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APPROXIMATION OF QUADRATIC LIE «-DERIVATIONS
ON p-COMPLETE CONVEX MODULAR ALGEBRAS

HARK-MAHN KiM, JIN-SEOK PARK AND HWAN-YONG SHIN*

(Communicated by M. Aslam Noor)

Abstract. In this paper, we investigate stable approximation of almost quadratic Lie *-derivations
associated with approximate quadratic mappings on p -complete convex modular algebras x,
by using A; -condition via convex modular p.

1. Introduction

In 1940, S.M. Ulam gave a wide ranging talk before the mathematics club of the
University of Wisconsin in which he discussed a number of important unsolved prob-
lems. Among those was the the question concerning the stability of group homomor-
phisms [18]. Let G be a group and let G’ be a metric group with the metric d(-, -).
Given € > 0, does there exist a § > 0 such that if a mapping f : G — G’ satisfies the
inequality

d(f(xy), f(x)f(y)) <&

for all x,y € G, then there exists a homomorphism F : G — G’ with d(f(x),F(x)) <€
for all x € G? D.H. Hyers [6] has solved the problem of Ulam for the case of additive
mappings in 1941. The result was generalized by T.Aoki [1] in 1950, by Th.M. Rassias
[15] in 1978, by J.M. Rassias [14] in 1992, and by P. Gavruta [5] in 1994. Over the
past few decades, many mathematicians have published the generalized Hyers—Ulam
stability of functional equations [2, 3,4, 11, 17, 21].

Now, we recall some basic definitions and remarks of modular spaces with modu-
lar functions, which are primitive notions corresponding to norms or metrics, as in the
followings [8, 9, 19].

DEFINITION 1. Let ) be a linear space.

(1) A function p : y — [0,e] is called a modular if for arbitrary x,y € y,
(ml) p(x) =0 if and only if x=0,
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(m2) p(ox) = p(x) forevery scalar o with |or| =1,
(m3) p(ox+By) < p(x)+p(y) forany scalars o, 3, where a+f =1and o, 3 >0,
(2) alternatively, if (m3) is replaced by

(m3)” p(ox+By) < ap(x)+ Bp(y) for every scalars o, 3, where v+ 3 =1 and
o, >0,

acting on the real linear space Yy, then we say that p is a convex modular. Now, we
define to extend the inequality (m3)’ to the following inequality

(m3)” p(ax+By) < |a|p(x)+|Blp(y) for every scalars a, 8 € C, where |a| + |B| =
17

acting on the complex linear space . Then, we remark a modular p defines a corre-
sponding modular space, i.e., the linear space y, given by

xp={xex:p(Ax) =0 as A — 0}

Let p be a modular on x,. Then we remark that p(zx) is an increasing function in
t > 0 for each fixed x € J, that is, p(ax) < p(bx) whenever 0 < a < b. In addition,
if p is a convex modular on y, then p(ox) < op(x) for all x € ¥ and for all o with
0 < a < 1. Moreover, we see that p(ox) < |o|p(x) for all x € y and all o with
|| < 1.

REMARK 1. (1) In general, we note that p (¥ oix;) < X7, oup (x;) forall x; €
xand 0; >0 (i=1,---,n) whenever 0 < ot : =" , o; < 1 [9]. (2) Consequently, we
lead to p(Zl'-':1 a,-x,-) <Y |ai|p(xi) forall x; € y and all o; € C whenever 0 < o :=
iy loa| < 1.

DEFINITION 2. Let ), be a modular space and let {x,} be a sequence in y,.
Then,

(1) {x,} is p-convergentto x € y, and write x, L xif plxy—x) — 0 as n— oo
(2) {xu} is called p-Cauchy in y, if p(x, —x,) — 0 as n,m — oo.

(3) A subset K of x, is called p-complete if and only if any p -Cauchy sequence is
p -convergent to an element in K.

It is said that the modular p has the Fatou property if and only if p(x) < liminf, .. p(x,)
whenever the sequence {x,} is p-convergent to x. A modular function p is said to
satisfy the A, -condition if there exists k¥ > 0 such that p(2x) < kp(x) forall x € .
The concept of modular spaces was first introduced by Nakano [13], and then
by Musielak and Orlicz [12]. Concerning the stability theory in modular spaces, G.
Sadeghi [16] has established generalized Hyers—Ulam stability via the fixed point method
of a generalized Jensen functional equation f(rx+sy) = rg(x)+sh(y) in convex modu-
lar spaces with the Fatou property satisfying the A;-condition with 0 < Kk < 2. In [19],
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the authors have presented the generalized Hyers—Ulam stability of quadratic functional
equations via the extensive studies of fixed point theory in the framework of modular
spaces whose modular is convex, lower semicontinuous but does not satisfy any rel-
atives of Aj-condition (see also [7, 10]). Recently, the stability problems of various
functional equations in modular spaces have been intensively investigated by many au-
thors [8, 9, 10].

Now, we introduce the concept of convex modular *-algebras. It is said that y,
is called a convex modular -algebra if the fundamental space X is a *-algebra with
convex modular p subject to p(ab) < p(a)p(b) and p(c*) =p(c) forall a,b,c € X.
A subset K of a convex modular algebra y, is called p-complete if and only if any
p -Cauchy sequence in K is p-convergent to an elementin K.

Throughout the paper, y, will be a p-complete convex modular *-algebra and
the symbol [a,b] will denote the commutator ab — ba. We say that a linear mapping f
is called a Lie *-derivation if f([x,y]) = [f(x),y] + [x,f(y)] and f(z*) = f(z)* for all
vectors x,y,z, where [a,b] = ab — ba. In a similar way, we say that a quadratic map-
ping f is quadratic homogeneous if f(Ax) = A%f(x) for all vectors x and all scalars
A, and a quadratic homogeneous mapping f is called a quadratic Lie x*-derivation if
F(e,y]) = [f(x),y*] + %2, ()] and f(z*) = f(z)* for all vectors x,y,z. Concerning
the stability theory of approximate quadratic Lie sx-derivations in p-complete con-
vex modular algebras, we first investigate generalized Hyers—Ulam stability via direct
method of the equation

fx=y)+ fx+y) = flx—y) +4f(x) + f() (D

in p-complete convex modular algebras without using both Fatou property and A;-
condition, and then alternatively present generalized Hyers—Ulam stability of the equa-
tion (1) via direct method using necessarily A, -condition but not using the Fatou prop-
erty in p -complete convex modular algebras.

2. Approximate quadratic Lie *-derivations

We recall that the classical functional equation

fx+y)+flx—y)=2f(x)+2f(y) (2)

is called the quadratic functional equation. In particular, every solution of the quadratic
functional equation is said to be a quadratic mapping. First of all, we remark that the
equation (1) is equivalent to the original quadratic functional equation (2), and so every
solution of equation (1) is a quadratic mapping. For notational convenience, we denote
the quadratic difference operator QF ;L of quadratic equation (1) and QD of quadratic
derivation, respectively, as follows:

QE} (x.y) 1= f(2Ax = Ay)+ f(Ax+ Ay)

—A2f(x—y) =422 f(x) = A2 (),
0Dy (x,y) = f(be.y]) = [F(),y"] = [, F ()]
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for all x,y in a linear space X and A € A:={A € C:|A| = 1}, which act as perturb-
ing terms of quadratic Lie *-derivations. In the following, we present a generalized
Hyers—Ulam stability of the equation (1) via direct method associated with approximate
quadratic Lie *-derivations in p -complete convex modular algebras without using both
Fatou property and A;-condition.

THEOREM 1. Suppose that a mapping f : xp — xp with f(0) =0 satisfies

p(QE;L(xJ])"’_f(Z*)_f( ) ) (Pl(x Y2 )» (3)
p(QDy(x,y)) < d2(x,y) )

and ¢, :)(S —[0,00) and ¢, :)(I% — [0,00) are mappings such that

< 01(27x,27y,,2/7 ) 2"x, 2"y
D(x,y,2) Z—)<w,}ﬂ%=0 )

NN

forall x,y,z € xp and A € A. If for each x € Yy the mapping r — f(rx) from R to
Xp is continuous, then there exists a unique quadratic Lie *-derivation Fy : Xp — Xp
which satisfies the equation (1) and

p(f(x) = Fi(x) < 7P(x,x,0) (6)

EN

forall x € xp.

Proof. Putting y :=x and z:=0 in (3), we obtain
P(QE}(x,x)) = p(f(2x) —4f(x)) < 1 (x,%,0), )

which yields

p (0~ L20) < Lp(r20) - 4rw) < Sor(x.x.0)

forall x € x,, . Since 2” ! 4% < 1, we prove the following functional inequality
f(2"x) o f(2/x)  f(27"x)
P10 -5 )= {Z (%~ ) ®

(477 — £(27 ) |

< 2 22 ;+1 (4f 2x)~f (ZHIX))

_ 1 "ol 91 (27, 2/x,0)

p&T
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for all x € x, by using the property of convex modular p.
Now, replacing x by 2”x in (8), we have

f2mx)  f(2mx) 121 ¢y (27x,27%,0)
o ) <i78 a0

22m 22(m+n) 4 S 22j

which converges to zero as m — oo by the assumption (5). Thus the above inequality

implies that the sequence {f pED } is p-Cauchy for all x € xp and so it is convergent

in x, since the space y, is p-complete. Thus, we may define a mapping F : xp — Xp
as

forall x € x,.

Now, we proclaim F] is a quadratic mapping satisfying the equation (1) and the
approximation (6). In fact, if we put (x,y,z) := (2"x,2"y,0) in (3), and then divide the
resulting inequality by 2%, one obtains

QE}(2'x,2"y)\ _ p(QEF(2"x,2"y))  ¢,(2"x,2"y,0)
p(—5—) < ; < 7
22n 22n 22n

which implies

QE}(2'x,2"y)y _ P(QE}(2"x,2"y))
o( 221 ) < 2%
¢1(2"x,2"y,0)
= 22}1
— 0

6/22/+3 \+3

forall x,y € xp and all A € A. Thus, noting < 1 we figure out

p(5QEH (63)

1 QEX(2"x,2"y)  QE*(2"x,2"y)
= p (508} (vy) — =+ =)
2"(2Ax— A (x4 A
—P(FI(MX—/U)—W>+ p( W(Ax 4+ Ay) — w>

(o) - LG 2 - L)

(e 12) o ()

for all x,y € xp and all positive integers n by Remark 1. Taking the limit as n — oo,
one obtains p(éQEZEl (x,y)) =0, and so

QE} (x,y) =0
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forall x,y € xp andall A € A. Hence F; satisfies the equation (1) and so it is quadratic.

On the other hand, since Y, 50 ,IH) + 2% < 1 for all n € N, it follows from (7)
and Remark [ that

p(f(x) —Fi(x))
n 1 . . ontly Fi(2x
=p (Z(,) 26D (sz(zlx) —f(Zle)) + f2(2(n+l)) - léz )>
n 1 ) 2n+l
< % P (QEf( %2x)) + > p(fi( ) ~Fi(29))

g (M—Fl(zx)>,

2'x,2/x,0) + 22p

without applying Fatou property of the modular p for all x € y, and all n € N, from
which we obtain the approximation (6) of f by the quadratic mapping Fj by taking
n — oo in the last inequality.

Next, we claim that F} is a quadratic Lie *-derivation. By (9), we have QF ,’}1 (x,x) =
0 which yields Fy(24x) = 4A%F(x) for all x € x, and A € A. From the assumption
that for each x € y, the mapping r — f(rx) from R to y, is continuous, it follows
that Fi(rx) = r*Fy(x) for all x € y, and r € R by the same argument as in the paper
[15]. Thus, for any nonzero A € C

= o) <o) (24
(B () -

for all x € yp and A € C, which concludes that Fj is quadratic homogeneous. In
addition, in view of the inequality in (4) and the second condition in (5), we arrive at

p(30Dr (5,)

1 ODf(2'x,2"y) = QDf(2"x,2"y)
—P<ZQDF1(3C7Y)_ 4. 42n + 4 .42n )

217y 2 n
< Lp(R) - LE MY L L (BSCVL o )
1

’ : 1 n n
# - [Fl(x)7y2]> + mp (QDf(2 )C,2 y))

for all x,y € xp, which tends to zero as n tends to eo. Therefore, one obtains
p(40DF, (x,y)) =0, and so Fj is a quadratic Lie derivation. In addition, we get the
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following inequality

p (é (Fl (z") —Fl(Z)*» < %P <F1

%p(f( 2" (z)*) o ( (Z"Z*)_f(jZZ)*>
< ;P(Fl )
%p( (2"2)" (z)*) ¢1(2 043 2)

for all vector z. Taking n — oo, one concludes F) is a Lie *-derivation.

Finally, applying the same argument as in the proof of Theorem [9], we prove the
uniqueness of F| satisfying the approximation (6) near f. Therefore, one concludes
that the mapping F] is a unique quadratic Lie derivation near f satisfying the approxi-
mation (6) in the modular algebra y, .

As a corollary of Theorem 1, we obtain the following stability result of approxi-
mate quadratic Lie *-derivations on complete normed algebras ), which may be con-
sidered as x, equipped with norm |- || =p(-).

COROLLARY 1. Let yp be a complete normed *-algebra. For given nonnegative
real numbers 6;,0; together with r; < 2(i = 1,2,3) and a,b with a+b < 2, suppose
that a mapping f: xp — xp with f(0) =0 satisfies

r r a b r
O [[x[|" =+ G2y 11" + O3 ([Ix[|“¥[I” + (1212,
2r 2r; 2a 2b
O[] 7+ D[y 17 + sl =1yl

IQEF (x,y)+ £(z*) — f(2)"]|
|OD(x,y)]|

NN

forall x,y,z € xp and all A € A. If for each x € ¥, the mapping r — f(rx) from R to
Xp is continuous, then there exists a unique quadratic Lie x-derivation F\ : Yp — Xp
such that

1) — B0 < Oullx[|" | O[] | Osfx]|
=02 _9n 22 _9r ' Q2 _natb

forall x € xp.

As a corollary, we obtain a stability result by strictly quadratical contractive condi-
tions of control functions for perturbing terms QF } ,OD¢ of quadratic Lie *-derivations.

COROLLARY 2. Suppose there exist two functions @ :xg — [0,00) and ¢ :xf, —
[0,00) and two constant I; with 0 < I; < 1 (i =1,2) for which a mapping f: xp — Xp
with f(0) = 0 satisfies

(Pl(x 2 ) ¢1(2x,2y,22) < 4ll¢1(x,y,z),
$2(x,y),  $2(2x,2y) < 16L¢2(x,y)

p(QE} (x,y) + f(z") — f(2)")
p(QDy(x,y))

<
<
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forall x,y,z € yp andall A € A. If for each x € ¥, the mapping r — f(rx) from R to
Xp is continuous, then there exists a unique quadratic Lie x-derivation F\ : Xp — Xp
which satisfies the equation (1) and

p(f(x) = Fi(x)) < ¢1(x,x,0)

L
4(1-14)
forall x € xp.

Proof. In view of strict quadratical contractive conditions for control functions ¢;
and ¢, one leads to ¢ (2"x,2"y,2"z)<(411)" ¢1(x,y,z) and ¢2(2"x,2"y)<(16l2)" ¢ (x,)
forall x,y,z € xp and all A € A. Hence, applying Theorem I to the theorem, we obtain
the required approximation.

We recall that if the modular p satisfies the A, -condition, then x > 1 for nontriv-
ial modular p, and x > 2 for nontrivial convex modular p. See references [8, 9, 16,
19]. Now, we are going to investigate alternatively generalized Hyers—Ulam stability
of the equation (1) associated with approximate quadratic Lie *-derivations via direct
method using necessarily A, -condition but not using the Fatou property in p -complete
convex modular algebras.

THEOREM 2. Let ), be a pcomplete convex modular xalgebra with Aycondition.
Suppose there exist two functions @y : xg — [0,00) and @, : xf, — [0,0) for which a
mapping f: Xp — Xp satisfies

P(QE,;‘L () + () = f(2)") < 1(x,,2), ©)
© kN x oy oz
jzzl 7(P1(57 Ea 5) = "P(x’y’z) < oo,

p(ODf(x,y)) < ¢2(x,y), o
lim K gy(2"x,27"y) = 0

forall x,y,z € yp andall A € A. If for each x € ¥, the mapping r — f(rx) from R to
Xp is continuous, then there exists a unique quadratic Lie *-derivation F» : Xp — Xp
satisfies the equation (1) and

PU() ~ Fa() < 5 ¥(x,5,0) (an

forall x € xp.

Proof. First, note that ¥ £7.;(0,0,0) = ¥(0,0,0) < e and p(QE}(0,0)) <
©01(0,0,0) lead to ¢;(0,0,0) =0, QEfl(0,0) =0 and so f(0) = 0. Thus, it follows
from (7) that

U —47(5) < 0i(5.5:0)
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for all x € yp. Thus, one obtains the following inequality by the convexity of the
modular p and A;-condition

R _0. Z —_ .
5) < 302700 =2:413)) + 350 (2241 (5) 22421 (5)
K /x x k xox
< N _a_70> "N (_a_70>
20 (350) + 20 (53
for all x € xp . Then using the repeating process for any n > 2, we prove the following
functional inequality

p(f(x)—42£(

.X

n 1 & kY
p(f(x) —4"£(5;) \—222— (21 ot 0) (12)

for all x € xp. In fact, it is true for j = 2. Assume that the inequality (12) holds true
for n. Thus, using the convexity of the modular p, we deduce

p(f() - 4"“f(2n+1 )

—p %{2]0() 2:4()}+3 Lo, 45 -2 4 (5)))
< gp(f(x)—4f(2)> + K3p(f(x)—4”f(2;fﬂ)>

X .X 3 X
EMTHRCE LT

X x 1 & K3(~’+1) X X
=39(330) * 2 X 5 o (g g 0)

1 n+1 K3j Y x
- — e —.,—.,O>,
K‘ng‘l 2 (p1<21 27

which proves (12) for n+ 1. Now, replacing x by 27"'x in (12), we have

p (2 (5) ~ 22 () < K (50— 2" (5
K.2m n K3j X X
<= X707 70)

2m n 37 m

K K X X K

K2 ,-Z’_(m(zw" 1ojHm O) om
n 3(j+m) X X

= K‘2 2 2j+m (p1<2]+m P jt+m’ O)

N

1 7 43 (x X O)
) A PI\ 570577 )
RN TREY
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which converges to zero as m — oo by the assumption (10). Thus, the sequence {4" f(37)}
is p-Cauchy for all x € yp and so itis p-convergentin y, since the space y, is p-
complete. Thus, we may define a mapping F3 : xp — Xp as

B (x) —p—11m4”f( ) = hmp(4"f(2x)—F2(x)> =0,

n—oo

forall x € x,.

Now, we prove the mapping F; satisfies the equation (1). Letting z := 0 and
setting (x,y) := (27"x,27"y) in (9), and then multiplying the resulting inequality by
4", we get

p(22"QE}(27"x,27"y)) < k¥¢y (27"x,27"y,0)
—n —n K"
< Kzn(Pl(z x,2 y’0)2_n
3n

Pl | (zinx’ zinya 0),

which tends to zero as n — oo for all x,y € x, . Thus, it follows from Remark 1 that

p(5 0Fh (v))

(9 QE} (5,y) ~ 52" QE} (3. 20) + 5 2 0BH (51, 2)

' on '2n
2Ax— A 1 Ax+ 24
§ ( (22x — Ay) 2”7(%))+§p(Fz(M+7ty)—22”f( x; y))
22 _ 422
Hp (Rl -2 D)) + 2 (B 220 ))

2

(Bl -2

5 > >)+ 5p (270} (5. 50))

on "on

for all x,y € yp and all positive integers n. Taking the limit as n — o, one obtains
QEf; (x,y) =0

forall x,y € xp and all A € A. Hence F> satisfies the equation (1), and so it is quadratic.

Now, we prove that F, is a quadratic Lie x-derivation. It is easy to see that the
mapping F> is quadratic homogeneous by the same reasoning as in Theorem 1. From
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the last inequality in (10) and the last condition in (9), it follows that

p (500x(x.y))

OD;(27"x,27"y) | 0w @Dr(27"%,27") )

< 3o (B~ ey)) + 30 (02,412 - 2. R0)
430 (197070, ~ [F0.7)) + 30 (#10D,2 " 271))

< 3o (B~ 1)) + 30 (12,472 - BO))

l n
= p(30Dn(x.y) 4

n

_|_%p ([4"]‘(27")6) - F2(x)7y2]> + %(Pz <27nx,2*"y>

forall x,y € x, , from which ODp, (x,y) = 0 by taking n — o, and so F> is a quadratic
Lie derivation. In addition, it follows from the definition of F, that the following in-
equality

p({ (- )) < o) -r(5)

Ao (os(5) ) Lo (os(Z) (5 )
< 1p (Fz(z*) —4"f<§—:>>

1 3P (4"f<2—;7)* —F()) +

2n n
Z K

0,0,_) L

3 ‘pl( ) 2n

holds for all vectors z, which goes to zero as n — <. Hence, one concludes F; is a
quadratic Lie *-derivation.
On the other hand, one can see the following inequality

pUF() ~ Ba() = p(5{2F() ~2- 47 ()} + 3 {247 () ~252(0)})
<§p(f<x>—4"f<2"—n>) p(4”f( )~ R(x))
n 37
<§-$le’§—f<p<2, 0+ S (#72) - BW)
1 & xd X X 1
< E; _/(PI(Z’Z’O) = ﬁ‘{’(x,x,O),

by A;-condition without using the Fatou property for all positive integers n, which
yields the approximation (11) by taking n — oco.

Finally, applying the same argument as in the proof of Theorem [9], we prove the
uniqueness of F, satisfying the approximation (11) near f. Hence, the mapping F; is
a unique quadratic Lie *-derivation satisfying the estimation (11) near f.
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REMARK 2. InTheorem 2, if y, is a Banach x-algebra with norm |- || := p, and
so p(2x) =2p(x), Kk :=2, then we see from (9) and (10) that there exists a unique
quadratic Lie x-derivation F> : xp — ¥, , defined as F>(x) = limy—e 22" f(55), X € Xp,
which satisfies the equation (1) and

forall x € x,.

As a corollary of Theorem 2, we obtain the following stability result of the equa-
tion (1) associated with quadratic Lie *-derivations, which generalizes stability result
in normed x*-algebras.

COROLLARY 3. Let p be a complete normed *-algebra. For given nonnegative
real numbers 6;,9; together with 2 < r; (i =1,2,3) and a,b with 2 < a+ b, suppose
amapping f: xp — Xp satisfies

IQEF (x.y) + (") = £()" | < Oullxll™ + 62yl + O3l Iy]]” + 11217,
10D (x,¥) | < O] + 02 [yI1272 + 03 x]|**[1y]]**

forall x,y,z € xp and all A € A. If for each x € ¥, the mapping r — f(rx) from R to
Xp is continuous, then there exists a unique quadratic Lie -derivation Iy : Yp — Xp
such that

NN

Orllx[" , Balx]|™ , Bslx(]**”
p(f(x) _Fz(x)) < o7 _22 + o _22 2a+b _22

forall x € xp.

COROLLARY 4. Let yp be a p-complete convex modular x-algebra with A, -
condition. Suppose there exist two Junctions @ : XB [0,00) and @, : X,% — [0,00) and
two constant I; with 0 <1} < K3 and 0 < I, < 18 for which a mapping f: Xp — Xp
satisfies

* * <
p(QE}L(xJ})—'_f(Z )_f(Z) ) < (Pl(x7y7 ) (pl(z 2 2) (Pl(x 2 )7
T2
2277 16
forall x,y,z € xp and all A € A. If for each x € ¥, the mapping r — f(rx) from R to

Xp is continuous, then there exists a unique quadratic Lie *-derivation F» : Xp — Xp
satisfies the equation (1) and

p(OD¢(x,y)) < ¢2(x,y), ¢ 2 p2(x.y)

K'2l1

p(f(x) —F(x) < m‘l’l (x,x,0)

forall x € xp.
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