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A NOTE ON A CONJECTURE ABOUT A BETTER APPROXIMATION

MARIUS MIHAI BIROU

(Communicated by T. Buric)

Abstract. In this note we give some examples which invalidate the Conjecture from [1].

The classical Bernstein operator is defined by

n

B =3 pustf (£) xe 0.1 recio,

k=0

where

Pni(x) = <Z>xk(1 —x)" % k=0,...,n.

It is known that the Bernstein operator reproduces the affine functions.
Let u € R, u > 0. In[1] the authors studied the operator given by

G,(f)(x) = e 2 Pulan(x))e MK f (S) ,xe0,1], feco,1],

k=0

where
e —1

an(x) = BIEE

The operator ¢, preserves the exponential functions exp, and expfl, where expy, :
[0,1] = R, expy(x) =e**. Itis a special case of an operator introduced by Morigi and
Neamtu in [2].

A function f:[0,1] — R is said to be

1. convex with respect to the {exp, } if

eIJXO e.uxl

f(x0) f(x1)
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2. convex with respect to the {expy,,expy } if

eHXo  pHX1  pHX2
20 Q2N Q2 | >0 0 < xg < x] <xp < 1. 2)

f(xo) f(x) f(x2)

If f € C[0,1], then the inequalities (1) and (2) hold by continuity for 0 < xp <
x1 < 1 and respectively for 0 < xp <x; <xp < 1.

The spaces of convex functions with respect to the {exp, } and {expwexpi} are
denoted by € (expy) and %(expwexpi) respectively.

From [1, Proposition 1 and Proposition 2] we have

1. if £ € C'[0,1], then

[ € C(expy) < f/exp, is increasing, 3)

2. if f€C?[0,1], then

[ €C expy,expy) < " =3uf +2u’f > 0. 4)

In [1] the following conjecture about a better approximation of the operator ¥,
than the classical Bernstein operator B, for some generalized convex functions was
given:

Conjecture. If f € C[0,1] is such that f € €'(expy) and f € 6 (expy,expy,), then
for all n € N and for all x € [0, 1] one has that

f() <G.() (1) < Ba(f)(1).

The first inequality holds by using [3, Theorem 1].

We give examples which show that the second inequality is not true for some
neN, xe[0,1] and u > 0.

Let the function f: [0,1] — R, f(x) = e*(x*> +¢) with ¢ € R. We observe that
the function f satisfy both conditions (3) and (4) for 4 = 1. Thus f € C(exp;) and
fe C(expl,exp%).

For ¢ = —7 the function f is concave over the all interval [0, 1]. It follows that,
forall n € N,

Bu(f)(6) < f(2), 1 €[0,1].
For ¢ = —2 the function f is convex over the all interval [0,1] and we have
f(1) <Ba(f)(1) %)), 1€ [0,x7],

where x* = 0.128521...
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