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(Communicated by J. Pecaric)

Abstract. In this paper, we prove one new algebraic trigonometric inequality of Laub-Ilani type.
This inequality was posted as the Conjecture 2.4 in the paper A. Y. Ozban, “New Algebraic-
Trigonometric Inequalities of Laub-Ilani type”, Bull. Aust. Math. Soc., 2017, doi
10.1017/S0004972717000156.

1. Introduction

Inequalities with power functions have many important applications. Luab-Ilani
type inequalities appeared in the “Problems and Solutions” section of the American
Mathematical Monthly as Problem E3116 [4]. Inequalities with power functions can
be found in mathematical analysis and in other theories like ordinary differential equa-
tions, probability theory and statistics, chemistry, economics, mathematical physics,
mathematical biology. In the paper [1] the following conjecture was published.

CONJECTURE 1. If 0 <x <y < m/2, then
cos (x*) +cos (y”) < cos (x¥) +cos (") . (1)

The aim of this paper is to prove the Conjecture 1.

2. Methods

In this paper, methods of mathematical and numerical analysis are used. We use
also the software MATLAB for some computing.

3. Results and discussion

In this section we prove the Conjecture 1.
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3.1. Lemmas and theorem

LEMMA 1. Let p(u) = uln(u)cos(u) + sin(u) In(u) + sin(u) for 0 <u < 1. Then

1. there is only one ug suchthat 0 <ug < 1, p(u) <0 for 0 <u < ug and p(u) >0
Jor ug <u <1 (uy=0.58782);

2. p(u) > —0.440495 for 0 <u < 1;

3. if plu) = Ogluiglp(u) then 0.213 < u* < 0.214

Graph of the function p(y)=cos(y)."y. log(y)Hog(y)."sin(y+sin(y)
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Figure 1: Graph of the function p(y)

Proof. We show that p’(u) > 0 for u>1/e and p”(u) >0 for 0 <u < 1/2. From
p(0) =0, p(1/2) = —0.157033..., p(1) = sin(1) = 0.84 we obtain the assertion 1.
From p(0.58782) = —7 10, p(0.58783) = 105 we get 0.58782 < uy < 0.58783.
We get

p'(u) = 2cos(u)(1+1n(u)) + — uln(u)sin(u),

31;1 cos(u) — sin(u)

p"(u) = —3sin(u)(1+In(u)) + 5

., —uln(u)cos(u).

Using (u—1)/u <In(u) <u—1 for 0 <u < 1 we obtain
u?p” (u) = q(u) = —(3u® + 1) sin(u) + (u® — u* + 3u) cos(u).
Using > —u* > 0 and u® < u we get
q(u) > r(u) = —(Bu+1)sin(u) + 3ucos(u).

To prove r(u) > 0 it suffices to show that

s(u) =tan(u) — 1 + <0.

3u+1
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But it follows from s(0) =0, s(1/2) = —0.05369751 and

_ 2sin(u) 18 50

() = cos3(u) + Bu+1)3 "~

So p is a convex function on (0,1/2).

Next it is evident that p’(u) > 0 for u > 1/e.

From p/(0) = —eo, p’(u) is an increasing function for 0 < u < 1/2, p'(0.5) =
1.663584, p'(0.213) = —0.006139538..., p'(0.214) = 0.0036126766 we obtain 0.213 <
u* <0.214.

Now we prove the assertion 2. Because of 0.213 < u* < 0.214 we have

p(u) = sin(u) 4 sin(u) In(u) + uln(u) cos(u) >
sin(0.213) +sin(0.214)In(0.213) 4+ 0.2141n(0.213) cos(0.213) > —0.440495.

(We used the monotonicity of sin(u),In(u),cos(#) on (0.213,0.214).) The proof is
complete.

LEMMA 2. Let 0 <a<x<y<1. Then

LU
yxy

f(u) _ eln(u)Jr(lfu) ln(

C, = f(a) where )

! Eul) )Jrlfu

The constant C, is the best possible.

Proof. (2) is equivalent to

f1(x,y) =In(x) + xIn(y) — In(y) — yIn(x) — In(C,) > 0.

—1 —1
If M:x——ln(x)zo then y0=x—~

dy y In(x)
Next
ngl(xuy) _ 1—x

= > 0.
dy? y?

So for each x such that 0 < a <x <y <1, fi(y) is a convex function. If we show
fi(yo) =0 then fi(y) >0for0<a<x<y<1.Put

£2(5) = fi(x.30) = In(x) + (1 =) In <_1ln(x>

)—Fl—x—ln(Ca).

—x

To show f>(x) > 0 it suffices to prove f3 (x) < 0 because of fo(x=1) = —In(C,) >0

and f>(x = a) = 0. Some calculation gives
df2 (x)

1 1—
—2 = — 4 n(1—x) +
X

dx xln())cc) ~In(=In(x)),
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dsz(x) _ 1 OC(.X),

dx®> (1 —x)x2In’(x)

where
o(x) = (x— 1 —x?)In*(x) —x(1 — x)In(x) + (x — 1 — In(x))(1 — x).
o(x) < 0 is equivalent to

(1-x)

(1-x)?
) 0
—x24+x—1 -

l(x) = ln2 ()C) — m s

In(x) —

which is evident because of

(1-23) \> (1-x2Gx2—6x+3)
—x2+x—1)> 4(—=x?+x—1)?

I(x) = (ln(x) 3

Because of f>(a) =0 we get C, is the best constant. It completes the proof.

LEMMA 3. Let 0 <a <1, 0 <xp <1 such that f'(x) >0, where f(x) =
(In(a)/In(x))* for 0 <x < 1. Then

f(x) = (iiiz;)x = Ka,xz = eln)(zz) fOV 0<x<1.

Proof. Some calculations give
;o (In(a)\* In(@)\ 1
F) = <1n(x) "t ) " |
2y = (@) @) 1 ]2
f (x) - (ln(x)) { [ln <ln(x)> ln(x)]
1 1
~ XIn(x) + xIn?(x) } > 0.

So f(x) is a convex function on (0,1), f’(x) is an increasing function on (0,1). It is
easy to see that lir(gl+ f1(x) = —oo, 1iI(§1+ f(x) = 1. Assumptions give there is only one

Xo such that 0 < xp < x2, f'(x0) =0 and xj is the point of minimum f on (0,x;).
Because of f’(xz) > 0 we obtain xo is the minimum of f on (0,1). We also have

In(a) \ _ 1
In (1H(XO)> T In(xo) ©
Put s(x) = ¢*/!") for x € (0,1). Then

In(x) —1
In?(x)

s (x) = s(x) <0.

So s(x) is a decreasing function on (0,1). It implies ¢/ (%) > ¢¥2/In(x2) for 0 < x < x;.
Because of f(x) = ¢*0//°8(%0) the proof is complete.
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Table 1: Values of the coefficient K, x,
a X2 f/ (X2) Ka,xz P

0.588 0.29762704 3.4%10"8 0.782247
0.404 0.19068045 5%107°  0.891308

NOTE 1. Some applications of the previous lemma.

THEOREM 1. Let 0 <x,y < /2. Then

cos (x*) +cos () < cos (x”) +cos (") . 3)

[Hepi] [1pic)

[

. ] ]

=1

Figure 2: Cases of proof

Proof. We can suppose 0 < x <y < /2. There are six cases:
.0<x<y<1/e;

I<x<y<m/2;
l/le<x<1<y</2;
0<x< /e, 1<y</2;
l/fe<x<y<I;

0<x<l/e<y<1.
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Put
g(x,y) =cos(x") +cos(y”’) —cos (x’) —cos (") .

Proof of the case 1. Let 0 < x <y < 1/e.

Put g1 (1) =cos (*) —cos (¢¥) for x <t <y. Itis evident that if g; (x) < g1(y) then
g(x,y) <0. So it suffices to prove g} (¢) > 0. We have

g1 (t) = —sin (t%) xr* 1 fsin (7)) y' L.
Denote x(x,t,y) = g (t). Then xy(x,7,y) = —t*p(t*) and x,(x,t,y) = "p(t”), where
p is defined in Lemma 1. Next we have (l/e)l/e <X < < y* because of x <t <
y<1/e. Lemma 1 implies y/(x,z,y) # 0 (p(u) > 0 for u> (1/e)'/¢ =0.6922). So x
does not have local extremes on W = {(x,#,y);0 <x <1 <y < 1/e}. It implies if we

show y > 0 on the boundary of W then the proof of the case 1 will be done.
We need to show the following five inequalities:

(i) x =0 for t =x which is

zp = —xsin (") x* 4 ysin (&) x” > 0;
(i) x >0 for t =y which s

71 = xsin (YY) y* —ysin (") y’ < 0;
@iii) x =0 for x =0 which is

z1 =tsin () > 0;
(iv) x =0 for y=1/e which is
zp =xsin (1) — ésin (tl/e> ‘e <o
(v) x =20 for t =y =x which is
71 =0.

The cases (v),(iii) are evident. We show (i). We have z’ly =x"p(x’). From Lemma 1 we

obtain 7}, (y = x) = x*p(x*) > 0. Let x be fixed. Then u = x" is a decreasing function

in y. Because of zj(y =x) =0, z},(y =x) >0, u=x" is a decreasing function to

prove the case (i) it suffices to show z;(y = 1/e) > 0. This follows from Lemma 1.
We have

z1(y=1/e) =F(x) = —xsin (x")x" + ésin <x1/6> xl/e
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Let 0<a<x<b<l/e. Putr=x"¢. Then 0 <al/¢ <t <b'/¢<(1/e)'/¢ and
(") sin(x¥) < (a*)sin(a®). ((x¥) sin(x*) is a decreasing functionon (0,1/e).) So F >0

for 0 <

a<x<b<1/eisequivalent to

G(t) = sin(t)é e (@ sin(a®) > 0

for 0 <u=a'* <t <v=>0"¢<(1/e)"/¢. We have

G(1) = — sin(t)é (e~ 1)(e—2)*3(a") sin(a) < 0.

So G is a concave function on (u,v). If we show G(u) >0, G(v) >0 then G(r) >0

for z € (u,v).
Table 2: Values of the function G

a b u v G(u) G(v)

0 0.04 0 0.306003 0 0.002253
0.04 0.08 0.306003 0.394883 0.0606333 0.011782
0.08 0.138 0.394883 0.482590  0.0566311 0.001007
0.138 0.21 0.482590 0.5631945 0.0562648  0.0021249
0.21 0.29 0.5631945 0.6342015 0.05201544 0.0015938

The proof of F(x) > 0 for x € (0,0.29 > follows from the table 2.
Now we show F(x) > 0 for x € (0.29,1/e >.

Put

aft) = éxl/e sin(x!/¢) — rsin(x' )’

for 0.29 <x <t < 1/e. We show ¢/(t) < 0. From ¢(1/e) =0 we obtain F(x) >0
for x € (0.29,1/¢ >.

ol (t) =

Next we have

¥ > min {0.291/6,0.290297 (

—X'p(x).

e 71
I

0.29
) } =0.6342015.

It implies p(x') > p(0.6342015) = 0.0900053109 > 0.
The proof of the case 1 is complete.

Proof of the case 2. Let | <x<y< /2.

We show g’.(x,y) > 0. Because of g(x =y,y) =0 we obtain the proof of the case

2. Put

q(y) = gi(x,y) = —sin (") x* (1 +In(x)) + sin (") yx' " +sin (v*) y*In(y).
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From ¢(y = x) = 0 it suffices to show
qy(x,y) = cos (") x” In(x )~ +sin () ! +sin () ' In(x) +

cos ()Y 1y In(y®) 4 sin (y°) y* L In(y*) 4 sin (y*) y* 1 > 0

which is evident.
Proof of the case 3. Let 1 /e<x< 1 <y<m/2.

We show again g’ (x,y) >0 and g(x=1,y) <0 for 1 <y < m/2. We have g(x =
1,y) = cos(y”’) — cos(y) < 0 because of y <y’ < w. Next we show g/.(x,y) > 0. We

have
gh(x,y) = —sin (x) x*(1 +1n(x)) + sin (xy)y)cy_1 +sin(y") y* In(y).

There are two cases.

3A: —<x<0.72, 3B: 0.72<x<1.

Q| ==

Proof of the case 3A. From 1 < y* < /2 it suffices to show that

hi(x,y) = —xsin (x") x* (1 +1n(x)) + sin (x”) x” +sin(1) In(y*) > 0.

Because of ¥’ > x™/? we show

ha(x,y) = —xsin () x*(1 + In(x)) + sin (x”/2> X2 4 sin(1) In(y*) > 0.
From A, (x,y) = xsin(1) /y > 0 it suffices to prove
d(x) = —xsin () x*(1 + In(x)) + sin (x”/2> X250,
It is easy to see that (sin (x*)x*(1 +1In(x))). > 0. Let 1/e <a <x < b <0.72. Put

dyp(x) = —sin (b”) b (1+1In(b)) + sin <x”/2) X2

If we prove d, ;5(x) > 0 on (a,b) then we obtain d(x) > 0 on (a,b). To prove d, ;(x) >
0 on (a,b) it suffices to show d, ,(a) > 0 because of

op(x) = meos (x”/2> X224 <g — l) sin <x”/2> ¥/272 > 0.

So from the following table 3 we get d > 0 on (1/¢,0.76).
Proof of the case 3B. Let 0.72 < x < 1 <y < /2. We show again g/(x,y) >0

We have
xgl(x,y) = —xsin (x*) x*(1 +1In(x)) + sin (") yx’ + xsin (y*) y* In(y).

Put
2(x,y) = —xsin (x*) x* (1 +1In(x)) + sin (") yx’.
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Table 3: Values of a,b, d,
a b da,h

/e 047  0.00578269

0.47 0.55 0.004607584

0.55 0.62 0.0082388258

0.62 0.69 0.0056917399

0.69 0.76 0.001336697

We prove z(x,y = 1) >0 and z;(x,y) > 0. It completes our proof of the case 3. Really,
Z(x,y =1) = —xsin (x*) x* (1 4+ In(x)) + xsin(x) > 0
can be shown if we prove
g = sin(x) —sin(1)x*"1 > 0.

(Weused x* < 1 and In(x) <x—1.)
g > 0 is equivalent to

q1 = —In(sin(x)) + In(sin(1)) + (x4 1) In(x) < 0.

We see g1 (x=1)=0. So it suffices to prove ¢} > 0. We get

1
qy = In(x) + L cot(x).
x

We use In(x) > (x—1)/x. So it suffices to show 2 —cot(x) > 0. From monotonicity
of cot(x) we obtain cot(x) < cot(0.72) = 1.14016... < 2. Now we show z,(x,y) > 0.
From z;(x,y) = x’p(x) it suffices to prove p(x*) > 0. We have

¥ > min {0.72, 1,0.72”/2} — 0.596895643881881.

This implies p(x’) > p(0.596895643881881) = 0.017291369410603 > 0. The proof
of the case 3 is complete.

Proof of the case 4. Let 0 < x < 1/e, 1 <y < /2.
‘We have

gh(x,y) = —sin (x*) x*(1 +1n(x)) -ksin()cy)y)cy_1 +sin(y")y*In(y) > 0.

So the function A(x) = g(x,y) is an increasing on (0,1/¢) for fixed y. If we show
h(1/e)=1t(y) <0 on 1 <y < /2 then the proof of the case 4 will be done. We have

o= (3)")om-sm (2] ) om0
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It is evident that y* > 1 so cos(y”) < cos(1). To prove the case 4 it suffices to show

t1(y) = cos ((é) Ue) +cos(1) —cos ((%)y> —cos (yl/E) <0

which can be rewriting as

y
1.3101 < cos <<1> ) +cos <y1/e) .
e

Because of (1)" < 1/e it suffices to prove 1.3101 —cos(1/e) < cos(y'/¢) which can
be rewriting as cos(y'/¢) > 0.3771. We have y'/¢ < (r/2)!/¢ = 1.1807. It implies
cos(y'/¢) > cos(1.1807) = 0.3803 > 0.3771 which completes the proof of the case 4.

Proof of the case 5. Let 1 /e <x<y< 1.
We have
gy (x,y) = —sin (") " (1 +In(y))y + sin (&) ¥ In(x”) + sin () xy".

Because of g(x,y = x) =0 it suffices to show yg)(x,y) < 0. Put h(x) = ygy(x,y) for
fixed 1 >y > x. We obtain

B (x) = yx' p(x) + xy" p(v").

From h(x =y) = 0 it suffices to prove A} (x) > 0. It is evident that p(y*) > 0 (y* >
x* > (1/e)'/¢ and p((1/e)'/¢) = 0.207402.... So .(x) > 0 is equivalent to

hi(x,y) = p(x') +Cy/ep(y") > 0.

Lemma 2 gives Cy/, = 0.925018.
Let ¥ > 0.4788 then (see Lemmas 1,2)

hy(x,y) = p(¥') +Cyep(y*) > p(0.4788) +0.925018p((1/e)"/¢) =2.882%107* > 0.

If 0.422 < x¥ < 0.4788 then y > —1In(0.4788)/(—1In(x)) > —In(0.4788) > 0.7364
and y* > 0.7364* > 0.7364. So

h(x,y) = p(¥') + Cy/ep(y*) > p(0.422) +0.925018p(0.7364) = 8.15 * 1074 > 0.

If ¥ < 0.422 then y > —In(0.422)/(—In(x)) > —In(0.422) > 0.8627 and y* >
0.8627% > 0.8627. So

hi(x,y) = p(x) +Cy 1p(y") > p(1/e) +0.925018p(0.8627) = 0.17894 > 0.

This completes the proof of the case 5.
Proof of the case 6. Let 0 <x < 1/e <y < 1.

There are five cases.
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6A: 0<x<0.08,

6B: 0.08 <x<0.13,

6C: 0.13<x<0.165,

6D: 0.165 <x<0.188,

6E: 0.188<x< 1/e.
Proof of the case 6A.

We have 0 < x < 0.08 and (—cos(y"))}; = sin(y*)xy* ! > 0. So —cos(y")) <
—cos(1). It implies

8(x,y) < g1(x,y) = cos (x*) + cos (y) — cos(1) —cos ().
Some calculation gives
ghy(x,y) = —sin (") ¥’ (1 4 In(y)) 4 sin (x") ¥" In(x) < 0.

So it suffices to prove g (x,y =1/e) <0.
Denote

B(x) = gi(x,1/e) = cos (x*) +cos ((é) Ue) —cos(1) —cos (xl/e> .

Because of

1 1/e
B(0.08) = cos (0.08"%%) +cos ((E) ) —cos(1)—cos (0.08”“) =—-0.009123...<0

it suffices to prove '(x) > 0. But it follows from

B(0) = —sin ()" (14 In(x)) + —sin (x'/¢) £/ > 0.

e

Proof of the case 6B.
We have 0.08 < x <0.13. Next

g(x,y) < ga(x,y) = cos (0.13%1%) +cos (') — cos(x”) — cos (y*%%) .
Itis evident that g5 (x,y) = ysin(x*)x~! > 0. So it suffices to prove
23(y) = cos (0.13%13) 4 cos (%) — cos(0.13”) — cos (%) < 0.

Because of g3(y =1/e) = —0.0041331... it suffices to show g5(y) < 0.
Some calculation gives

g5(y) = —sin () )’ (1 +In(y)) +sin(0.13*)0.13” In(0.13) + sin (y**) 0.08y "%,
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We use ¥ > (1/e)/¢ so sin(y*) > sin((1/e)'/¢), next %9 < 1 and y~ 092 < 2. It

implies
A0) < gly) = —sin ((1)/> (5 emons

sin(0.13¥)0.13¥In(0.13) + sin(1)0.08¢%>.

We show g4(y) < 0. There are two cases

6Bb: <y<0.5, 6Ba: 05<y<I.

Q| =

Let us consider the case 6Ba. We have 0.13Y > 0.13. So

0405) < gualy) = —sin ((1)/> (1) temon s

sin(0.13)0.131n(0.13) 4 sin(1)0.08¢"2.

Because of g4,(y = 0.5) = —0.00102... it suffices to show g/, < 0 which is evident.
Let us consider the case 6Bb. We have 0.13%5 < 0.13” < 0.13!/¢. So

040 < s0(3) = —sin ((1)/> (5 temons

sin(0.13%3)0.13%31n(0.13) + sin(1)0.08¢% 2.

Similarly from g45(y = 1/¢) = —0.0905... we obtain g4(y) <0 for 1/e <y <0.5.
Proof of the case 6C.
We have 0.13 < x < 0.165. Next y* < y*13. Tt implies

g(x,y) < gs(x,y) =cos <0.1650'165> +cos(y’) —cos(x”) — cos (y0'13) .
From (—cos(x*)). = sin(x’)yx’~! > 0 we obtain
gs(x,y) < go(y) = cos (0.1650'165> +cos ()’) — c0s(0.165”) — cos (1) .

Because of g¢(y = 1/e) = —0.002316... it suffices to prove gg(y) < 0. We have

86(y) = g7(y) = —sin (") ¥’ (1 +1n(y)) +
sin(0.165”)0.165" In(0.165) + sin(y*'3)0.13y* 1371,

10) ss(0) = —sin ((1)1/> (1) asmi +

sin(0.165Y)0.165” In(0.165) + sin(1)0.13¢%%7.

Next

Now we prove gg(y) < 0. There are three cases.
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g8a: 1/e<y<0.5, and we have 0.165" > 0.165%,
g8b: 0.5<y<0.6, and we have 0.165” > 0.165%9,
g8c: 0.6<y<1, and we have 0.165” > 0.165.

Put

) = —sin ((1)1/> (1) temon s

sin(0.165%)0.165%In(0.165) - sin(1)0.13¢*%7.

The proof of the case 6C follows from the following Table 4. (g, (v) < 0).

Table 4: Values of a,y, g4(y)

a y ga(y)
05 1/e -0.02808298
0.6 0.5 -0.077845216
1 0.6 -0.003834876

Proof of the case 6D.
Let us considere 0.165 < x < 0.188. We obtain
g(x,y) < go(x,y) = cos (0.188™'%%) + cos (') — cos(y*'%) — cos (x?).
(—cos(x)). = 0 implies
o(x,y) < g10(y) = cos (0.188%18¥) 4 cos () — cos(y*19%) — cos (0.188") .

Because of gio(y = 1/e) = —0.0041266924 it suffices to prove g1 = g}y, < 0. We
have

g = —sin(y”)y'(1+In(y)) +
sin(0.1887)0.188”In(0.188) + sin(y*16%)0.165¢% 19571,

There are four cases.

glla: 1/e <y <048, and we have 0.188 > 0.188048,
gllb: 0.48 <y <0.62, and we have 0.188 > 0.188%-62,
gllc: 0.62<y<0.8, and we have 0.188” > 0.188°8.

glld: 0.8<y<1, and we have 0.188" > 0.188.
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&) = —sin ((1)/> (1) emo)

+5in(0.188”)0.188”1n(0.188) + sin(1)0.165¢" 5.

Put

The proof of the case 6D follows from the following Table 5. ( ggy (y) <0).

Table 5: Values of b,y, g,(y)

b y gn(y)
048 1/e -0.00478284
0.62 048 -0.0035201217
0.8 0.62 -0.024537437
1 0.8 -0.0819205844

Proof of the case 6E. Let us consider 0.188 < x <y < 1. There are four cases.

6E1: x> 0.588,
6E2: 0.404 < <0.588,
6E3: 0.218 < x¥ < 0.404,
6E4: X < 0.218.

It is easy to show that

x(yg) (%), = p(¥) +xy"p ("),

where p is defined in Lemma 1. Put

A(x,y) =y p(¥*) +xy" p(y).

If we show A (x,y) >0 for 0.188 <x <y < 1 then yg; (x,y) is an increasing function in
xon (0.188,y). Because of yg(x=y,y) =0 we obtain g} (x,y) <0 for fixed 0.188 < x

and y € (x,1). Because of g(x,y =x) =0 we get g(x,y) <0 for 0.188 <x<y< 1.

From the previous parts we have if p(x’) 4+ Cy.1s3p(y*) = 0 then A(x,y) > 0 for

0.18<x<y<1.

Proof of the case E1. Let ¥’ > 0.588. Lemma 1 gives p(x’) > 0. We have always

p(y*) >0, S0 p(») +Co.assp(y*) = 0.

Proof of the case E2. Let 0.404 < x’ < 0.588. Then y* > (In(0.588)/In(x))*.

From Note 1 we obtain y* > Ko sgg x, > 0.7822473.
So

(X)) 4+ Co.153p(v") = p(0.404) 40.76097 p(0.7822473) = 7% 10~ > 0.
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Proof of the case E3. Let 0.218 < x’ < 0.404. Then y* > (In(0.404)/In(x))*.
From Note 1 we obtain y* > Ko 404.x, > 0.89130833.
So

p() + Co.188p(v") = p(0.218) 4-0.76097p(0.89130833) = 0.037405 > 0.

Proof of the case E4. Let ¥’ < 0.218. Then we have f’(x=0.188) =0.49683 > 0,
f(x=0.188) = 0.9827128 > 0, where f is a function defined in Lemma 3. From
Lemma 1 we obtain

() + Co.18sp(y°) = —0.4405 +0.76097p(0.9827128) = 0.3674646 > 0.

The proof is complete.

4. Conclusion

In this paper, we proved the following open problem:
If 0 <x<y<m/2,then

cos (x") +cos (y') < cos (x*) +cos (y") .
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