P8 g === -8 1.4

7l'+37'l74( x) X 7l'+ 7.54 (TC x) ( )
and

2 I s _sinx 2 m—-2,, 4

— 4+ — —16x") < — < —+ —— — 16 1.5

n""zﬂs(” i) P 7r+ e (m i) (1.5)

were established for 0 < x < /2 (see [18, 20]).
Chen and Debnath [10, Theorem 2] gave an unified sharpness and generalization
of inequalities (1.2)-(1.5) and proved that, for 0 < x < /2,

2 2l o\, (-m+4+40)n7 2 0)>
—t—a (n —(2x) )+ 102 (n —(2x) )
. —0-1 _ _ —20—-1 2
sinx _ 2 n 2716 (ne B (2x)9> N (r—2)6-2)m (ne B (2x)9>

b 9
(1.6)

N

X T

holds true for 6 > 2, and equality occurs for x = /2.
By taking 6 =2 in (1.6), we obtain (1.3). By taking 8 = 3 in (1.6), we obtain
that, for 0 < x < /2,

16 — 2 2 sinx
3 3 3 3
il -8 e —8 <=
7l'+37l'4 (m )+ 36m’ (m ) X
2 2 3 3y, 3T—8 , 3 342
<4+ = (-8 -8 , 1.7
i R (Tt LR
which is sharper than (1.4). By taking 6 =4 in (1.6), we obtain that, for 0 < x < /2,
2 1,y o 20—-72, "2
—+— — 16 — 16
—+5( W)+ = (- 16x7)
sinx _ 2 1 4 N 2m=5, 4 M2
S—— <o+ (16 + == (' —16x)", (1.8)

which is sharper than (1.5).
Chen and Debnath [10, Eq. (2.2)] presented the following approximation:
sinx 2 2 0 o\ 40+4—-m?/ , 0\2
S g (7 0°) 4 g (70— (20)°)
802 — (3n2—12)0+4 / , 03
e (- 29°)

0<x< g (1.9)
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The first aim of the present paper is to develop the approximation formula (1.9)
to produce a full expansion (Theorem 3.1). More precisely, we provide a formula for
determining the coefficients b, = b,(0) such that

=3

Y bu(n® — (20)%)".

X n=0

sinx

The second aim of the present paper is to present a generalization of Jordan’s inequality
(Theorem 3.2). As an application, we improve the well-known Yang Le inequality
(Theorem 5.1).

1.2. Becker-Stark and Papenfuss inequalities

It is known in the literature that, for 0 < x < /2,

4/ - tanx T
T—2x X T—2x

(1.10)

The left-hand side inequality (1.10) was presented by Steckin [3 1], while the right-hand
side inequality (1.10) was proved by Ge [19]. This inequality is now known as Steckin’s
inequality, see, e.g., [24, p. 246].

Becker and Stark [7] showed that, for 0 < x < /2,

8 tanx 72

2 — 452 X < w2 —4x2° (11D

The inequalities (1.11) are shaper than the inequalities (1.10). The Becker-Stark in-
equality (1.11) has attracted much interest of many mathematicians and has motivated
a large number of research papers [0, 9, 12, 16, 26, 33, 52, 53, 54].

Recently, Chen and Elezovi¢ [ 1 1] gave a unified treatment of the inequalities (1.10)
and (1.11) and proved the following result:

Let p > 0 be a real number. Consider the following inequalities for 0 < x < 7/2:

nP tanx  4pmP? ’ (L12)
P — (2x)P X P — (2x)P
or alternatively
1 tan(7t/2) 2\* p
— 1.13
=~ mt)2 “\z) 1= (1.13)

for 0 <t < 1. The left-hand side of (1.13) holds if and only if p > 72 /4, while the
reversed inequality holds if and only if 0 < p < 2. The right-hand side of (1.13) holds
if and only if p > 3, while the reversed inequality holds if and only if 0 < p < 72 /4.

The choice p =1 in (1.12) yields Steckin’s inequality (1.10). The choice p =2
in (1.12) yields Becker-Stark inequality (1.11). The choice p =3 in (1.12) yields, for
0<x<m/2,

3 tanx 127

T
e T IR GIOER (1.14)
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Papenfuss [29] proposed the following problem: Prove that

8m2x n
xsec?x — tanx < 7)62, 0<x< =. (1.15)
(m2 —4x?) 2
Bach [5] proved the inequality (1.15) and obtained a further result as follows:
274 /3)x° n
xsec” x — tanx < %, 0<x< —. (1.16)
(m2 —4x?) 2
Ge [19, Theorem 1.3] presented a lower bound in (1.16) and proved that
64x3 21 /3)x3 T
T < rsec?x—tanx < % 0<x<Z, (1.17)
(m2 —4x2) (m2 —4x2) 2
where the constants 64 and 27*/3 are the best possible.
Recently, Chen and Paris [13] proved that, for 0 < x < /2,
3 < xsec”x —tanx < 3 , (1.18)
(m2—4x?) (72 — 4x2)
where % — 163—”2 and 2;—26 — 83L2 are the best constants in (1.18). This answered an

open problem proposed by Sun and Zhu [32].
Here, we provide a new sharp lower bound for xsec”x —tanx given by Proposition
1.1.

PROPOSITION 1.1. Let v >0 is a real number. Then, for 0 <x < /2,

b 2
m < xsec”x — tanx, (119)

with the best possible constant v = 2, in the sense that v =2 can not be replaced by a
smaller number.

Proof. We first prove (1.19) with v =2, namely,

3T edx—tnx,  0<x<® (1.20)
n? — (2x)? ’ 2’ '
Direct computation yields
2rt .3 8nt _ 16m?
SRR e ) LA L S Vo
(x2 - 4x2)2 m2—(2x)2  15(m2—4x2)2 7

This shows that the lower bound in (1.18) is larger than the one in (1.20). Hence, (1.20)
holds true.
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If we write (1.19) as

2.3
X
In (1 —— )
xsec” x—tanx

<V
2x ’
In r
we find that
n(1— 3
lim xsecZx—tanx ) >
x—0t In Zx 7

3

Hence, (1.19) holds, and the constant v = 2 is the best possible.

REMARK 1.1. In order to ensure that the lower bound of (1.19) is positive, we
restrict v > 0. We do not think about the case v =0, since

2-v. 3
3TX

lim ———— =0
V0 TV — (2x)Y

REMARK 1.2. There is no strict comparison between the two lower bounds ﬁ
2 3
and oz in (1.17) and (1.20).
The inequalities (1.17) and (1.20) can be written for 0 < x < /2 as
64 ! 2y
X t £
< (M) < (121)
(1=(3?) * (1=(3?)
and )
!/
3X tanx
— < | — . 1.22
- (27 (%) (22

Motivated by (1.11), (1.21) and (1.22), we establish sharp bounds for (tanx/x) for
n=0 and n =1 (Theorems 4.1 and 4.2), which is the third aim of the present paper.
Further, an interesting open problem and a conjecture regarding our present concern are
posed (Section 5).

Some computations in this paper were performed using Maple software.

2. Preliminary results

In combinatorics, the Bell polynomials of the second kind (also called the partial
Bell polynomials) By, x(x1,%2,...,X,—¢+1) are defined by (see [14, p. 133] and [157])

Bmk(xl s X2y 7xn—k+1)

j Jj N Jn—k+1
-2 (1) G 2"'(7)6" o ) RNCR)
Jiljale s kgt V1 2! (n—k+1)!
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where the sum is taken over all sequences ji, j2, 3, -, Jn—k+1 € No such that
Bitjat otk =k and ji+2jp+-+m—k+1)juki1=n
Here Ny := NU {0}, N denotes the set of positive integers.

The Faa di Bruno formula may be described in terms of the Bell polynomials of
the second kind B, by (see [14, p. 139])

M=

L1600 = 3 Y (5B (1),8" (), g ().
k

(2.2)
1

The following lemmas will be useful in our present investigation.

LEMMA 2.1. (see [8]) Let the function ¢ have derivatives of all orders on (—oo,0)
and ¢(0) = 0. Define the function f by

@, x70;
fx) =
¢/(0)v X = 07
then
S0 () DRI, 0
) =
—LoD(0), x=0.
Moreover,

£ 3 (1) et g ),

(2.3)
k=0
REMARK 2.1. It follows from (2.3) that
n n "X
2( )(—l)kk!x”_kq)("_k)(x) = / "¢ (1)dr.
izo \k 0
We then find the following integral representation:
oW \" _ 1 "D (1) dr £0 (2.4)
S R A . x#0 -
Let .
sinx
F(x)=—.
(0=
By Lemma 2.1 (the choice ¢(x) = sinx), we have,
— dy T\"
F(x) gon! (x—§> : 2.5)
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where
n k+1
—r (Y5 (MY ke (2 (n—k)m
an=F (2) ;()(k)( l)k.<n cos (), neNp. (26)
The choice ¢ (x) = sinx in (2.4) yields
L >, . [((n+)r
() () = n
F (x)_x"“/o t sm( > —l—t) dr. 2.7

The coefficients a, can also be calculated by

ntlp/2
a, = F® (ﬁ> - <3> / z"sin<("+21)”+z) dr, neNy. (2.8
0

2 V3
The first few coefficients a,, are
2 4 2(n? —8) 12(n? —8) 2(r* — 4872+ 384)
a0:_7a1:__27a2:_ 3 , Az = 4 , a4 = 5 y
T b3 /3 v/ b3
20(m* + 384 — 4872 2(—46080 — 1207* + 57607 + ©®
as — — ( 5 )7a6:— ( 7 ) (2.9)
v/ T
The choice ¢ (x) = tanx in (2.4) yields
(n)
tanx 1 * o (n+1)
(T) = = /O " (tanr) " dr. (2.10)

LEMMA 2.2. (see [2, 3,4]) Let —eo < a < b < oo, andlet f, g:la,b] — R be
continuous on |a,b), differentiable on (a,b). Let g' (x) #0 on (a,b). If f'(x) /g (x)
is increasing (decreasing) on (a,b), then so are

[f () = f(@)]/ g (x) = g (a)] and [f (x) = £ (b)]/ [g (x) — g (b))

If f'(x)/g'(x) is strictly monotone, then the monotonicity in the conclusion is also strict.

3. Expansion and inequality for sinx/x

Theorem 3.1 develops the approximation formula (1.9) to produce a full expan-
sion.

THEOREM 3.1. Let 0 > 2 be a given real number. The following expansion
holds:

sinx

[°] 0\
; ba (7% — (26)°)", 3.1)

0

n—
with the coefficients b, (n € Ny ) given by

pan—S3= ) b (~ 12918, 1 (0(%)° .00 1) (0-n+k)(3)° )
n!(20)17(0-1n ’

by=(~1) (3.2)

where a, is given in (2.6), an empty sum is understood to be zero.
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Proof. In view of (1.9), we can let

Fy) = S0 %+Jibj(—1)j26j (xe - (%)"),

X

where b; (j € N) are real numbers to be determined. Let

We then obtain, for n € N,

e . -dn T 6 J
(M) () — (1002 [, 0 (2
FO ) = 3 bj(~1)2 dxn<x (2>)

= 3 b (12— 1) =k 1) (x" - (gf)“‘

X B (0x271,0(0 — 1)x%72,...,0(0 —1)--- (6 —n+ kx0T

— { ibk(_l)kzekk!—F ibk+1(—1)k+129(k+1)(k—|—1)!( 6 _ <§>9> 4o }

1 k=1
X By (0x271,0(0 — 1)x%72,...,0(0—1)--- (6 —n+ kx0T,

T
o(F
k=1 2
0—1
+ b 1)”2""n'Bn,n<e(§) )
n—1 0—1 0—n+k—1
_ ko Ok T 1) (- r
k;b( 1)k20kk1B k(e 2) e 0(6—1)--- (0 n+k)<2> )
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This yields (3.2). The proof is complete.

By using (3.2), we now give explicit numerical values of the first few b,. Noting
that

1\ O N 1
s (0(5)" oo (5)") -5 (*5) (* )

~o0(8)"

3 (9(%)"1>°<9(9_1)(g)"2>°<9(9_1)(9_2)(g)“>1
~ 001! 1! 2! 31

:0(6—1X0—2)<§>&4,

1y | NEAR
me(0(5)" o0 (1) =5 () ()

e 203
=30%6-1)(3)
we find
2
bo=ap= —,
T
by — a-— _% _ 2
= 2070-1  20970-1  @ro+l’
o— 60—
a+b12982(0(5)" ' 6(0-1)(5)" )
by = 2(26)272(0-1)
2(m>-8) 2 0 6-2
B _7[7:—3+<W>2 (9(9_1)(%) ) _49—|—4—7‘L’2
= 2(20)2726 1 262
1
by =

31(20)373(0-1)

]
~
=)
L
D
—
D>
|
—_
N
—
S
~
=)
8]
D
—
D>
|
—_
~—
—
D>
|
NS
~—
—
Sl
~
T
w
N—

X {a3 + b1263371 (9 (
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B _3!(29)317:3(9—1) { 12(7::4_ 2 <9n2‘9+1) 2 (9(9 -De-2) G)“)
_ (745522;?2) 22641 (392(9 —1) (9293) }

807 (3n2—12)0+4
- 1203 736+1

We note that the values of b, (for n =0,1,2,3) here are equal to the coefficients of
(m% — (2x)%)" (for n=0,1,2,3) in (1.9), respectively.
The formula (2.5) motivated us to establish Theorem 3.2.

THEOREM 3.2. For 0 <x < m/2 and m € Ny,

4m : 4m+2

\"  sin \"
A=) <TE< Y M (x-2) (3.3)
=n! 2 X = ! 2

where the coefficients a, (n € Ny) are given in (2.6).
Proof. Let F(x) = sinx/x. We find by (2.7) that, for 0 < x < w/2 and n € N,

1 X
(=1)"Fn =D (x) = / 2" Lsinedr > 0
0

-
and
(—=1)"F" (x) = ! xtz" costdt >0
XL :
That is,

F(4m+3)(x) >0, F(4m) (x) >0, F(4m+l)(x) <0, F(4m+2) (x) <0

for 0 <x < m/2 and m € Ny.
By Taylor’s theorem, there exists a £ such that 0 <x < & < /2 and

L e R

There exists a 1 such that 0 < x <1 < /2 and

4m+2 n (4m+3)
T I s

The proof is complete.
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4. Sharp Becker-Stark-type and Papenfuss-type inequalities

4.1. Sharp Becker-Stark-type inequality
By using Maple, we find that

tan n?
—x(n2—4x2)e:7t29+ 0 )AL
X 12

This fact motivated us to establish Theorem 4.1. Theorem 4.1 presents sharp Becker-
Stark-type inequality.

THEOREM 4.1. For 0 <x < /2, we have

20 29

T tanx T

7@2 - (2x)2)9 < — < 7@2 - (2x>2)0, 4.1)

or alternatively
1 tanx 1

2x\2 0 < X < 2x\2 9’
(1-(%)?) (1-(3)?)
where the constants 0 = 7172/12 =0.822467... and ¥ = 1 are the best possible, in the

sense that @ = 1t*/12 can not be replaced by a larger number, and ¥ = 1 can not be
replaced by a smaller number.

4.2)

Proof. The inequality (4.2) can be written for 0 < x < /2 as

()
m@-@@

0 <

For 0 <x< m/2, let
X 2% 2
F1(x):1n (—x>, Fl(O):O and FZ(X):III (1_ <?> )’

and let

A (&)
F@_é@_mo_@m’ 2

T

Then,

e 242
Fl(x) _ (x smxcosx)(rc 4x7) 6
Fj(x) 8x2sinxcosx ' ’
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Differentiation yields

I(x)
Glx)=—F1
@) 8x3sin xcos2 x
where
I(x) = — (42’ + m%x) sinxcosx + (8x* — 2w%x? +27%) cos® x — 27% cos® x + m2x? — 4x*.

We are in a position to prove /(x) > 0 for 0 <x < 7/2. We consider two cases.
Case 1: 0 <x<1.25.
It is known that, for x > 0 and n € Ny,

241 Lkt 2n a2k
—1)f—— <sinx < —1) 4.3
k=0( S ok < s ,Zg)( N eTamY (4.3)
and
2n+1 2k 2n 2k
X k X
(1) < cosx < . (4.4)
]ZE) (2k)! ]{26 (2k)!
Using (4.3) and (4.4), we have, for 0 < x < 1.25,
LB 2022 4.2 1, 1,
I(x)=—{2x —l-En X | sin(2x) —x* (7~ — 4x )COS(2X)—ZTL' cos(4x)+z7t
1 4, 4 8 4
(o3 i) (o 2 B S S S
~ <x+2”x><x T A s
2, 4 2
— X2 (m? —4x%) <1—2x + 3% —Ex6+mx8)
32 256 512 4096 16384 1
2 A 6 8 10 12 2
182 g -
( TR Y T st T aerst ) 4"

1
4
287t 16 32r% 32\ , [(44x* 32\ ,
- )t - )X
105 15 675 105
(40967 64 I
467775 2835 )
Case2: 1.25<x<m/2.

We now prove I(x) > 0 for 1.25 < x < w/2. Replacing x by 7 —¢ leads to
equivalent inequality:

J(t) >0, 0<t<g—1.257
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where
4(1—1)3+n2<£—t> cost sint
2 2
t 4 t 2 2 .2 2 . 4
{8<§—> — (§—z> +2r }smt—Zn sin” ¢
2 4
(5 459
(3
3

1
=— <2n —2m?t 4 3w — 2t3) sin(2¢) + (73t — 57°1* 4 87> — 41*) cos(21)

+

1 1
- Zn:zcos(4t) + Zﬂz.

Using (4.3) and (4.4), we have, for 0 <7 < § —1.25,

1 4. 4
JO)> — (= —2n%t+3n2 =263 ) (2t — = + —1
(r) > (27r Tt 431 3 +15

1 32 1
+(7r3t—57r2t2+8m3—4t4)(1—2t2)—4 (1 812+ = 3 4>+47r2

4 14 2
2) 2 3 22 _
= (In—om )i+ = 12
{n (377: n) + 377: (1577: + n)
8 , 16 4 8
+<15 + = )t _§ ntd +—15t }>0.
This proves I(x) >0 forall 0 <x < /2.

We then obtain G'(x) > for 0 < x < 7/2. Therefore, the functions G(x) and
F{(x)/F;(x) are strictly increasing on (0,7/2). By Lemma 2.2, the function

F1 (x) _ Fl(x) —Fl(O)
Fz(x) Fz(x) - FQ(O)

is strictly increasing on (0,7/2). And hence, we have, 0 <x < /2,

fx) =

: (=)
T tanx
—=1Ilm Flu) < Fx) = ———— < lim F(u)=1.
=< F In (1 - (2;">2> u—m/2 )

Hence, (4.2) holds for 0 < x < /2, and the constants 6 = r? /12 and ¥ =1 are the
best possible. The proof is complete.

4.2. Sharp Papenfuss-type inequalities
By using Maple, we find that

tanx ! 2 NP 2 ) TC2 87‘[21772 3
— —4 =—nP ——
( - ) (m* —4x%) FLACR i st
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This fact motivated us to establish Theorem 4.2. Theorem 4.2 presents sharp Papenfuss-
type inequality.

THEOREM 4.2. For 0 <x < /2, we have

2.2p 3 2.2¢.3
pr < xsec’x — tanx < qu, 4.5)
(2 —(2x)?) (m2—(2x)?)
or alternatively
%nzl’x - (tanx)/ %nqu “.6)
(7‘62 — (Zx)z)p X (7‘62 — (Zx)z)q ’ '
ie., 5 )
!/
3x (tanx) 5x
——— < | — | < —=—7, 4.7)
-@p s ) =@y

where the constants p = */5 = 1.97392... and q = 2 are the best possible, in the
sense that p = m*/5 can not be replaced by a larger number, and q = 2 can not be
replaced by a smaller number.

Proof. The inequality (4.7) can be written for 0 < x < /2 as

In (1 —(%)2>

p< <4q.

For 0 <x < m/2,let

2
fl(x>=1n< i )=1(#) £1(0) = lim £(x) =0

(tanxy’ X — sinxcosx) x—=0+
and
2
p-»(1-(2))
and let
In 3x
filx) _ <(“’¥),> 0 n
f(x)_fz(X) _1n(1—(27x)2>’ sr<ya
Then,

fl(x)  (3sinxcos®x+ 2x?sinx — 3xcosx)(m? — 4x?) )
— =:g(x).
f(x) 8x2 cosx(x — sinxcosx) g
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Differentiation yields

h(x
¢x) = ©
4x3 cos? x(x — sinxcosx)
where
h(x) = —(6m°x 4 8x° — 2m%x®) cos® xsinx — x> (37> — 4x%) cos xsinx

+ (3% + 8x*) cos® x + (31> — 8x*) cos* x — 3% cos® x + x* (1% — 4x?).

Motivated by the investigations in [22], we are in a position to prove h(x) > 0 for
0 < x < m/2. We consider two cases.
Case 1: 0 <x<1.25.

Let
a, x=0,
H(x) = h
(X) %, 0<X<125,
x10(% —x)
where «a is constant determined with limit:
. h(x) 37127% — 35840
=1 = =0.01629924....
4T 0 XI0(Z )3 157513

Using Maple we determine Taylor approximation for the function H(x) by the polyno-
mial of the ninth order:

128(297% —280)  256(297> —280)
P(x) = 3 + 3
15757 525w
+et 512(74687n10—7939920n8+3948781207:6—10949178240n4+1574917344007:2—799134336000) 9
638512875712 X

X

which has a bound of absolute error
€ =0.00013674...
for values 0 < x < 1.25. It is true that
H(x)— (P(x)—€) >0
and
P(x)—& >0

for 0 <x < 1.25. Hence, for x € [0, 1.25] itis true that H(x) > 0 and therefore /(x) >0
for x € (0,1.25].

Case2: 125 <x<m/2.

We now prove h(x) > 0 for 1.25 < x < /2. Replacing x by 7 —1 leads to
equivalent inequality:

u(t) >0, 0<t<g—l.25,
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where
5 3
u(t) = — {6n2 (g —t> +8 (g —t> —2nr? (g —t> }sin3tc0st
T 3 2 T 2 . 2 T 2 T 4 .2
(G- o -a(Gr) pemrcosrs {3 (5 ) s (5 ) o
4 4 2
+ 37:2—8(5—;) sin* — 322 sinS 1 + (E—z) n2—4<5—t) .
2 2 2
Let

b, t=0,

1‘3(%7_1‘)10, O<t<%—1.257

where b is constant determined with limit:

u(t)  512(n*-9)

= =0.04913843....
t—0t t3(%_t)10 377:7

Using Maple we determine Taylor approximation for the function U (¢) by the polyno-
mial of the third order:

_ 512(n*—9)  256(117% —108)
N P 8

512(7920 — 8107> + %) ,  512(167400 — 1797072+ 1037%) 4

- 1579 " 45710 !

(1)

t

which has a bound of absolute error
& = 0.000007293...

for values 0 <7 < 5 —1.25. It is true that
U(r)—(Q(t) —&) =0
and
0(t)—&e>0

for 0 <t < % —1.25. Hence, for 7 € [0, 5 —1.25] itis true that U(¢) > 0 and therefore
u(t) >0 fort € (0,5 —1.25).

This proves h(x) >0 forall 0 <x < /2.

We then obtain g’(x) > for 0 < x < m/2. Therefore, the functions g(x) and
f1(x)/f3(x) are strictly increasing on (0,7/2). By Lemma 2.2, the function
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is strictly increasing on (0,7/2). And hence, we have, 0 <x < 7/2,

"; = lim /() < f(x) = M < Jim fw) =2

Hence, (4.7) holds for 0 < x < 7/2, and the constants p = 2 /5 and g =2 are the best
possible. The proof is complete.

REMARK 4.1. Integrating (4.6) from O to x, we obtain that, for 0 < x < /2,

p 4 2 tanx
— - <=1
12(p—1)(r2—(2x)2)"" 12(p—1)  x
2q 2
< n T 4

12(g— 1) (r2 — (2x)2)7" 12(g—1)
The choice p = n?/5 and ¢ = 2 in (4.8) yields
7275 12(7%/5-1)—m*  tanx _ n?— (4 — y72)x*
12(71'2/5—1)(7‘52—(2)6)2)”2/5_1 12(n2/5—1) by 2 — 4x2
(4.9)

There is no strict comparison between the two lower boundsin (1.11) and (4.9). Clearly,
the upper bound in (4.9) is sharper than that in (1.11).

5. An application

It is well-known that the Yang Le inequality plays an important role in the theory
of distribution of values of functions (see [41] for details). This inequality is stated
below:

IfA;>0,4,>0,A1+A; <mand O < u < 1, then,

cos’ UA+ cos? WAy —2cospmcos Ay cos LAy > sin2u7t. (5.1

Debnath and Zhao [17, Theorem 1] obtained an improvement of the Yang Le in-
equality and proved:

Let A;>0(i=1,2,...,n) with Y A; <7, 0<A<1,0>2,andlet n>2bea

i=1
natural number. Then

N()L)g(n—l)ZcoszlAk—Zcosln 2 cosAAjcosAA; <M (A), (5.2)

k=1 1<i< j<n

where

N(A) = (Z) (3—%2)2<Acos7;—n>2 and M(A) = (;)Aznz.
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By using inequality (3.3), we here present an improvement of the Yang Le inequal-
ity.

THEOREM 5.1. Let A; > 0(i=1,2,...,n) with Y A; <7, 0<A<1, 6>2,
i=1
and let n > 2 be a natural number. Then

Ny(A) < (n—1) EcoszkAk—Zcoslrc Y, cosAAijcosAA; < My (M), (5.3)

k=1 I<i<j<n
where
Nu(2)= (" 42"1@(5)"“(/1—1)1 oos?EY)

)\ & \2 2

and

2
n\ (*22a; i+l N\ o2
My (A) = <2> (,Eo 7(5) (A—1)] a2
Proof. Let

H;j = cos? AA; + cos’ AAj—2cosAmcosAA;cosAA;.

It follows from [44] that
.2 oA o
sin“Am < H;j < 4sin 571:, 1<i<j<n. (5.4)

By summing all of the inequalities in (5.4), we obtain

. oA
D sin? Am < Y Hj;< Y 4sm257r7
1<i<j<n 1<i<j<n 1<i<j<n
that is,

A A i
4<n> sin? Zmcos? Zmw < (n—1) D cos® LAy —2coSAT Y, cosAAicosAA;
2 2 2 k=1 1<i<j<n

n . 2&
< 4<2> sin > . (5.5)

On the other hand, it follows from the inequality (3.3), by a direct calculation, that

dm i1 ) 4m+2 i+1 .
Z%@H <%—1>%<Sm%< 2 %(g)H A—-1)J2.  (56)
j=07J: =0
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Applying the inequality (5.6) to (5.5) leads to the desired inequality (5.3). The proof is
complete.
The choice m =1 in (5.3) yields

N (A) < (n—1) Y cos* AAx —2cosAm Y, cosAA;cosAA; < M (A), (5.7)

k=1 1<i<j<n

where
n 3 1 9 1 5 1
_ 10224 gt (22 00— 2 gt 20-_2m24 7t )22
N1 (A) (2)<0 i +192n +<4n 0 25" A+(20 T +32n A

2
5, | AN | B A Am\?
—|—<47'E 10 48”)1 +<2+192n 4717 A A cos 5

and

REMARK 5.1. Noting that

3 2 1 4 9 2 1 4 5 2 1 4 2
10-= — “n? 20— —n* A+ (20— 4+ —=n* | A
iR ot +<4n TRl Kk ST 35T
+<47r 10 487r>7L + 2+1927t 2" A
3 1 9 1 5 1
10—+ —na*+ (=22 -20— —a* | A — [ 20+ =n’— —7* | A2 >0
> i +1927r +<47r 15" +27l' o7 >
holds for 0 < A <1, we find
3 1 9 1 5 1
10—+ —na*+ (a2 —20— —a* | A+ (20— Zn°+ —=n* ) A2
47r + 1927t +<47r 48” + 27t —|—327r
(20— Lty (24 L 1p At —(3-2%
4 48 192 4
(A —1)?

- <n4+1344—144n2+(—2n4—1152+144n2)/1+(n4—48n2+384)x2)>0

for 0 < A < 1. We then obtain
N(A) <Ni(A).
Hence, the lower bound in inequality (5.3) is sharper than the one in inequality (5.2).

REMARK 5.2. There is no strict comparison between the two upper bounds in
inequalities (5.2) and (5.3).
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6.1. Open problem

B0 ZHANG AND CHAO-PING CHEN

6. Open problem and conjecture

Computer experiments suggest that, for 0 < x < /2,

where the constants

are the best possible.

In view of (6.1)-(6.7), we now propose the following open problem.

anx) 18
A < < 2x
)2)™ x (1=
anx\ ®) 232)6
)2)15 < X < (1_(2_x
y
anx © 2;—2
¢ < < 2x
)2) x (1-(3
_ ( anx)m _ 79936x
I AN (1-(%
_ ( anx>(8) _ 79%
x (1= (ZP)"
3 2
0= % —5.92176. ..,
8572
I % — 499354
8512
= S—g — 14.9806. ..,
43472
us = 45;t — 9332044,
434 7>
s = 15? —27.99]1...
207372
1y = ?322 — 14.99977...
621972
s = 136Z — 44.99931 ...

(6.1)

(6.2)

(6.3)

(6.4)

(6.5)

(6.6)

6.7)
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Open problem 6.1. (i) Let n > 2 be a given integer. Find the best possible con-
stant g such that

Dont1

(2n—1) D1
X t X
%< (ﬂ) <%7 0<x< E (6.8)
(=GR A (- G) 2
(ii) Let n > 1 be a given integer. Find the best possible constant p such that
Donyi (2n) Dont1
2nt1 tanx) 2ntl r
—<<— < —— O<x< <. (6.9)
x 2n+1 2 Mo
(1-(3?) x (1=(3)?) 2

Here 75,4+ are the tangent numbers.

The tangent numbers T5;_; are defined by the series expansion of tanx,

oo 21 .
tanx= ) Ty ———, < —=. 6.10
anx kg,l %1 = 1] x| 5 (6.10)
The tangent numbers 75, can be calculated by
22k71 22k 1
T2k—1:%‘32k|7 k€N,

where B, denote the Bernoulli numbers defined by the following generating function:
t < 1"
I :ZE)BHE, |t| < 2.

The first few tangent numbers are
=1, Tz=2, Ts=16, T; =272, Ty="7936.
6.2. Conjecture

We here present (without proof) another sharp bounds for (tanx/x) ™) The de-
nominators of the upper and lower bounds are the same.

Computer experiments suggest that, for 0 < x < /2,

26 " 2
5T < (tanx) - 2561 . 6.11)
(m2—(2x)?) x (m2—(2x)?)
16 .8 " b
STOX < (tanx) - 6144m-x . 6.12)
(2 — (2x)?) X (72— (2x)?)
and 16 10 )
g t 4915274
5 = < (ﬂ) < Lns’ (6.13)
(2 —(2x)?) x (m2—(2x)?)
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where the constants
2 16 16
Zr® 25672, —xb, e6l44n?, —x'0 491527*
3 5 5

are the best possible.

In view of (1.11), (1.21) and (6.11)-(6.13), we define the function F,(x) and G,(x)
by

(2n—1) 2_ 2)\2n
Fu(x) = (ta¥) M (6.14)
and
tanx (2") 2 2y 2n+1
Gu(x) = <7> (7" = (2x)%) (6.15)

for0<x<m/2.
Theorem 6.1 gives the limits of F,(x) and G,(x) at x =0 and x = /2.

THEOREM 6.1. Let F,(x) and G,(x) be defined by (6.14) and (6.15). We have

lim F,(x) = —24L g4 lim F,(x) = ==(4m)*"2(2n)!
x11(1)1+ n(x) l77: o 17[11/127 () (4m) (2n)!,

T
)= P Gt =4

Proof. Write (6.10) as

tanx - Tzkfl 2%k—2 T
= , x| < =.
by IZ‘I (2k—1)! 2
We find that
(2n—1) (2n)
tanx Tont1 3 tanx Tont1 2
— =—x+0 d — = ——40(x").
( X ) 2n—|—1x+ () an X 2n+1+ ()

We then obtain

(2n—1)

t 1 T T

lim F,(x) = 7% lim (ﬂ) 2 =" lim {ﬂ+0(x2)} _ f2ntl odn
X

x—0+t x—0F

and

(2n)
t T, T,
lim G,(x) =z*"*? lim anx — 72 lim { 2L 4 o(?) P = 2L g2,
x—0F x—0F x—0F 2n+1

Using (2.10), we have
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and

(ﬂz—(zx)z)an * o (2n+1)
Gp(x) = T/o t (tant) dr.

Further, we have

2n+1 X 2n—1 (2n)
t tan? dr
lim Fy(x) = (3) fim 0 (tans)
x—m/2” T x—7/2 (ﬂz_(zx)z)

2\ y2n=1 (tanx) (2n) .
= —) lim 51 (by L’Hospital’s rule)
T x=7/2” 16nx(n2 — (2x)?)

- 1 2 ’ . (2n) s _2 2\ 2n+1
= Ten (E) lim (tanx) ™" (7° — (2x)7)

x—m/2~

1 /2\°
= T (—) lim (cott)(zn)42”+lt2”+l(71:—t)2n+1 <where = g—x>
n

t—0t
_ (dmPml 2t (n) ans1
- len \& ,1351(60”)

and
2n+1 X ,2n (2n+1)
t7"(tant dt
lim G, (x) = (3) fim 0 (tane) 7
X—mw/27 T x—/2” (7'[2 _ (2x)2)
<2>2n+1 - x2n(tanx) (2n+1)
= - i
n x=n/2” 8(2n 4 1)x(n? — (2)6)2)_2"_2

o 1 2 2 . (2n+1) /2 2\ 2n+2
= m (E) lim (tanx) (7[ — (Zx) )

(by L’Hospital’s rule)

x—m/2~
L2y @n 1) 2042 n
= — | — i _ n 2n4+2.2n42 (. \2n T
= 8@t 1) ( ) t1_1>1(1)1+( cotr) 42222 (r— ) (where =3 x)
8(475)2" . (2n+1) 2542
21 m (—eou) T

From the power series expansion

B
cott = ——Z | 2" 121 lt| < m, (6.16)
we find that
(2n)! (2n+1)!
(cot)®) = T3 +0() and (cot) ") = = 1 0(1).
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‘We then obtain

2n+1 3
im0 = A1 (2) im { S0 o et = 22

xX—m/27 16n T n
and
. 8(4m)> . (2n+1)! 2 )
i, 60 = 0T tim {5 o e siamn

The proof is complete.

It was proved in [7, 19] that Go(x) and Fj(x) are both strictly decreasing for
0 < x < /2. Computer experiments indicate that the functions F,(x) (for n > 2) and
G, (x) (for n > 1) are both strictly increasing for 0 < x < 7/2. We then proposed the
following conjecture.

CONJECTURE 6.1. (i) For 0 < x < 7/2 and n > 2, we have

_ 2n 2
i tanx) 0 B (4™
— < (— <Biml o (6.17)
(-G e (1-2P)

(ii) For 0 < x < w/2 and n > 1, we have

% tanx\ (2;)! ( % )2n+2
(1= (2> U x < (=@ 6.18)
7T

Here T3, are the tangent numbers.

REMARK 6.1. When n = 1, the reversed inequality of (6.17) holds, that is to say,
the Papenfuss inequality (1.21) holds. When n = 0, the reversed inequality of (6.18)
holds, that is to say, the Becker-Stark inequality (1.11) holds.
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