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ON APPROXIMATION OF FUNCTION IN GENERALIZED
ZYGMUND CLASS USING C"T OPERATOR
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Abstract. In the present work, we, for the first time, study the error estimates of a function
h (2m-periodic) in generalized Zygmund class Z! (r > 1) by Cesaro-Matrix (C"T) product
means of its Fourier series (F. S.). The results obtained in the paper provide the best approxima-
tion of the function & in Z (g > 1) class. Our Theorem 2.1 generalizes eight previously known
results. Thus, the results of Singh and Srivastava [29], Lal and Kushwaha [25], Lal [23], Nigam
and Sharma [10], Nigam [8], Lal [22] and Ugur Deger [28] become the particular cases of our
Theorem 2.1. Several useful results in the form of corollaries are also achieved from the main
theorems.

1. Introduction

The study of error approximation of a function % in Lipschitz classes and Holder
classes using different single means have been a centre of creative study for the re-
searchers [2,3,5,7,13,14,16,15,17,21,24] in past few decades.

The study of error approximation of a function % in Lipschitz classes and Holder class
using different product means have also been a centre of creative study among the re-
searchers [8,9,11,23,24,25] .

Here, it is important to note that the results obtained in all the above works could not
provide the best approximation of the function. This fact strongly motivates us to con-
sider a more advanced class of a function in order to obtain the best error approximation
of a function £ by a trigonometric polynomial of degree, not more than ;.

Therefore, in the present work, we, for the first time, obtain the results on the best
error approximations of the function % in generalized Zygmund class Z, (r > 1) by
Cesaro-Matrix (C"T) product means of F. S. It is worthwhile to mention here that we
have used the most generalized product operator for Cesaro-Matrix operator. In fact, we
establish two theorems on the degree of approximation of a function 4 (2x-periodic) in
generalized Zygmund class Z¥ (r > 1) by Cesaro-Matrix (CT') product means of its
F. S. Our Theorem 2.1 generalizes several previously known results. Thus, the results
of [8,10,22,23,25,28,29] become the particular cases of our Theorem 2.1. Since C"T
is the most generalized product means so we also deduce several corollaries from our
main theorems.
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Let Cy, is a Banach space of all periodic functions with period 27 and continuous on
the interval 0 < x < 27 under the supremum norm.
The best j-order error approximation of a function & € C; (Bernstein [26]) is defined
by

Ej(h) = igfllh —1jll,

where ¢; is a trigonometric polynomial of degree ;.
Let

2
190,27 := {h: 0,27] > R: / I(x)|9dx < oo} g1,
0

be the space of all functions (2 x-periodic and integrable).
We define |[.[|, by

1
]|, = {% g”\h(x)\qu}q , forl <g<oo
.=
esSSUPye(o.or) [(x)|,  forg = oo

As defined in Zygmund [1] « : [0,27] — R be an arbitrary function with u(&) > 0 for
0< & <2 and <§1ir{)1+u(§) =u(0)=0.

Now we define,

Zé") :=<qhell0,2n]:q > 1,sup 1R 16) + (.~ 5) = 2k()ll, < oo
E40 u(§)

and

1h(-+&) +h(.— &) —2h( )|,
u(§)

Here, the space Zé") is a Banach space under the norm ||. Hé").

)] = \\h\\q+zl;13 g1

One can discuss the completeness of the space Z,g”) by considering the completeness of
L7 g>1.
We define

7\ = {h € 19)0,27] : ¢ > 1,sup 1h(:+&) k(. —&) = 200l < oo}

£40 v(&)
and
VRIS = 1l -+ sup |A(.+8) +h(.—¢) —Zh(~)Hq7 0>l
E40 v(&)
REMARK 1. u(£) and v(&) denote moduli of continuity of order 2 [1].

Considering % as non-negative and non-decreasing, then

. u(2m u
14 < max (1, e ) 9 < o
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Thus,
ez, g>1.

REMARK 2.
(i) If we take g — oo in Z\") then Z{") reduces to 2.
(i) If we take u(&) = E% in Z) then Z™) reduces to Zy.
(i) If we take u(E) = &% in Z\") then Z{") reduces to Z .
(iv) If we take g — oo in Zgy 4 then Zg 4 reduces to Zg, .

(VM Let 0oy <op<1.Ifu()=E" and v(E) =&Y, then % is increasing,

but gv(é)) is a decreasing function of .

One can find the detailed work on F. S. in [1].
Let 2;"20 d; be an infinite series such that s; = 2]\“,:0 dy.
The j partial sum of the F. S. is denoted by s;(h;x) and is given by

1 = sin(j+ 1)i
sj0ix) =) = 5 [ 0. 8) = L2 a
T Jo sin(3)
[1].
Let T = (ajx) be an infinite triangular matrix satisfying the conditions of regularity
[20]1i.e., '
Yioajxk=1, as j—oeo
ajr=0, for j<k (D)
Y1 olajx| <M, afinite constant.

The sequence-to-sequence transformation

J J
l‘jT(h,) = 2 aj xSk = 2 Qaj i—kSj—k
k=0 k=0

defines the sequence th(h; .) of a triangular matrix means of the sequence {s;} gener-
ated by the sequence of coefficients (a; ).

If 1] (h;x) — s as j — oo then the infinite series Y7 od; or the sequence {s;} is
summable to s by a triangular matrix ( 7 -method) [1].

Following [6], let us write S(} =S5j, S;' = S(l) —|—S?_1 +... —|—S;'_1 and Ejr’ for the value
of S;’ when dy =1 and d; =0 for j > 0, thatis, when s; = 1 for all j.

If C}.’ = i — s, when j — oo, then we say that } d; is summable C" (Cesaro means

n
Ej

of order n > —1) to sum s, where S;’ = Z(j_‘{,ltq_l)sv and Ejn = (j;").
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NOTE 1. (C,0) means is an ordinary convergence.
The product of CT means with T means defines C"T means and is given by

j (j r+T1 1) r
tjcn'T(h;x) = Zarksk (h;x). @

et (n;/)

If tjC"T(h;x) — s as j — oo, then the series Y7 d; is said to be summable to s by
C'"'T method.

NOTE 2. The regularity of CT and T methods implies the regularity of CTT
product method.
Particular cases of CT means: C'T means reduces to

(l) cn (H7 HLI) or C"H means if Arm = W .

(i) C"(N,p,) or C"N,, means if a,, = p’—r"’ where P, =3 _opm #0.
(iii) (C,n)(N,p;) or C'N,, means if a,,, = 5.
@iv) (C,n)(E,q) or CN"E4 means when a,, = —(qu)r (na™"

(v) (C.n)(E,1) or C"E" when a, = (/)

(vi) (C,n)(N,p,q) or C"Np,, means if ay,, = ””R’tq’” where R, =X o PmGr—m -

In above particular case (ii), (iii), and (vi) p, and g, are two non-negative monotonic
non-increasing sequences of real constants.

REMARK 3. C'H, C'N,, C'N,,, C'E? and C'E! are also the particular cases
of C"T forn =1.

REMARK 4: (EXAMPLE). We consider

14038 2 —4037)/ 3)

Jj=1
The j”* partial sum of the above series is given by
= (—4037)/

we take @ = 77077 (1201877, then

T
l‘j =a; 050 -|-aj71S1 +...+aj7ij

= m [(é) 20187 — G) (2018)771.4037 4 ...+ (j) (—4037)1]

= (2019)1. (—=2019)/ = (—1)/.
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Since,
, when j is even number

(1) = . )
—1, when j is odd number.

Then, the series (3) is not summable by 7 means. The series (3) is also not summable
by C" means for 11 = 1. But the series (3) is summable by C"T means for 1 = 1 as
(4) is summable by C" for 1 = 1. Thus, we can observe that product means are more
effective than the individual single means.

‘We write,
i (r+tn—1 .
KC"T(é):L J (n—{ ) ia 7ksm(r—k+%)§
J 2n &, (n;/) Pt Sm%
1
T = integral part 0f<g>

¢(x,&) =h(x+ &) +h(x—&) —2h(x).

We mention here some standard inequalities which are used in the paper.

1 T
sin(5) & Ss7 ©)
sin§ <&, £>0 (6)

Zygmund ( [1]).
NOTE 3. We also use the following condition in our main theorems

(7)

Ajj—k = Qj+1,j+1-k >0, for0<k<j
Ajk=2X)_yajj-r and Ajo=1,Yj € No.

REMARK 5. Considering the matrix T = (a;x) as
k .
ajx = 3/251371’ 0<k<y
’ 0, k> j,
we can check all conditions of 7 method as defined in (1) and also satisfies condition

).

2. Main results

THEOREM 2.1. If a function h is 21 -periodic and Lebesgue integrable then the

error approximation of h in Z((Iu)7 g > 1 class by C"T product means of its F. S. is
given by

. n v
Ej(h) = inf (6" (ix) ~ h(x) 5" = 0
g

L)
G+ 1) mzv@)"él’
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where C'T is as defined in (2), u and v denote moduli of continuity of order two such
that “8) s non-negative and non-decreasing provided (7) holds.
v(&)

THEOREM 2.2. If a function h is 2r-periodic and Lebesgue integrable then the

error approximation of h in Zz(; ), q > 1 class by C"T product means of its F. S. is

given by
1
an
Ej(h) = inf [i§" " (hix) ~ (@) = 0 & = )
5 V(J“)

where CT is as defined in (2), u and v denote moduli of continuity of order two such

log(j+1) |,

that 5L s non-negative and decreasing provided (7) holds.
cv(&)

3. Lemmas

LEMMA 3.1. If the conditions of (1) and (7) holds for {a;;}, then

T
KS"T(E) =0(j+1) ¥Vn=1, 0<E< T

Proof. For 0 < & <

< j+L1’ using (5) and (6)

i r+n—1 i 1
KS"T(8)] = 5= i ((,W)) S ar k—k,f"‘)é‘
sin 3
1 < ( I) - sin(r —k+1)&
g%g’(n g‘”k sin%2 I

,
N apk(2r—2k+1)

L& (rn—D! nLjt

2r+1 since A,.g=1
2 oot ety 0

_ J! i 2r+1)(r+n—-1)!n

At D..(nt)n A p

_ J! i(2r+ mm+1)...(n+r—1)
4.n+1)...(n+j) 5 7l

_ J! 2j+Unn+1)...(n+j—1)
T (1)) 1+3n+...+ 7
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J! . 2j+nn+1)...(n+j—-1)
D ) [“ 1) i
_G+D@i+N _ @i+ _ G+ 1n
Am+j) 4 T2

=0(j+1) foralln > 1
LEMMA 3.2. If the conditions of (1) and (7) holds for {a;;}, then

k@] =of

1
—_ >
s T

Proof. For j+1 < & < 7, using (5)

1L M) & sin(r—k+ )E
KO = 57| 2 iy Zowk—
j 2 Eg) (") ,Zg) 7 sind
| i (r+n 1) - e
~o(g)m3, G v
Now we take,
j r+n-—1 r r - L2
2(3;;)2anr—k1rk+ 2( J—r )Zarrkerk
r=0 (r’) k=0 r=0 (T]) k=0
j (+T] l) T
+ Z n+j zarr k€ r=k)s
r=t+1 ( )
L
+ 2 2 Ay kelr k)&
r=1+1 ( n ) k=1+1
<My + M+ Ms, (say). ()]
Now,
T ("+T1 1) T H'r’ 1)
2 Zanr k r=hE) < Aro
=NCON-= < X
Lo(r+n—1)! n!j! .
Z(‘) “ (n—l—j)! since, Ao = 1
_ J! i (r+n—=1)!n
m+1)...(n+j)n! 5 r!
j! [ nm+1) T+n—1}
_ 4+
miD..mt0..mxpn | T T —1)!

J! nn+1)...n+17-1)
ST m+0. 4D [(Hl) P ]
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| .
_ ’L’.(T-l—l)....] LN .XT-l-l n < (t+1) < n .x(l—kl)
(n+7)...(n+j-1) n+j o " n+j n+j

B 1+&
_0<7§(j+1)> foralln > 1

Changing the order of summation and using Abel’s transformation in M;, we have

L& )

o (ren—1 r+m S
_ i(v=h)§
SUE (T o (o) )
itn—1 J iy +1T L v

+ (j ! 1 )aj’j—k Z eV hE (77 l)ar+17r+1—k Z e k)é} ’
n- n- v=0

T

) k0|:

£ (5 o (o)
ror—k — r+1,r+1-k
AN R A B VA
jt+n—1 g+ n+t Y
n-— 1 J.j—k n-— 1 T+1,7+1-k
T . .
n+r> n+]—1) <n+1—1)
= a ) _ + a..._ + a..._
)]Zz)|:< T+1,7+1-k n_l J,j—k n_l J.j—k

+7T
+ (Z B 1>ar+1,r+1—k

ey L [(ntT 4 n+i-1 -
=0(&7) nT-;_j) g, Kn_l> r+1,r+1k+< n—1 ) mk]
_ J - [nn+1)...(n+7)...(n+)
=08 G 2 T e T e e
nm+h..m+j-Hn+j }
(n+j) o

M+ m+)) (+1)! ,ZO(“”—”“LJ—U

—0 (ﬁ(&p —|—Aj70)) =0 (ﬁ) '

Using Abel’s transformation in M3, we have

+

+

i (T T o K
M = 2 ?I+J [ 2 (ar,rfk _ar,r—k+1) 2 vt
r=t+l ( n ) k=1+1 v=0

T
g Z FOVE g Y eV
v=0 v=0

|
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(r-Hl—l) —1
:0(571) 2 ?H‘i [ 2 (ar,rfk_ar,rkarl) +ar,0+ar,r—r—l]
e ( n ) L
j (r-Hl—l)
=0E™N) Y S~ an| +dro+ arr—ri]

r=1+1 (n;,rj)

1L fren—1
:0(5 1) ; ( )ar,rr
(n;;rj)i:%-l n-1
_ ! ..n+j)[n...(n+7)
Ol j n(n+ [ i
S e T ) T+ T
Lmtj-1
+ﬂ_ﬁ%i_gﬁj4
el J! nm+1...n+J) .
=0T ) T Ay e taneatedyd
N AL 1= 1
=0(¢& )n+]. [aci11+ 1o+ +ar1j—1) —0<€(].+1))Ar+1,1
1
—0(—).
(57
(In view of App—k 2 Arlr+1—k 2 Arel r—k and Arp10=1)
Combining M, M, and M3 we have,
M+M+M—0[%x(1+€)]+0[ ! ]+0{ ! }
R I3V EG+1) EG+1)
1 3
—o|——(1+=2
G (7))
1 3+7m
=o(7<F) o

(Let 1+g < g for £ fixed = k""" =341.)
Now, from (8), (9) and (10) we get

5 6)-o()

LEMMA 3.3. Let he Zy", for 0 < E < m,
If u(§) and v(xi) are defined as in Theorem 2.1, then ||¢(.+y,&)+¢(.—y, &) —

20(,&)lly = 0 (v(y)4&)-

Proof. We can prove this lemma along the same lines of the proof of [24, p.93].
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4. Proof of the theorems

4.1. Proof of Theorem 2.1

Proof. Following Zygmund [1], we have

silh) ) = 5 [ ”¢<x,&>s“‘s(i(+§>)éd5

Denoting C'"T means of {s;(h;x)} by tj-Cn'T(h;x), we get

j (J r+Tl 1) P

T (hx) —h(x) = Y 2 arlsk(h:x) — h(x)]

et (n;/)
J r+n 1) sin(r —k+ 3 7)&E
277:/ ¢ TI+J Zarr kvdé’
—/ o (x,E)KET (& an
Let
Rj(x) =S (hyx) — /q) E)K'T(&)dé. (12)
Then,

T
R(x-+3)+ Ryx=3) ~2R(x) = [ [0(x-+3.8)+6(x—3.8) ~20(x DI K" (£)de.
Using the generalized Minkowski inequality [4, p. 31], we get

IRj(-+3) +R;(-—y) = 2R;()ll4

1

2n ‘
< {%/O |Rj(x+y)+Rj(x~) —2Rj(X)|qu}

< [T16C+0E)+0(—1.8) - 20(. DK E)lae
=/"% 1604 3E)+8(—1&) ~ 26 &) |JKET (E)ldg
1004 28) 00 —3.8) 20 (. E)IIIKST ()ldE
=1 +JI+21 (say). 13)

(

Using Lemmas 3.1, 3.3 and the monotonicity of Z(—g with respect to &, we have

B [T IOC 3.8+ 60— 8) ~20( E)IKE ()1
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=0 [0 vag ) = o (G [T 4 ag

u(7)
=0 | vy -z |- (14)
V(m)
Using Lemmas 3.2 and 3.3, we get

b= [ 100+58)+0(— &) =200, OIS (€)lag

-0 (/fv(bb%uﬂrlé-zdé)

J+I

—0<(1+1> v(\y\)/_; %5—%5). (15)

From (13), (14) and (15), we get

IRj(-+y) +Rj(. —y) = 2R;(.)[lg = O { v(|¥]) (z>>

+0<(J+1) o [} e 2d5>
( s

IR; (+y)1+Ri(-=y)=2R,(llg _ , (#(57) -t [Tu)
—0 V(J%)>+O<(]+l) /le() dé).

¥£0 v(lyl)
Again using Lemmas 3.1, 3.2 and ||¢(.,&) ||, = O(u(&))

IR ( 1>||¢ E)olKST (€)1
~o(u+n [ <&>d&)+o< e d&)
=0<u<j+il)>+0<j+l Lg -2 (5)d5>. (17)

[R;(-+¥) +R;i(. —y) —2R;()llq
v(y) '

Now, we have

IR (IS = [IR;()lq +sup
y#0
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Using (16) and (17) we obtain,

Hence, for & = -2, we have

oe(559) ()

and by the monotonicity of v(&), we have

" u(g)
JH1S A v(E)

Jj+1 2 v(E)

Now, using (19) and (20) in (18), we get

Rj(~)§v)0<z<(§3)+0< 1 5 % é)

Using the fact that % is non-negative and non-decreasing, we have

T ()
j+1)z v(E) ds > :

u<,-+%>:0< [ &M&)dé)
. . .

V()

From (20) and (21), we have

) T ™ ul)
IR ()lq —0<J+1 T (é)dé)

oot o[ 88

Hence,

(18)

19)

2
) i 0<J+1/ g2 dé)

(20)

21

(22)
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4.2. Proof of the Theorem 2.2

Proof. From Theorem 2.1, we have

: C"T (. \ _ ) _
tg,l_lelt,- (h:.)=h()lg" =0

n

Gz B

1 T
@) 4]
)
For non-negative and non-increasing gv(é) with &, we get

n v 7 l/t(—) "
inf 16" (h .)—h(.)llé)=0<%(1“) o/ ﬁ)

J

5. Corollaries

COROLLARY 1. Ifa function h is 2w -periodic and Lebesgue integrable then the

error approximation of h in Z((Iu)7 g > 1 class by C"'T product means of its F. S. is
given by

inf [|/C"7 h;x) —
Inf flo (3x)

n

! O(G+1) " {log(j+1)}, o1 =0,00=1,

where C"T is as defined in (2), u and v denote the Zygmund moduli of continuity [1]

such that % is non-negative and non-decreasing provided (7) holds.

Proof. Taking u(&) =% v(&) = £X in Theorem 2.1, proof of this Corollary
can be obtained.

COROLLARY 2. The error approximation of a function h € Zé") by C"H means

n (J - 1) r
(CH 2 n-1 ! 2 1
" = (”;FJ) log(r+1) & r—k+1)

of the F. S. is given by

Ej(h) = inf [«" ()~ n()[1§’ = 0

cTIH

(+1) /2 &2v(&

1 n (5))d§]
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COROLLARY 3. The error approximation of a function h € Zé") by C"N,, means

i (J r+n 1)

c"N,, 1 <
= 2 Tﬁgprfksky

of the F. S. is given by

L)
i ézv@"’é]

(u)

COROLLARY 4. The error approximation of a function h € Z; by cd .Npq means

CN, AL
j ”q=2(3fj) S pr s
r=0 n rk 0
of the F. S. is given by
. g 1L u(§)
Ei)= gl Iy s =hOl =01 55y L ey e

./

COROLLARY 5. The error approximation of a function h € Z,SM) by C"'N p means

o R 1
P_Z TH’/ Zpksla
(") B
of the F. S. is given by
CN ) 1 T u(é)
E:(h)= inf ||r; " (h;x)—h(x =0 |— d
= i 16" ) = =0 s [ gy |

J

COROLLARY 6. The error approximation of a function h € Zé") by C"E1 means

Y UYL
LOTATrY) Grors\wt

of the F. S. is given by

Ejw) = inf 1" () = ()]l = 0
s
J

L)
G50 )z B <é>d4
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COROLLARY 7. The error approximation of a function h € Zé") by C".E' means

r=0

g =S LS (1)
! (") TS \kT
of the F. S. is given by

L )
G+1) ,-%ézv(é)d&]'

. 1 v
Ej(n)= inf [I€"E () — ()] = 0

cnE! !
1

REMARK 6. The above corollaries can also be obtained for the particular cases
C'H,C'N,,
C'N,y, C'N,,C'E? and C'E! in view of Remark 3.

REMARK 7. If we take B =0, &(r) =¢* and r — o then W(L,,&E(¢)) class
reduces to Lip & class and thus, the results of [8] and [22] reduces for Lip & class.

6. Particular cases

Some particular cases of our main results are:

M IEn=1 u)=E* and v(&) =& in Theorem 2.1 and also if g — e and
o = 0, then the Theorem 2.1 of [29] become a particular case of our result.

(ii) Let us take 1 = 1 and reduce matrix means 7 to the (E,g) in Theorem 2.1.
Further to this, if (&) = &% and v(§) = £ in Theorem 2.1 and also if g — oo
and o =0, then the main Theorem of [25] become a particular case of our result.

(iii) Let ustake 11 =1 and reduce matrix means 7' to the N, in Theorem 2.1. Further
to this, if u(§) =&% and v(&) =& in Theorem 2.1 and also if ¢ — o and
o = 0, then the Theorem 1 of [23] become a particular case of our result.

(iv) Letustake n =1 and reduce matrix means 7 to (E,q) means in Theorem 2.1.
Further to this, if (&) = &% and v(§) = £ in Theorem 2.1 and also if g — oo
and o = 0, then in view of remark 7, the results of [8] become a particular case
of our result.

(v) Letustake 1 =1 and reduce matrix means 7 to (E, 1) means in Theorem 2.1.
Further to this, if (&) = &% and v(§) = £™ in Theorem 2.1 and also if g — oo
and o1 =0, then in view of remark 7, the results of [22] become a particular case
of our result.

(vi) Letustake 1 =1 in Theorem 2.1. Further to this, if u(&) = &% and v(&) = &%
in Theorem 2.1 and also if ¢ — e and ¢ = 0, then the Theorem 2.3 of [2§]
become a particular case of our result.
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