
Journal of
Mathematical

Inequalities

Volume 14, Number 1 (2020), 187–209 doi:10.7153/jmi-2020-14-14

INEQUALITIES FOR GENERALIZED PARAMETRIC MARCINKIEWICZ

INTEGRALS ALONG POLYNOMIAL COMPOUND CURVES

FENG LIU, ZUNWEI FU ∗ AND LIGUANG WANG

(Communicated by J. Pečarić)

Abstract. Under some weaker size conditions assumed on the integral kernels both on the unit
sphere and in the radial directions, the sharp Lp boundedness was proved for the generalized
parametric Marcinkiewicz integrals along polynomial compound curves via an extrapolation ar-
gument. As applications, the corresponding results for generalized parametric Marcinkiewicz
integral operators related to the Littlewood-Paley g∗λ -functions and area integrals are also estab-
lished.

1. Introduction

The primary purpose of this paper is to present certain sharp Lp boundedness
for rough generalized parametric Marcinkiewicz integrals along polynomial compound
curves. Let us begin with some notations and definitions.

DEFINITION 1. (Generalized parametric Marcinkiewicz integral operators along
submanifolds). Let Rn (n � 2) be the n -dimensional Euclidean space and Sn−1 denote
the unit sphere in Rn equipped with the induced Lebesgue measure dσ . Assume that
Ω ∈ L1(Sn−1) is a function of homogeneous degree zero and satisfies∫

Sn−1
Ω(u)dσ(u) = 0. (1)

Let h be a measurable function on R+ := [0,∞) and Γ : Rn → Rn be a suitable map-
ping. For a suitable function ϕ : R+ → R and 1 < q < ∞ , we define the generalized
parametric Marcinkiewicz integral operators M

q
h,Ω,Γ,ρ by

M
q
h,Ω,Γ,ρ f (x) =

(∫ ∞

0

∣∣∣ 1
tρ

∫
|y|�t

f (x−Γ(y))
h(|y|)Ω(y)
|y|n−ρ dy

∣∣∣q dt
t

)1/q
, (2)

where y′ = y/|y| for y ∈ Rn \ {0} , ρ = ς + iτ (ς ,τ ∈ R with ς > 0) and f ∈ S (Rn)
(the space of Schwartz functions on Rn ).
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For the sake of simplicity, we denote M
q
h,Ω,Γ,ρ = Mh,Ω,ρ if q = 2 and Γ(y) = y .

Specially, when ρ = 1 and h(·)≡ 1, the operator Mh,Ω,ρ reduces to the classical well-
known Marcinkiewicz integral operator MΩ , which was first introduced by Stein [26]
who established the Lp (1 < p � 2) bounds for MΩ under the condition that Ω ∈
Lipα(Sn−1) for 0 < α � 1. Stein’s result was later extended and improved greatly by
many authors. For example, see [6, 7] for the case Ω ∈ H1(Sn−1) (the Hardy space on

Sn−1 ), [3,4] for the case Ω ∈ L(logL)1/2(Sn−1) , [4,8] for the case Ω ∈ B(0,−1/2)
r (Sn−1)

(the block space generated by r -blocks). For h(·) ≡ 1, the operator Mh,Ω,ρ is just the
classical parametric Marcinkiewicz integral operator MΩ,ρ . Hörmander [11] (resp.,
Sakamoto and Yabuta [24]) first studied the Lp bounds for MΩ,ρ with real (resp.,
complex) number ρ . For further research on Mh,Ω,ρ and other extensions, we refer the
readers to consult [15, 16, 17, 18, 19, 20, 22, 23], among others.

On the other hand, the investigation on the generalized Marcinkiewicz integral
operator has also attracted the attention of many authors. When ρ = 1 and Γ(y) = y ,
we denote M

q
h,Ω,Γ,ρ by M

q
h,Ω . In 2002, Chen et al. [5] first introduced the operator

M
q
h,Ω and showed that M

q
h,Ω is bounded from the homogeneousTriebel-Lizorkin space

Ḟ0
p,q(Rn) to Lp(Rn) for 1 < p, q < ∞ if h(·) ≡ 1 and Ω ∈ Ls(Sn−1) for some 1 <

s � ∞ . Later on, the above result was improved by Fan and Wu [9] to the case Ω ∈
L(logL)1/q(Sn−1) for q � 2 and Ω∈ L(logL)1/q+ε(Sn−1) for 1 < q < 2 and any ε > 0.
Meanwhile, Al-Qassem et al. [2] established the bounds of M

q
h,Ω : Ḟ0

p,q(Rn) → Lp(Rn)
for p∈ (2β/(2β −1),2β ) and q∈ (2β/(2β −1),2β ) under the conditions that h(·)≡
1 and Ω ∈ Fβ (Sn−1) for some β > 1. Here Fβ (Sn−1) for β > 0 was introduced
by Grafakos and Stefanov [10] in the study of Lp bounds for rough singular integrals.
In particular, Le [13] observed that M

q
h,Ω is bounded from Ḟ0

p,q(R
n) to Lp(Rn) for

1 < p,q < ∞ provided that h ∈ Δmax{2,q′}(R+) and Ω ∈ L(logL)(Sn−1) . Recently, Al-
Qassem et al. [1] improved the results of [9, 13] and proved the following conclusions.

THEOREM 1. ( [1]) Let Ω satisfy the condition (1) and 1 < q < ∞ . Then:

(i) If Ω ∈ L(logL)(Sn−1)∪ ( ⋃
r>1

B(0,0)
r (Sn−1)

)
and h ∈ N1(R+) , then

‖Mq
h,Ω,ρ f‖Lp(Rn) � Cp(1+N1(h))‖ f‖Ḟ0

p,q(Rn), for 1 < p < q.

(ii) If Ω ∈ L(logL)1/q(Sn−1)∪ ( ⋃
r>1

B(0,1/q−1)
r (Sn−1)

)
and h ∈ N1/q(R+) , then

‖Mq
h,Ω,ρ f‖Lp(Rn) � Cp(1+N1/q(h))‖ f‖Ḟ0

p,q(Rn), for q � p < ∞.

(iii) If Ω ∈ L(logL)1/q(Sn−1)∪( ⋃
r>1

B(0,1/q−1)
r (Sn−1)) and h ∈ Δγ(R+) for some γ >

2 , then
‖Mq

h,Ω,ρ f‖Lp(Rn) � Cp‖h‖Δγ(R+)‖ f‖Ḟ0
p,q(Rn),

for 1 < p < q if 2 < γ < ∞ and q′ � γ , and for γ ′ < p < ∞ if 2 < γ � ∞ and
q′ < γ .
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Here the above constants Cp > 0 are independent of h .

This paper focuses on rough generalized parametric Marcinkiewicz integrals along
polynomial compound curves. More precisely, we shall establish certain sharp Lp

bounds for M
q
h,Ω,Γ,ρ with Γ(y) = PN(ϕ(|y|))y′ , where PN is a real polynomial on R of

degree N and satisfies PN(0) = 0 and ϕ ∈ F . Here F is the set of all positive increasing
C 1(R+) functions φ such that there exist Cφ , cφ > 0 such that tφ ′(t) � Cφ φ(t) and
φ(2t) � cφ φ(t) for all t > 0.

REMARK 1. There are some model examples for the class F , such as tα (α >
0) , tβ ln(1 + t)(β � 1) , t ln ln(e + t) , real-valued polynomials P on R with positive
coefficients and P(0) = 0 and so on. Note that there exists Bϕ > 1 such that ϕ(2t) �
Bϕϕ(t) for any ϕ ∈ F (see [21]).

For convenience, we denote M
q
h,Ω,Γ,ρ = M

q
h,Ω,PN ,ϕ,ρ if Γ(y) = PN(ϕ(|y|))y′ . Re-

cently, the first author [18] established the following result.

THEOREM 2. ( [18]) Let PN be a real polynomial on R of degree N and satisfy
PN(0) = 0 and ϕ ∈ F . Assume that h(·) ≡ 1 and Ω ∈ Fβ (Sn−1) for some β > 1/2
and satisfies (1). Then

‖Mq
h,Ω,PN ,ϕ,ρ f‖Lp(Rn) � Cp‖ f‖Ḟ0

p,q(Rn),

for p ∈ (1+1/(2β ),1+2β ) and q ∈ (1+1/(2β ),1+2β ) . Here the constant Cp > 0
is independent of the coefficients of PN , but may depend on p,q,n,ϕ ,ρ ,N .

Based on the above, a question that arises naturally is the following.

QUESTION 1. Is the operator M
q
h,Ω,PN ,ϕ,ρ bounded from Ḟ0

p,q(R
n) to Lp(Rn) un-

der the same conditions h,Ω in Theorem 1 and PN ,ϕ in Theorem 2?

This question is the main motivation of this work, which can be addressed by the
following results.

THEOREM 3. Let PN be a real polynomial on R of degree N and satisfy PN(0) =
0 and ϕ ∈ F . Suppose that Ω satisfies (1). Then:

(i) If Ω ∈ L(logL)(Sn−1) and h ∈ N1(R+) , then

‖Mq
h,Ω,PN ,ϕ,ρ f‖Lp(Rn) � Cp(1+‖Ω‖L(logL)(Sn−1))(1+N1(h))‖ f‖Ḟ0

p,q(Rn),

for 1 < p < q.

(ii) If Ω ∈ L(logL)1/q(Sn−1) and h ∈ N1/q(R+) for 1 < q < ∞ , then

‖Mq
h,Ω,PN ,ϕ,ρ f‖Lp(Rn) � Cp(1+‖Ω‖L(logL)1/q(Sn−1))(1+N1/q(h))‖ f‖Ḟ0

p,q(Rn),

for q � p < ∞ .
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(iii) If Ω ∈ L(logL)1/q(Sn−1) and h ∈ Δγ (R+) for some γ > 2 . Then

‖Mq
h,Ω,PN ,ϕ,ρ f‖Lp(Rn) � Cp(1+‖Ω‖L(logL)1/q(Sn−1))‖h‖Δγ(R+)‖ f‖Ḟ0

p,q(Rn),

for 1 < p < q � γ ′ if 2 < γ < ∞ , and for γ ′ < p < ∞ and γ ′ < q < ∞ if 2 < γ � ∞ .

Here the above constants Cp > 0 are independent of h,Ω and the coefficients of PN ,
but may depend on p,q,n,ϕ ,ρ ,N .

THEOREM 4. Let PN be a real polynomial on R of degree N and satisfy PN(0) =
0 and ϕ ∈ F . Suppose that Ω satisfies (1). Then:

(i) If Ω ∈ B(0,0)
r (Sn−1) for some r > 1 and h ∈ N1(R+) , then

‖Mq
h,Ω,PN ,ϕ,ρ f‖Lp(Rn) � Cp(1+‖Ω‖

B
(0,0)
r (Sn−1)

)(1+N1(h))‖ f‖Ḟ0
p,q(Rn),

for 1 < p < q.

(ii) If Ω ∈ B(0,1/q−1)
r (Sn−1) for some r > 1 and h ∈ N1/q(R+) for 1 < q < ∞ , then

‖Mq
h,Ω,PN ,ϕ,ρ f‖Lp(Rn) � Cp(1+‖Ω‖

B(0,1/q−1)
r (Sn−1)

)(1+N1/q(h))‖ f‖Ḟ0
p,q(Rn),

for q � p < ∞ .

(iii) If Ω ∈ B(0,1/q−1)
r (Sn−1) for some r > 1 and h ∈ Δγ(R+) for some γ > 2 . Then

‖Mq
h,Ω,PN ,ϕ,ρ f‖Lp(Rn) � Cp(1+‖Ω‖

B(0,1/q−1)
r (Sn−1)

)‖h‖Δγ(R+)‖ f‖Ḟ0
p,q(Rn),

for 1 < p < q � γ ′ if 2 < γ < ∞ , and for γ ′ < p < ∞ and γ ′ < q < ∞ if 2 < γ � ∞ .

Here the above constants Cp > 0 are independent of h,Ω and the coefficients of PN ,
but may depend on p,q,n,ϕ ,ρ ,N .

Theorems 3 and 4 can be proved by applying extrapolation arguments following
from [25] and the following refined sharp results.

THEOREM 5. Let PN be a real polynomial on R of degree N and satisfy PN(0) =
0 and ϕ ∈ F . Suppose that Ω ∈ Ls(Sn−1) for some s ∈ (1,2] satisfying (1) and h ∈
Δγ(R+) for some γ ∈ (1,2] . Then:

(i) For 1 < p < q, it holds that

‖Mq
h,Ω,PN ,ϕ,ρ f‖Lp(Rn) � Cp(s−1)−1(γ −1)−1‖Ω‖Ls(Sn−1)‖h‖Δγ(R+)‖ f‖Ḟ0

p,q(Rn).

(ii) For q � p < ∞ , it holds that

‖Mq
h,Ω,PN ,ϕ,ρ f‖Lp(Rn) �Cp(s−1)−1/q(γ−1)−1/q‖Ω‖Ls(Sn−1)‖h‖Δγ(R+)‖ f‖Ḟ0

p,q(Rn).
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Here the above constants Cp > 0 are independent of h,Ω,γ,s and the coefficients of
PN , but may depend on p,q,n,ϕ ,ρ ,N .

THEOREM 6. Let PN be a real polynomial on R of degree N and satisfies PN(0)=
0 and ϕ ∈ F . Suppose that Ω ∈ Ls(Sn−1) for some s ∈ (1,2] satisfying (1) and
h ∈ Δγ (R+) for some γ ∈ (2,∞] . Then

‖Mq
h,Ω,PN ,ϕ,ρ f‖Lp(Rn) � Cp(s−1)−1/q(γ −1)−1‖Ω‖Ls(Sn−1)‖h‖Δγ(R+)‖ f‖Ḟ0

p,q(Rn),

for 1 < p < q � γ ′ if 2 < γ < ∞ , and for γ ′ < p < ∞ and γ ′ < q < ∞ if 2 < γ � ∞ .
Here the above constants Cp > 0 are independent of h,Ω,γ,s and the coefficients of
PN , but may depend on p,q,ϕ ,ρ ,N .

REMARK 2. There are some remarks as follows:

(a) Theorem 3 (i) and (ii) extend [23, Corollary 2], which corresponds to the case
q = 2. Theorems 3 and 4 generalizes Theorem 1, which corresponds to the case
PN(t) = t and ϕ(t) = t . Moreover, Theorems 3 and 4 are essentially different
from Theorem 2, even in the special case h(t) ≡ 1.

(b) Our main results improve and generalize the main results in [4, 5, 9, 13].

(c) It should be pointed out that all of our main results are new, even in the special
case: ρ = 1, q = 2, h(t) ≡ 1 and ϕ(t) ≡ t .

The paper is organized as follows. Section 2 contains some notations and lemmas,
which play key roles in our proofs. The proofs of main results will be given in Section 3.
Finally, we establish the Lp bounds for generalized parametric Marcinkiewicz integral
operators related to Littlewood-Paley g∗λ -functions and area integrals in Section 4. We
would like to remark that the main method employed in the proofs of Theorems 5 and
6 is a combination of ideas and arguments from [1,14,23,27]. The proofs of Theorems
3 and 4 are based on Theorems 5 and 6 and some extrapolation arguments following
from [4, 25].

Throughout the paper, we let p′ denote the conjugate index of p which satisfies
1/p+1/p′ = 1. The letter C will stand for positive constants not necessarily the same
one at each occurrence but is independent of the essential variables.

2. Preliminary notations and lemmas

This section is devoted to presenting some definitions and lemmas, which play key
roles in the proofs of main results. We start with some definitions of function spaces.

DEFINITION 2. (Function classes L(logL)α (Sn−1) , B(0,v)
r (Sn−1) and Fβ (Sn−1)).

(i) For α > 0, the class L(logL)α(Sn−1) denotes the class of all measurable func-
tions Ω on Sn−1 which satisfy

‖Ω‖L(logL)α (Sn−1) =
∫

Sn−1
|Ω(θ )| logα(|Ω(θ )|+2)dσ(θ ) < ∞.
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(ii) The block spaces in Rn originated from the work of Taibleson and Weiss on the
convergence of the Fourier series in connection with developments of the real
Hardy spaces. The block spaces on Sn−1 was introduced by Jiang and Lu [12]
in studying the homogeneous singular integral operators. A r -block on Sn−1 is
an Lr(Sn−1) (1 < r � ∞) function b which satisfies supp(b) = I and ‖b‖r �
|I|1−1/r , where |I|= σ(I) , and I = {x∈ Sn−1 : |x−x0|< α} for some α ∈ (0,1]
and x0 ∈ Sn−1 . The block B(0,v)

r (Sn−1) is defined by

B(0,v)
r (Sn−1) =

{
Ω ∈ L1(Sn−1) : Ω =

∞

∑
μ=1

λμbμ , M(0,v)
r ({λμ}) < ∞

}
,

where v > −1, λμ ∈ C , bμ is a r -block supported on a cap Iμ on Sn−1 and

M(0,v)
r ({λμ}) = ∑∞

μ=1 |λμ |
(
1 + log(v+1)(|Iμ |−1)

)
. The norm of B(0,v)

r (Sn−1) is

given by ‖Ω‖
B(0,v)

r (Sn−1)
= N(0,v)

r (Ω) = inf{M(0,v)
r ({λμ})} , where the infimum is

taken over all r -block decompositions of Ω .

(iii) For β > 0, Fβ (Sn−1) is defined by

Fβ (Sn−1) :=
{

Ω ∈ L1(Sn−1) : sup
ξ∈Sn−1

∫
Sn−1

|Ω(y′)| logβ 2
|ξ · y′|dσ(y′) < ∞

}
.

REMARK 3. The following inclusion relations are valid:

Lr(Sn−1) � L(logL)β1(Sn−1) � L(logL)β2(Sn−1) for r > 1 and 0 < β2 < β1;

L(logL)β (Sn−1) � H1(Sn−1) for β � 1;

L(logL)β (Sn−1) � H1(Sn−1) � L(logL)β (Sn−1) for 0 < β < 1;⋃
q>1

Lq(Sn−1) �
⋂

β>1

Fβ (Sn−1) � L logL(Sn−1);

⋂
β>1

Fβ (Sn−1) � H1(Sn−1) �
⋃

β>1

Fβ (Sn−1);

⋃
r>1

Lr(Sn−1) � B(0,v)
q (Sn−1) for q > 1 and v > −1;

B(0,v2)
q (Sn−1) � B(0,v1)

q (Sn−1) for q > 1 and v2 > v1 > −1;⋃
q>1

B(0,v)
q (Sn−1) �

⋃
r>1

Lr(Sn−1) for v > −1;

B(0,v)
q (Sn−1) ⊂ H1(Sn−1)+L(logL)1+v(Sn−1) for q > 1, v > −1.

DEFINITION 3. (Function classes Δγ(R+) and Nγ(R+)).

(i) For γ > 0, Δγ(R+) will always be used to denote the collection of all measurable
functions h : [0,∞) → C satisfying

‖h‖Δγ(R+) = sup
R>0

( 1
R

∫ R

0
|h(t)|γdt

)1/γ
< ∞.
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(ii) For γ > 0, the set Nγ (R+) denotes the collection of all measurable functions
h : [0,∞) → C satisfying

Nγ(h) = ∑
m=1

mγ2mdm(h) < ∞ with dm(h) = sup
k∈Z

2−k|E(k,m)|,

where E(k,1) = {t ∈ (2k,2k+1] : |h(t)| � 2} and

E(k,m) = {t ∈ (2k,2k+1] : 2m−1 < |h(t)| � 2m}, for m � 2.

REMARK 4. The function class Nγ (R+) was first introduced by Sato in [25]. It
is well-known that

Δγ2(R+) � Δγ1(R+), for 0 < γ1 < γ2 � ∞,

Nγ2(R+) � Nγ1(R+), for 0 < γ1 < γ2 < ∞,

Δγ(R+) � Nα(R+), for any γ � 1 and α > 0.

We now recall the definition of the Homogeneous Triebel-Lizorkin spaces.

DEFINITION 4. (HomogeneousTriebel-Lizorkin spaces). Let S ′(Rn) be the tem-
pered distribution class on Rn . For α ∈ R and 0 < p, q � ∞, (p 
= ∞) , the homoge-
neous Triebel-Lizorkin spaces Ḟα

p,q(Rn) is defined by

Ḟα
p,q(R

n) =
{

f ∈ S ′(Rn) : ‖ f‖Ḟα
p,q(Rn) =

∥∥∥(
∑
i∈Z

2−iαq|Ψi ∗ f |q
)1/q∥∥∥

Lp(Rn)
< ∞

}
,

where Ψ̂i(ξ ) = φ(2iξ ) for i ∈ Z and φ ∈ C ∞
c (Rn) satisfies the conditions: 0 � φ(x) �

1; supp(φ)⊂{x∈Rn : 1/2 � |x|� 2} ; φ(x)� c > 0 if 3/5 � |x|� 5/3; ∑ j∈Z φ(2 jξ )=
1 for ξ 
= 0.

REMARK 5. It is well-known that S (Rn) is dense in Ḟα
p,q(Rn) and also the fol-

lowing hold:

(a) Ḟ0
p,2(R

n) = Lp(Rn) , for 1 < p < ∞ .

(b) (Ḟα
p,q(R

n))∗ = Ḟ−α
p′,q′(R

n) , for α ∈ R and 1 < p, q < ∞ .

(c) Ḟα
p,q1

(Rn) ⊂ Ḟα
p,q2

(Rn) , for α ∈ R , 0 < p � ∞ and q1 � q2 .

Let {ak}k∈Z be a lacunary sequence with satisfying infk∈Z ak+1/ak � a > 1. A
sequence {Φk}k∈Z is said to be a partition of unity adapted to {ak}k∈Z if Φk satisfies
the following conditions:

suppΦ̂k ⊂ {ak−1 � |ξ |� ak+1}; ∑
k∈Z

Φ̂k(ξ ) = 1 for ξ ∈ Rn \{0}; |ξ α ∂ β Φ̂k(ξ )| �Cβ ,



194 F. LIU, Z. FU AND L. WANG

for any multi-index β . Let An denote the set of all polynomials on Rn . Let 1 < p, q <
∞ and α ∈ R . For f ∈ S (Rn)/An , we define the norm ‖ f‖Ḟα

p,q({Φk}k∈Z,Rn) by

‖ f‖Ḟα
p,q({Φk}k∈Z,Rn) =

∥∥∥(
∑
k∈Z

aαq
k |Φk ∗ f |q

)1/q∥∥∥
Lp(Rn)

.

The following is a well-known characterization of homogeneousTriebel-Lizorkin spaces,
which plays a key role in our proofs.

LEMMA 1. ( [27]) Let α ∈ R and 1 < p,q < ∞ . Let {ak}k∈Z be a lacunary se-
quence of positive numbers with 1 < a � ak+1

ak
� b for all k∈Z . Then ‖ f‖Ḟα

p,q({Φk}k∈Z,Rn)

is equivalent to ‖ f‖Ḟα
p,q(Rn) .

In what follows, we set PN(t) = ∑N
i=1 biti with each bi 
= 0. Let P0(t) = 0 and

Pλ (t) = ∑λ
i=1 biti for λ ∈ {1,2, . . . ,N} . Let h,Ω,ρ be given as in (2) and ϕ ∈ F . For

λ ∈ {0,1, . . . ,N} , we define the family of measures {σλ
h,Ω,t}t>0 by

σ̂ λ
h,Ω,t(ξ ) =

1
tρ

∫
t/2<|y|�t

e−2π iξ ·Pλ (ϕ(|y|))y′ h(|y|)Ω(y)
|y|n−ρ dy.

The related maximal operators σλ ,∗
h,Ω and Mλ ,∗

h,Ω,θ are defined by

σλ ,∗
h,Ω( f )(x) = sup

t>0

∣∣|σλ
h,Ω,t | ∗ f (x)

∣∣,
Mλ ,∗

h,Ω,θ ( f )(x) = sup
k∈Z

∫ θ k+1

θ k

∣∣|σλ
h,Ω,t | ∗ f (x)

∣∣dt
t

,

where θ � 2 and |σλ
h,Ω,t | is defined in the same way as σλ

h,Ω,t , but with Ω and h
replaced by |Ω| and |h| , respectively.

The following result follows from [14, Lemma 2.2].

LEMMA 2. ( [14]) Let N ∈ N \ {0} and PN(t) = ∑λ
i=1 biti with each bi 
= 0 . If

ϕ ∈ F and Ω ∈ Ls(Sn−1) for some s > 1 . Then for any 0 < ε < min{1/s′,1/N} , r > 0
and ξ ∈ Rn , it holds that∫ r

r/2

∣∣∣∫
Sn−1

Ω(u′)e−iPN(ϕ(t))ξ ·u′dσ(u′)
∣∣∣2 dt

t
� C(ϕ)‖Ω‖2

Ls(Sn−1)|ϕ(r)NbNξ |−ε ,

where the constant C(ϕ) > 0 is independent of Ω,s and the coefficients of PN , but
depends on ϕ .

LEMMA 3. Let Ω ∈ Ls(Sn−1) for some s ∈ (1,2] and h ∈ Δγ(R+) for some γ ∈
(1,2] . Suppose that ϕ ∈ F . Then, for 1 � λ � N , t > 0 and ξ ∈ Rn , the following
estimates hold:

max
{‖σλ

h,Ω,t‖, |σ̂ λ
h,Ω,t(ξ )|, ∣∣ ̂|σλ

h,Ω,t

∣∣(ξ )|} � C‖Ω‖Ls(Sn−1)‖h‖Δγ(R+), (3)
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max
{|σ̂ λ

h,Ω,t(ξ )− σ̂ λ−1
h,Ω,t(ξ )|, ∣∣|̂σλ

h,Ω,t |(ξ )− |̂σλ−1
h,Ω,t|(ξ )

∣∣}
� C‖Ω‖Ls(Sn−1)‖h‖Δγ(R+)(ϕ(t)λ |bλ ξ |)

1
2λγ′s′ ,

(4)

max
{|σ̂ λ

h,Ω,t(ξ )|, ||̂σλ
h,Ω,t |(ξ )|} � C‖Ω‖Ls(Sn−1)‖h‖Δγ(R+)(ϕ(t)λ |bλ ξ |)−

1
2λγ′s′ . (5)

The above C > 0 are independent of h,Ω,s,γ and the coefficients of Pλ , but may
depend on ϕ .

Proof. By a change of variable, one has

σ̂ λ
h,Ω,t(ξ ) =

1
tρ

∫ t

t/2

∫
Sn−1

Ω(x′)e−2π iPλ (ϕ(r))ξ ·x′dσ(x′)
h(r)
r1−ρ dr. (6)

It follows easily that

|σ̂ λ
h,Ω,t(ξ )| � 2‖Ω‖L1(Sn−1)‖h‖Δ1(R+) � C‖Ω‖Ls(Sn−1)‖h‖Δγ(R+).

Similarly one may get

||̂σλ
h,Ω,t |(ξ )| � C‖Ω‖Ls(Sn−1)‖h‖Δγ(R+).

Then (3) holds. By Hölder’s inequality and (6), one finds

∣∣σ̂ λ
h,Ω,t(ξ )− σ̂ λ−1

h,Ω,t(ξ )
∣∣

=
∣∣∣ 1
tρ

∫ t

t/2

∫
Sn−1

Ω(x′)(e−2π iPλ (ϕ(r))ξ ·x′ − e−2π iPλ−1(ϕ(r))ξ ·x′)dσ(x′)
h(r)
r1−ρ dr

∣∣∣
� Cϕ(t)λ |bλ ξ |‖Ω‖L1(Sn−1)‖h‖Δγ(R+) � C‖Ω‖Ls(Sn−1)‖h‖Δγ(R+)ϕ(t)λ |bλ ξ |.

Similarly, it holds that

∣∣|̂σλ
h,Ω,t |(ξ )− |̂σλ−1

h,Ω,t|(ξ )
∣∣ � C‖Ω‖Ls(Sn−1)‖h‖Δγ(R+)ϕ(t)λ |bλ ξ |.

These inequalities together with (3) yield (4).
On the other hand, by Hölder’s inequality, Lemma 2 and (6), one has

|σ̂ λ
h,Ω,t(ξ )| �

∫ t

t/2

∣∣∣∫
Sn−1

Ω(x′)e−2π iPλ (ϕ(r))ξ ·x′dσ(x′)
∣∣∣|h(r)|dr

r

� 2‖h‖Δγ(R+)‖Ω‖1− 2
γ′

L1(Sn−1)

(∫ t

t/2

∣∣∣∫
Sn−1

Ω(y′)e−2π iPλ (ϕ(r))ξ ·x′
∣∣∣2 dr

r

)1/γ ′

� C‖Ω‖Ls(Sn−1)‖h‖Δγ(R+)(ϕ(t)λ |bλ ξ |)−
1

2λs′γ′ .

Similarly, we get

∣∣|̂σλ
h,Ω,t |(ξ )

∣∣ � C‖Ω‖Ls(Sn−1)‖h‖Δγ(R+)(ϕ(t)λ |bλ ξ |)−
1

2λs′γ′ .

This proves (5) and finishes the proof of Lemma 3. �
By Lemma 3 and the arguments similar to those used to derive [23, Lemma 2.3],

one can get the following result. The details are omitted.
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LEMMA 4. Let Ω ∈ Ls(Sn−1) for some s ∈ (1,2] and h ∈ Δγ(R+) for some γ ∈
(1,2] . Let θ = 2s′γ ′ and ϕ ∈ F . Then for λ ∈ {1,2, . . . ,N} and 1 < p < ∞ , the
following inequalities hold:

‖σλ ,∗
h,Ω( f )‖Lp(Rn) � C(s−1)−1(γ −1)−1‖h‖Δγ(R+)‖Ω‖Ls(Sn−1)‖ f‖Lp(Rn),

‖Mλ ,∗
h,Ω,θ ( f )‖Lp(Rn) � C(s−1)−1(γ −1)−1‖h‖Δγ(R+)‖Ω‖Ls(Sn−1)‖ f‖Lp(Rn).

The above constants C > 0 are independent of h,Ω,s,γ and the coefficients of Pλ .

Applying Lemma 4, we can obtain:

LEMMA 5. Let Ω ∈ Ls(Sn−1) for some s ∈ (1,2] and h ∈ Δγ(R+) for some γ ∈
(1,2] . Let λ ∈ {1,2, . . . ,N} , 1 < q < ∞ and ϕ ∈ F . Then:

(i) For 1 < p < q, it holds that

∥∥∥(
∑
k∈Z

∫ 2s′γ′(k+1)

2s′γ′k
|σλ

h,Ω,t ∗ gk|q dt
t

)1/q∥∥∥
Lp(Rn)

� C(s−1)−1(γ −1)−1‖h‖Δγ(R+)‖Ω‖Ls(Sn−1)

∥∥∥(
∑
k∈Z

|gk|q
)1/q∥∥∥

Lp(Rn)
.

(7)

(ii) For q � p < ∞ , it holds that

∥∥∥(
∑
k∈Z

∫ 2s′γ′(k+1)

2s′γ′k
|σλ

h,Ω,t ∗ gk|q dt
t

)1/q∥∥∥
Lp(Rn)

� C(s−1)−1/q(γ −1)−1/q‖h‖Δγ(R+)‖Ω‖Ls(Sn−1)

∥∥∥(
∑
k∈Z

|gk|q
)1/q∥∥∥

Lp(Rn)
.

(8)

Here the above constants C > 0 are independent of h,Ω,s,γ and the coefficients of Pλ .

Proof. This lemma is a variant of [23, Lemma 2.4]. We first prove (7). Let 1 <
q < ∞ and 1 < p < q . By duality, there exists a sequence of functions { fk(x,t)} defined
on Rn×R+ with

‖{ fk(·, ·)}‖Lp′ (Rn,�q′ (Lq′ ([2s′γ′k,2s′γ′(k+1)],dt/t))) � 1

such that

∥∥∥(
∑
k∈Z

∫ 2s′γ′(k+1)

2s′γ′k
|σλ

h,Ω,t ∗ gk|q dt
t

)1/q∥∥∥
Lp(Rn)

=
∫

Rn
∑
k∈Z

∫ 2s′γ′(k+1)

2s′γ′k
σλ

h,Ω,t ∗ gk(x) fk(x,t)
dt
t

dx

� C(s−1)−1/q(γ −1)−1/q
∥∥∥(

∑
k∈Z

|gk|q
)1/q∥∥∥

Lp(Rn)
‖H‖1/q′

Lp′/q′ (Rn)
,

(9)
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where

H(x) = ∑
k∈Z

∫ 2s′γ′(k+1)

2s′γ′k
|σλ

h,Ω,t ∗ f̃k(x,t)|q′ dt
t

and f̃k(x, t) = f (−x,t).

Since p′/q′ > 1, there exists a nonnegative function u∈L(p′/q′)′(Rn) with ‖u‖L(p′/q′)′ (Rn)
= 1 such that

‖H‖Lp′/q′ (Rn) = ∑
k∈Z

∫
Rn

∫ 2s′γ′(k+1)

2s′γ′k
|σλ

h,Ω,t ∗ f̃k(x,t)|q′ dt
t

u(x)dx.

A change of variable together with the Hölder’s inequality yields easily that∫
t/2<|y|�t

|h(|y|)Ω(y)|
|y|n dy =

∫ t

t/2
|h(r)|dr

r

∫
Sn−1

|Ω(y′)|dσ(y′)

� C‖h‖Δγ(R+)‖Ω‖Ls(Sn−1).
(10)

By (10) and the Hölder’s inequality, one has

|σλ
h,Ω,t ∗ gk(x)|q′

=
(∫

t/2<|y|�t
|gk(x−Pλ (ϕ(|y|))y′)| |h(|y|)Ω(y)|

|y|n dy
)q′

�
(∫

t/2<|y|�t

|h(|y|)Ω(y)|
|y|n dy

)q′/q

×
∫
t/2<|y|�t

|gk(x−Pλ (ϕ(|y|))y′)|q′ |h(|y|)Ω(y)|
|y|n dy

� C(‖h‖Δγ(R+)‖Ω‖Ls(Sn−1))
q′/q

×
∫
t/2<|y|�t

|gk(x−Pλ (ϕ(|y|))y′)|q′ |h(|y|)Ω(y)|
|y|n dy.

(11)

Estimates (11) together with the Hölder’s inequality and Lemma 4 yield that

‖H‖Lp′/q′ (Rn)

� C(‖h‖Δγ(R+)‖Ω‖Ls(Sn−1))
q′/q

× ∑
k∈Z

∫
Rn

∫ 2s′γ′(k+1)

2s′γ′k

∫
t/2<|y|�t

| f̃k(x−Pλ (ϕ(|y|))y′, t)|q′ × |h(|y|)Ω(y)|
|y|n dy

dt
t

u(x)dx

� C(‖h‖Δγ(R+)‖Ω‖Ls(Sn−1))
q′/q

×
∫

Rn
∑
k∈Z

∫ 2s′γ′(k+1)

2s′γ′k
| fk(z,t)|q′

∫
t/2<|y|�t

u(Pλ (ϕ(|y|))y′ − z)× |h(|y|)Ω(y)|
|y|n dydz

dt
t

� C(‖h‖Δγ(R+)‖Ω‖Ls(Sn−1))
q′/q

∫
Rn

(
∑
k∈Z

∫ 2s′γ′(k+1)

2s′γ′k
| fk(z,t)|q′ dt

t

)
σ̃ λ ,∗

h,Ω(ũ)(z)dz

� C(‖h‖Δγ(R+)‖Ω‖Ls(Sn−1))
q′/q

×
∥∥∥ ∑

k∈Z

∫ 2s′γ′(k+1)

2s′γ′k
| fk(·,t)|q′ dt

t

∥∥∥
Lp′/q′ (Rn)

‖σ̃ λ ,∗
h,Ω(ũ)‖L(p′/q′)′ (Rn)

� C(s−1)−1(γ −1)−1(‖h‖Δγ(R+)‖Ω‖Ls(Sn−1))
q′ ,

(12)
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where ũ(x) = u(−x) and σ̃ λ ,∗
h,Ω(ũ) = σλ ,∗

h,Ω(ũ) with ρ = 1. Combining (12) with (9)
leads to ∥∥∥(

∑
k∈Z

∫ 2s′γ′(k+1)

2s′γ′k
|σλ

h,Ω,t ∗ gk|q dt
t

)1/q∥∥∥
Lp(Rn)

� C(s−1)−1(γ −1)−1‖h‖Δγ(R+)‖Ω‖Ls(Sn−1)

∥∥∥(
∑
k∈Z

|gk|q
)1/q∥∥∥

Lp(Rn)
.

This proves (7).
We now prove (8). Let q � p < ∞ . By duality, there exists a nonnegative function

f in L(p/q)′(Rn) with ‖ f‖L(p/q)′ (Rn) � 1 such that

∥∥∥(
∑
k∈Z

∫ 2s′γ′(k+1)

2s′γ′k
|σλ

h,Ω,t ∗ gk|q dt
t

)1/q∥∥∥q

Lp(Rn)
=

∫
Rn

∑
k∈Z

∫ 2s′γ′(k+1)

2s′γ′k
|σλ

h,Ω,t ∗ gk|q dt
t

f (x)dx.

(13)
Similar arguments to those as in deriving (11) may yield that

|σλ
h,Ω,t ∗ gk(x)|q � C(‖h‖Δγ(R+)‖Ω‖Ls(Sn−1))

q/q′

×
∫
t/2<|y|�t

|gk(x−Pλ(ϕ(|y|))y′)|q |h(|y|)Ω(y)|
|y|n dy.

(14)

By change of variable and (14), we have

∫
Rn

∑
k∈Z

∫ 2s′γ′(k+1)

2s′γ′k
|σλ

h,Ω,t ∗ gk|q dt
t

f (x)dx

� C(‖h‖Δγ(R+)‖Ω‖Ls(Sn−1))
q/q′

×
∫

Rn
∑
k∈Z

∫ 2s′γ′(k+1)

2s′γ′k

∫
t/2<|y|�t

|gk(x−Pλ (ϕ(|y|))y′))|q × |h(|y|)Ω(y)|
|y|n dy

dt
t

f (x)dx

� C(‖h‖Δγ(R+)‖Ω‖Ls(Sn−1))
q/q′

∫
Rn

(
∑
k∈Z

|gk(x)|q
)
M̃λ ,∗

h,Ω,θ ( f̃ )(−x)dx.

(15)
Here f̃ (x) = f (−x) and M̃λ ,∗

h,Ω,θ = Mλ ,∗
h,Ω,θ with ρ = 1 and θ = 2s′γ ′ . By Lemma 4,

(13), (15) and the Hölder’s inequality, we obtain

∥∥∥(
∑
k∈Z

∫ 2s′γ′(k+1)

2s′γ′k
|σλ

h,Ω,t ∗ gk|q dt
t

)1/q∥∥∥q

Lp(Rn)

� C(‖h‖Δγ(R+)‖Ω‖Ls(Sn−1))
q/q′

∥∥∥(
∑
k∈Z

|gk(x)|q
)1/q∥∥∥q

Lp(Rn)
‖M̃λ ,∗

h,Ω,θ ( f̃ )(−·)‖L(p/q)′ (Rn)

� C(s−1)−1(γ −1)−1(‖h‖Δγ(R+)‖Ω‖Ls(Sn−1))
q
∥∥∥(

∑
k∈Z

|gk|q
)1/q∥∥∥q

Lp(Rn)
,

which leads to (8) for q < p < ∞ . When p = q , then inequality (10) gives that

∫ 2s′γ′(k+1)

2s′γ′k

∫
t/2<|y|�t

|h(|y|)Ω(y)|
|y|n dy

dt
t

� C(s−1)−1(γ −1)−1‖h‖Δγ(R+)‖Ω‖Ls(Sn−1).

(16)
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By (16), the Hölder’s inequality and the Fubini’s theorem, we have

∥∥∥(
∑
k∈Z

∫ 2s′γ′(k+1)

2s′γ′k
|σλ

h,Ω,t ∗ gk|q dt
t

)1/q∥∥∥q

Lp(Rn)

=
∫

Rn
∑
k∈Z

∫ 2s′γ′(k+1)

2s′γ′k
|σλ

h,Ω,t ∗ gk|q dt
t

dx

� C(‖h‖Δγ(R+)‖Ω‖Ls(Sn−1))
q/q′

×
∫

Rn
∑
k∈Z

∫ 2s′γ′(k+1)

2s′γ′k

∫
t/2<|y|�t

|gk(x−Pλ(ϕ(|y|))y′)|q |h(|y|)Ω(y)|
|y|n dy

dt
t

dx

� C(‖h‖Δγ(R+)‖Ω‖Ls(Sn−1))
q/q′

∫
Rn

∑
k∈Z

|gk(x)|qdx

×sup
k∈Z

∫ 2s′γ′(k+1)

2s′γ′k

∫
t/2<|y|�t

|h(|y|)Ω(y)|
|y|n dy

dt
t

� C(s−1)−1(γ −1)−1(‖h‖Δγ(R+)‖Ω‖Ls(Sn−1))
q
∥∥∥(

∑
k∈Z

|gk|q
)1/q∥∥∥q

Lp(Rn)
,

which gives (8) for the case p = q . This completes the proof of Lemma 5. �

LEMMA 6. Let Ω ∈ Ls(Sn−1) for some 1 < s � ∞ and h ∈ Δγ(R+) for some
1 < γ � ∞ . Let ϕ ∈ F . Then, for λ ∈ {1,2, . . . ,N} and γ ′ < p < ∞ , it holds that

‖σλ ,∗
h,Ω( f )‖Lp(Rn) � C‖h‖Δγ(R+)‖Ω‖Ls(Sn−1)‖ f‖Lp(Rn).

The constants C > 0 are independent of h, Ω, s, γ and the coefficients of Pλ .

Proof. By change of variable and the Hölder’s inequality, one has∣∣|σλ
h,Ω,t | ∗ f (x)

∣∣
�

∫ t

t/2

∫
Sn−1

|Ω(y′)|| f (x−Pλ (ϕ(r))y′)|dσ(y′)|h(r)|dr
r

� ‖h‖Δγ(R+)

(∫ t

t/2

∣∣∣∫
Sn−1

|Ω(y′)|| f (x−Pλ (ϕ(r))y′)|dσ(y′)
∣∣∣γ ′ dr

r

)1/γ ′

� ‖h‖Δγ(R+)‖Ω‖1/γ
L1(Sn−1)

(∫
Sn−1

|Ω(y′)|
∫ t

t/2
| f (x−Pλ (ϕ(r))y′)|γ ′ dr

r
dσ(y′)

)1/γ ′
,

which implies

σλ ,∗
h,Ω( f )(x) � ‖h‖Δγ(R+)‖Ω‖1/γ

L1(Sn−1)

×
(∫

Sn−1
|Ω(y′)|

(
sup
t>0

∫ t

t/2
| f (x−Pλ (ϕ(r))y′)|γ ′ dr

r

)
dσ(y′)

)1/γ ′
.

(17)

By the fact that ϕ ∈ F and [21, Lemma 3.2], we can get∥∥∥(
sup
t>0

∫ t

t/2
| f (·−Pλ (ϕ(r))y′)|dr

r

)∥∥∥
Lv(Rn)

� C‖ f‖Lv(Rn) (18)
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for any 1 < v < ∞ . Here C > 0 is independent of y′ and the coefficients of Pλ . By
(17), (18) and the Minkowski’s inequality, we have

‖σλ ,∗
h,Ω( f )‖Lp(Rn) �C‖h‖Δγ(R+)‖Ω‖L1(Sn−1)‖ f‖Lp(Rn) �C‖h‖Δγ(R+)‖Ω‖Ls(Sn−1)‖ f‖Lp(Rn),

for γ ′ < p < ∞ . This proves Lemma 6. �
Applying Lemma 6, we can get the following result.

LEMMA 7. Let Ω ∈ Ls(Sn−1) for some 1 < s � 2 and h ∈ Δγ(R+) for some
γ � 2 . Then

∥∥∥(
∑
k∈Z

∫ 2s′(k+1)

2s′k
|σλ

h,Ω,t ∗ gk|q dt
t

)1/q∥∥∥
Lp(Rn)

� Cp(s−1)−1/q‖Ω‖Ls(Sn−1)‖h‖Δγ(R+)

∥∥∥(
∑
k∈Z

|gk|q
)1/q∥∥∥

Lp(Rn)

(19)

holds for 1 < p < q � γ ′ if 2 � γ < ∞ , and for γ ′ < p < ∞ if 2 � γ � ∞ and q > γ ′ .
The above constant C > 0 is independent of h, Ω, γ, s and the coefficients of Pλ .

Proof. We first prove (19) for 1 < p < q � γ ′ if 2 � γ < ∞ . Let 1 < p < q � γ ′ .
By the similar argument as in getting (9), there exists a sequence of functions { fk(x,t)}
defined on Rn×R+ with

‖{ fk(·, ·)}‖Lp′ (Rn,�q′ (Lq′ ([2s′k,2s′(k+1)],dt/t))) � 1

such that ∥∥∥(
∑
k∈Z

∫ 2s′(k+1)

2s′k
|σλ

h,Ω,t ∗ gk|q dt
t

)1/q∥∥∥
Lp(Rn)

� C(s−1)−1/q
∥∥∥(

∑
k∈Z

|gk|q
)1/q∥∥∥

Lp(Rn)
‖G‖1/q′

Lp′/q′ (Rn)
,

(20)

where

G(x) = ∑
k∈Z

∫ 2s′(k+1)

2s′k
|σλ

h,Ω,t ∗ f̃k(x,t)|q′ dt
t

and f̃k(x,t) = f (−x, t).

Since p′ > q′ , there exists a nonnegative function u∈L(p′/q′)′(Rn) with ‖u‖L(p′/q′)′ (Rn) =
1 such that

‖G‖Lp′/q′ (Rn) = ∑
k∈Z

∫
Rn

∫ 2s′(k+1)

2s′k
|σλ

h,Ω,t ∗ f̃k(x,t)|q′ dt
t

u(x)dx.

By a change of variable and Hölder’s inequality, we obtain

|σλ
h,Ω,t ∗ f̃k(x, t)|
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�
∫
t/2<|y|�t

| f̃k(x−Pλ (ϕ(|y|))y′,t)| |h(|y|)Ω(y)|
|y|n dy

=
∫ t

t/2

∫
Sn−1

| f̃k(x−Pλ (ϕ(r))y′,t)||Ω(y′)|dσ(y′)|h(r)|dr
r

� C‖h‖Δq(R+)(‖Ω‖L1(Sn−1))
1/q

×
(∫ t

t/2

∫
Sn−1

| f̃k(x−Pλ (ϕ(r))y′,t)|q′ |Ω(y′)|dσ(y′)
dr
r

)1/q′

= C‖h‖Δq(R+)(‖Ω‖L1(Sn−1))
1/q

(∫
t/2<|y|�t

| f̃k(x−Pλ (ϕ(|y|))y′,t)|q′ |Ω(y)|
|y|n

)1/q′
.

This together with the arguments similar to those used in deriving (12) yields that

‖G‖Lp′/q′ (Rn) � C
(
‖h‖Δq(R+)(‖Ω‖L1(Sn−1))

1/q
)q′

×
∫

Rn

(
∑
k∈Z

∫ 2s′(k+1)

2s′k
| fk(z,t)|q′ dt

t

)
σ̃ λ ,∗

h,Ω(ũ)(z)dz

� C
(
‖h‖Δq(R+)(‖Ω‖L1(Sn−1))

1/q
)q′

×
∥∥∥(

∑
k∈Z

∫ 2s′(k+1)

2s′k
| fk(z,t)|q′ dt

t

)∥∥∥
Lp′/q′ (Rn)

‖σ̃ λ ,∗
h,Ω(ũ)‖L(p′/q′)′ (Rn),

(21)

where ũ(x) = u(−x) and σ̃ λ ,∗
h,Ω(ũ) = σλ ,∗

h,Ω(ũ) with ρ = 1 and h = 1. Note that 1 <

(p′/q′)′ < ∞ . Invoking Lemma 6, we have

‖σ̃ λ ,∗
h,Ω(ũ)‖L(p′/q′)′ (Rn) � C‖Ω‖L1(Sn−1)‖u‖L(p′/q′)′ (Rn). (22)

Here the constant C > 0 is independent of the coefficients of Pλ . Since q � γ . Then
‖h‖Δq(R+) � ‖h‖Δγ(R+) . This together with (21) and (22) implies that

‖G‖L(p′/q′)(Rn) � C‖h‖q′
Δγ(R+)‖Ω‖q′

Ls(Sn−1). (23)

Combining (23) with (20) yields that

∥∥∥(
∑
k∈Z

∫ 2s′(k+1)

2s′k
|σλ

h,Ω,t ∗ gk|q dt
t

)1/q∥∥∥
Lp(Rn)

� C(s−1)−1/q‖h‖Δγ(R+)‖Ω‖Ls(Sn−1)

∥∥∥(
∑
k∈Z

|gk|q
)1/q∥∥∥

Lp(Rn)
.

This gives (19) for 1 < p < q � γ ′ if 2 � γ < ∞ .
We now prove (19) for γ ′ < p < ∞ if 2 � γ � ∞ and q > γ ′ . Let 2 � γ � ∞ ,

q > γ ′ and γ ′ < p < ∞ . We first prove the following inequality

∥∥∥(
∑
k∈Z

∫ 2s′(k+1)

2s′k
|σλ

h,Ω,t ∗ gk|γ ′ dt
t

)1/γ ′∥∥∥
Lp(Rn)

� C(s−1)−1/γ ′‖Ω‖Ls(Sn−1)‖h‖Δγ(R+)

∥∥∥(
∑
k∈Z

|gk|γ ′
)1/γ ′∥∥∥

Lp(Rn)
,

(24)
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when 2 � γ � ∞ .

When 2 � γ < ∞ . We get easily by Hölder’s inequality that

|σλ
h,Ω,t ∗ gk(x)|γ ′

=
(∫

t/2<|y|�t
|gk(x−Pλ (ϕ(|y|)y′))| |h(|y|)Ω(y)|

|y|n dy
)γ ′

�
(∫

t/2<|y|�t

|h(|y|)|γ |Ω(y)|
|y|n dy

)γ ′/γ

×
∫

2k−1t<|y|�2kt
|gk(x−Pλ (ϕ(|y|)y′))|γ ′ |Ω(y)|

|y|n dy

� C(‖h‖γ
Δγ(R+)‖Ω‖L1(Sn−1))

γ ′/γ
∫
t/2<|y|�t

|gk(x−Pλ (ϕ(|y|)y′))|γ ′ |Ω(y)|
|y|n dy.

(25)

Let γ ′ < p < ∞ . It is clear that p/γ ′ > 1. By duality, there is a nonnegative function
f ∈ L(p/γ ′)′(Rd) with ‖ f‖L(p/γ′)′ (Rd) � 1 such that

∥∥∥(
∑
k∈Z

∫ 2s′(k+1)

2s′k
|σλ

h,Ω,t ∗ gk|γ ′dt
)1/γ ′∥∥∥γ ′

Lp(Rd)
=

∫
Rd

∑
k∈Z

∫ 2s′(k+1)

2s′k
|σλ

h,Ω,t ∗ gk|γ ′dt f (x)dx.

(26)
By some changes of variables and Hölder’s inequality, (25) and (26) may yield that

∥∥∥(
∑
k∈Z

∫ 2s′(k+1)

2s′k
|σλ

h,Ω,t ∗ gk|γ ′dt
)1/γ ′∥∥∥γ ′

Lp(Rd)

� C(‖h‖γ
Δγ(R+)‖Ω‖L1(Sn−1))

γ ′/γ

×
∫

Rd
∑
k∈Z

∫ 2s′(k+1)

2s′k

∫
t/2<|y|�t

|gk(x−Pλ(ϕ(|y|)y′))|γ ′ |Ω(y)|
|y|n dydt f (x)dx

� C(‖h‖γ
Δγ(R+)‖Ω‖L1(Sn−1))

γ ′/γ
∫

Rd
∑
k∈Z

|gk(x)|γ ′ σ̃ λ ,∗
h,Ω( f̃ )(−x)dx

� C(‖h‖γ
Δγ(R+)‖Ω‖L1(Sn−1))

γ ′/γ

×
∥∥∥(

∑
k∈Z

|gk(x)|γ ′
)1/γ ′∥∥∥γ ′

Lp/γ′ (Rd)
‖σ̃ λ ,∗

h,Ω( f̃ )(−·)‖L(p/γ′)′ (Rd).

(27)

Here f̃ (x) = f (−x) and σ̃ λ ,∗
h,Ω( f̃ ) = σλ ,∗

h,Ω( f̃ ) with ρ = 1 and h(t) ≡ 1. (27) together
with Lemma 6 yields (24) for 2 � γ < ∞ .

When γ = ∞ . By duality, there exists a nonnegative function f ∈ Lp′(Rn) with
‖ f‖Lp′ (Rn) = 1 such that

∥∥∥ ∑
k∈Z

∫ 2s′(k+1)

2s′k
|σλ

h,Ω,t ∗ gk|dt
t

∥∥∥
Lp(Rn)

=
∫

Rn
∑
k∈Z

∫ 2s′(k+1)

2s′k
|σλ

h,Ω,t ∗ gk|dt
t

f (x)dx.
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One can easily check that

∫
Rn

∑
k∈Z

∫ 2s′(k+1)

2s′k
|σλ

h,Ω,t ∗ gk|dt
t

f (x)dx �
∫

Rn
∑
k∈Z

|gk(x)|
∫ 2s′(k+1)

2s′k
|σλ

h,Ω,t | ∗ f̃ (−x)
dt
t

dx

� 2(s−1)−1
∫

Rn
∑
k∈Z

|gk(x)|σλ ,∗
h,Ω( f̃ )(−x)dx.

Invoking Lemma 6, one may get

∥∥∥ ∑
k∈Z

∫ 2s′(k+1)

2s′k
|σλ

h,Ω,t ∗gk|dt
t

∥∥∥
Lp(Rn)

�C(s−1)−1‖Ω‖Ls(Sn−1)‖h‖Δγ(R+)

∥∥∥ ∑
k∈Z

|gk|
∥∥∥

Lp(Rn)
.

This yields (24) for γ = ∞ . By change of variable again, it holds that

∥∥∥(
∑
k∈Z

∫ 2s′(k+1)

2s′k
|σλ

h,Ω,t ∗ gk|q dt
t

)1/q∥∥∥
Lp(Rn)

=
∥∥∥(

∑
k∈Z

∫ 2s′

1
|σλ

h,Ω,2s′kt ∗ gk|q dt
t

)1/q∥∥∥
Lp(Rn)

.

(28)
(28) and (24) will lead to

∥∥∥(
∑
k∈Z

∫ 2s′

1
|σλ

h,Ω,2s′kt ∗ gk|γ ′ dt
t

)1/γ ′∥∥∥
Lp(Rn)

� C(s−1)−1/γ ′‖Ω‖Ls(Sn−1)‖h‖Δγ(R+)

∥∥∥(
∑
k∈Z

|gk|γ ′
)1/γ ′∥∥∥

Lp(Rn)
.

(29)

On the other hand, by Lemma 6, one can easily check that∥∥∥sup
k∈Z

sup
t∈[1,2s′ ]

|σλ
h,Ω,2s′kt ∗ gk|

∥∥∥
Lp(Rn)

�
∥∥∥σλ ,∗

h,Ω

(
sup
k∈Z

|gk|
)∥∥∥

Lp(Rn)

� C‖h‖Δγ(R+)‖Ω‖Ls(Sn−1)

∥∥∥ sup
k∈Z

|gk|
∥∥∥

Lp(Rn)
.

(30)

Note that γ ′ < q � ∞ . Interpolation between (29) and (30) implies that

∥∥∥(
∑
k∈Z

∫ 2s′

1
|σλ

h,Ω,2s′kt ∗ gk|q dt
t

)1/q∥∥∥
Lp(Rn)

� C(s−1)−1/q‖Ω‖Ls(Sn−1)‖h‖Δγ(R+)

∥∥∥(
∑
k∈Z

|gk|q
)1/q∥∥∥

Lp(Rn)
.

This together with (28) yields (19) for γ ′ < p < ∞ if 2 � γ � ∞ and q > γ ′ . This
finishes the proof of Lemma 7. �

3. Proofs of Theorems 3-6

Let PN be a real polynomial on R of degree N and satisfy PN(0) = 0. We may
assume without loss of generality that PN(t) = ∑N

i=1 biti with each bi 
= 0. Let σλ
h,Ω,t

be given as in Section 2. We start with proving Theorem 5.
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Proof of Theorem 5. By Minkowski’s inequality, we can write

M
q
h,Ω,PN ,ϕ,ρ f (x)

=
(∫ ∞

0

∣∣∣ 0

∑
k=−∞

1
tρ

∫
2k−1t<|y|�2kt

f (x−PN(ϕ(|y|)y′))Ω(y)h(|y|)
|y|n−ρ dy

∣∣∣q dt
t

)1/q

�
0

∑
k=−∞

(∫ ∞

0

∣∣∣ 1
tρ

∫
2k−1t<|y|�2kt

f (x−PN(ϕ(|y|))y′)Ω(y)h(|y|)
|y|n−ρ dy

∣∣∣q dt
t

)1/q

� 1

1−2−ζ

(∫ ∞

0
|σN

h,Ω,t ∗ f (x)|q dt
t

)1/q
.

(31)

Let ψ be a C ∞
0 (R) function such that ψ(t)≡ 1 for |t|� 1/2 and ψ(t)≡ 0 for |t|> 1.

For 1 � λ � N and ξ ∈ Rn , we define the family of measures {νt,λ}t>0 by

ν̂t,λ (ξ ) = σ̂ λ
h,Ω,t(ξ )

N

∏
j=λ+1

ψ(ϕ(t) j|b jξ |)− σ̂ λ−1
h,Ω,t(ξ )

N

∏
j=λ

ψ(ϕ(t) j|b jξ |). (32)

Clearly,

σN
h,Ω,t =

N

∑
λ=1

νt,λ . (33)

Here we use the convention Π j∈ /0a j = 1 and the fact that σ0
h,Ω,t = 0 because of (1).

By (31) and (33), one has

M
q
h,Ω,PN ,ϕ,ρ f (x) � C(ζ )

N

∑
λ=1

(∫ ∞

0
|νt,λ ∗ f (x)|q dt

t

)1/q
=: C(ζ )

N

∑
λ=1

Dλ ( f )(x). (34)

For 1 � λ � N . Define Ψk,λ by Ψk,λ (ξ ) = Φk(ξ ) , where Φk is given as in Lemma 1

with ak = ϕ(2−s′γ ′k)−λ |b−1
λ | . By the properties of ϕ , it holds that

1 < Bs′γ ′λ
ϕ � ak+1

ak
� cs′γ ′λ

ϕ , ∀k ∈ Z. (35)

By the Minkowski’s inequality and the definition of Ψk,λ , we can write

Dλ ( f )(x) =
(

∑
k∈Z

∫ 2s′γ′(k+1)

2s′γ′k

∣∣∣ ∑
j∈Z

νt,λ ∗Ψ j−k,λ ∗ f (x)
∣∣∣q dt

t

)1/q

� ∑
j∈Z

(
∑
k∈Z

∫ 2s′γ′(k+1)

2s′γ′k
|νt,λ ∗Ψ j−k,λ ∗ f (x)|q dt

t

)1/q

=: ∑
j∈Z

Dλ , j,q( f )(x).

(36)

Applying Lemma 3 and (32), there exists a constant C > 0 independent of h, Ω, s, γ
and the coefficients of PN such that

|ν̂t,λ (ξ )| � C‖h‖Δγ(R+)‖Ω‖Ls(Sn−1) min{1,ϕ(t)λ |bλ ξ |,(ϕ(t)λ |bλ ξ |)−1}
1

2λγ′s′ , (37)
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for 1 � λ � N . Combining (37) with the Plancherel’s theorem implies that

‖Dλ , j,2( f )‖2
L2(Rn)

= ∑
k∈Z

∫
Rn

∫ 2s′γ′(k+1)

2s′γ′k
|νt,λ ∗Ψ j−k,λ ∗ f (x)|2 dt

t
dx

� ∑
k∈Z

∫
Ej−k

∫ 2s′γ′(k+1)

2s′γ′k
|ν̂t,λ (x)|2 dt

t
| f̂ (x)|2dx

� Cs′γ ′B−| j|
ϕ (‖h‖Δγ(R+)‖Ω‖Ls(Sn−1))

2 ∑
k∈Z

∫
Ej−k

| f̂ (x)|2dx

� C(s−1)−1(γ −1)−1(‖h‖Δγ (R+)‖Ω‖Ls(Sn−1))
2B−| j|

ϕ ‖ f‖2
L2(Rn),

(38)

where

Ej−k = {x ∈ Rn : ϕ(2s′γ ′(k− j+1))−λ � |bλx| � ϕ(2s′γ ′(k− j−1))−λ}.

(38) together with the fact that Ḟ0
2,2(R

n) = L2(Rn) yields that

‖Dλ , j,2( f )‖L2(Rn)C(s−1)−1/2(γ −1)−1/2‖h‖Δγ(R+)‖Ω‖Ls(Sn−1)B
− | j|

2
ϕ ‖ f‖Ḟ0

2,2(R
n).

(39)
On the other hand, invoking Lemma 5 and (32), there exists C > 0 independent of

h,Ω,s,γ and the coefficients of Pλ such that

∥∥∥(
∑
k∈Z

∫ 2s′γ′(k+1)

2s′γ′k
|νt,λ ∗ gk|q dt

t

)1/q∥∥∥
Lp(Rn)

� C(s−1)−1(γ −1)−1‖h‖Δγ(R+)‖Ω‖Ls(Sn−1)

∥∥∥(
∑
k∈Z

|gk|q
)1/q∥∥∥

Lp(Rn)
,

(40)

for all p ∈ (1,q) and

∥∥∥(
∑
k∈Z

∫ 2s′γ′(k+1)

2s′γ′k
|νt,λ ∗ gk|2 dt

t

)1/2∥∥∥
Lp(Rn)

� C(s−1)−1/q(γ −1)−1/q‖h‖Δγ(R+)‖Ω‖Ls(Sn−1)

∥∥∥(
∑
k∈Z

|gk|q
)1/q∥∥∥

Lp(Rn)
,

(41)

for all p ∈ [q,∞) . By (35), (40), (41) and Lemma 1 we obtain

‖Dλ , j,q( f )‖Lp(Rn)

� C(s−1)−1(γ −1)−1‖h‖Δγ(R+)‖Ω‖Ls(Sn−1)

∥∥∥(
∑
k∈Z

|Ψ j−k,λ ∗ f |q
)1/q∥∥∥

Lp(Rn)

� C(s−1)−1(γ −1)−1‖h‖Δγ(R+)‖Ω‖Ls(Sn−1)‖ f‖Ḟ0
p,q(Rn) for 1 < p < q,

(42)
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for all p ∈ (1,q) and

‖Dλ , j,q( f )‖Lp(Rn)

� C(s−1)−1/q(γ −1)−1/q‖h‖Δγ(R+)‖Ω‖Ls(Sn−1) ×
∥∥∥(

∑
k∈Z

|Ψ j−k,λ ∗ f |q
)1/q∥∥∥

Lp(Rn)

� C(s−1)−1/q(γ −1)−1/q‖h‖Δγ(R+)‖Ω‖Ls(Sn−1)‖ f‖Ḟ0
p,q(Rn),

(43)
for all p ∈ [q,∞) . A change of variable leads to the following

Dλ , j,q( f )(x) =
(

∑
k∈Z

∫ 2s′γ′

1
|ν2s′γ′kt,λ ∗Ψ j−k,λ ∗ f (x)|q dt

t

)1/q
. (44)

By interpolation among (39) and (42)-(44), one may get

‖Dλ , j,q( f )‖Lp(Rn) �C(s−1)−1(γ −1)−1‖h‖Δγ(R+)‖Ω‖Ls(Sn−1)B
−β | j|
ϕ ‖ f‖Ḟ0

p,q(Rn), (45)

for all 1 < p < q ,

‖Dλ , j,q( f )‖Lp(Rn) � C(s−1)−1/q(γ −1)−1/q‖h‖Δγ(R+)‖Ω‖Ls(Sn−1)B
−β | j|
ϕ ‖ f‖Ḟ0

p,q(Rn),

(46)
for all q � p < ∞ . Here β > 0 depends only on p,q . (34) together with (36), (45) and
(46) yields the conclusion of Theorem 5. �

Proof of Theorem 6. By Lemmas 1, 3 and 7 and the arguments similar to those
used in proving Theorem 5, we can get the conclusion of Theorem 6. The details are
omitted. �

Proofs of Theorems 3 and 4. By Theorem 5 and extrapolation arguments following
from [4, 25], we can get (i)-(ii) of Theorems 3 and 4. Similarly, we can get (iii) of
Theorems 3 and 4 by Theorem 6 and extrapolation arguments. �

4. Further results

As applications of Theorems 3 and 4, certain Lp bounds for the parametric Marcin-
kiewicz integral operators M λ ,q,∗

h,Ω,PN ,ϕ,ρ and M q
h,Ω,PN ,ϕ,ρ ,S related to the Littlewood-

Paley g∗λ -function and the area integral S , respectively, will be established. Here

M λ ,q,∗
h,Ω,PN ,ϕ,ρ f (x) :=

(∫∫
Rn+1

+

( t
t + |x− y|

)nλ

×
∣∣∣ 1
tρ

∫
|y|�t

h(|y|)Ω(y′)
|y|n−ρ f (x−PN(ϕ(|y|))y′)dy

∣∣∣q dydt
tn+1

)1/q
,

where λ > 0 and Rn+1
+ = Rn× (0,∞) ;

M q
h,Ω,PN ,ϕ,ρ ,S f (x) :=

(∫∫
Γ(x)

∣∣∣ 1
tρ

∫
|y|�t

h(|y|)Ω(y′)
|y|n−ρ f (x−PN(ϕ(|y|))y′)dy

∣∣∣q dydt
tn+1

)1/q
,
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where Γ(x) = {(y, t) ∈ Rn+1
+ : |x− y|< t} and h, Ω, PN , ϕ , ρ be given as in (2).

Similar arguments to those in getting [20, Lemma 4.2] may give that:

LEMMA 8. Let λ > 1 and 1 < q < ∞ . Then there exists a constant C(n,λ ) > 0
such that for any nonnegative locally integrable function g on Rn ,

∫
Rn

(M λ ,q,∗
h,Ω,PN ,ϕ,ρ f (x))qg(x)dx � C(n,λ )

∫
Rn

(Mq
h,Ω,PN ,ϕ,ρ f (x))qM(g)(x)dx,

where M is the usual Hardy-Littlewood maximal operator on Rn .

As applications of Theorems 3 and 4, we can get:

THEOREM 7. Let PN be a real polynomial on R of degree N and satisfy PN(0) =
0 and ϕ ∈ F . Let Ω satisfy (1) and 1 < q < ∞ .

(i) If Ω ∈ L(logL)1/q(Sn−1) and h ∈ N1/q(R+) for 1 < q < ∞ , then

‖M λ ,q,∗
h,Ω,PN ,ϕ,ρ f‖Lp(Rn) � Cp(1+‖Ω‖L(logL)1/q(Sn−1))(1+N1/q(h))‖ f‖Ḟ0

p,q(Rn),

for q � p < ∞ .

(ii) If Ω ∈ L(logL)1/q(Sn−1) and h ∈ Δγ (R+) for some 2 < γ � ∞ . Then

‖M λ ,q,∗
h,Ω,PN ,ϕ,ρ f‖Lp(Rn) � Cp(1+‖Ω‖L(logL)1/q(Sn−1))‖h‖Δγ (R+)‖ f‖Ḟ0

p,q(Rn),

for γ ′ < q � p < ∞ .

(iii) If Ω ∈ B(0,1/q−1)
r (Sn−1) for some r > 1 and h ∈ N1/q(R+) for 1 < q < ∞ , then

‖M λ ,q,∗
h,Ω,PN ,ϕ,ρ f‖Lp(Rn) � Cp(1+‖Ω‖

B(0,1/q−1)
r (Sn−1)

)(1+N1/q(h))‖ f‖Ḟ0
p,q(Rn),

for q � p < ∞ .

(iv) If Ω ∈ B(0,1/q−1)
r (Sn−1) for some r > 1 and h ∈ Δγ(R+) for some 2 < γ � ∞ .

Then

‖M λ ,q,∗
h,Ω,PN ,ϕ,ρ f‖Lp(Rn) � Cp(1+‖Ω‖

B
(0,1/q−1)
r (Sn−1)

)‖h‖Δγ(R+)‖ f‖Ḟ0
p,q(Rn),

for γ ′ < q � p < ∞ .

Here the above constants Cp > 0 are independent of h,Ω and the coefficients of PN ,
but may depend on p,q,n,λ ,ϕ ,ρ ,N . The same results hold for M

q
h,Ω,PN ,ϕ,ρ ,S .
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Proof. Fix 1 < q � p < ∞ , by the duality, Lp bounds for M , Hölder’s inequality
and Lemma 7, one has

‖M λ ,q,∗
h,Ω,PN ,ϕ,ρ f‖q

Lp(Rn) = sup
‖g‖

L(p/q)′ (Rn)
�1

∫
Rn

(M λ ,q,∗
h,Ω,PN ,ϕ,ρ f (x))qg(x)dx

� C(n,λ ) sup
‖g‖

L(p/q)′ (Rn)
�1

∫
Rn

(Mq
h,Ω,PN ,ϕ,ρ f (x))qM(g)(x)dx

� C(n,λ , p,q)‖Mq
h,Ω,PN ,ϕ,ρ f‖q

Lp(Rn).

Combining this with Theorems 3 and 4 implies the conclusions of Theorem 7 for
M λ ,q,∗

h,Ω,PN ,ϕ,ρ .
On the other hand, it is clear that

M q
h,Ω,PN ,ϕ,ρ ,S f (x) � 2nλ/qM λ ,q,∗

h,Ω,PN ,ϕ,ρ f (x),

which together with the bounds for M λ ,q,∗
h,Ω,PN ,ϕ,ρ implies the bounds for M q

h,Ω,PN ,ϕ,ρ ,S .
�
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