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HERMITE-HADAMARD TYPE INEQUALITIES FOR THE s-HH CONVEX
FUNCTIONS VIA k-FRACTIONAL INTEGRALS AND APPLICATIONS

JIANZHONG XU AND WEN WANG*

(Communicated by T. Buri¢)

Abstract. In this paper, we first extend the concept of the HH convex function (harmonic har-
monically function (see[18,19])) to s-HH convex functions and establish some fractional integral
inequalities of Hermite-Hadamard type for s-HH convex functions via fractional integrals and
k-fractional integrals.

1. Introduction

In this article, we set R = (—oo,00), Ry = (0,00) R =[0,0).
First, let us recall some definitions of various convex functions.

DEFINITION 1.1 ([3,11]). A function f:1 C R — R is convex on /, if
f(tx+(1_t)y>gtf(x)—i_(l_t)f(y)a Vx;)’elﬁe[o;l] (11)

[ is concave function if —f is convex function.
Let f:I C R — R be a convex function. The following inequality is the well-
known Hermite-Hadamard inequality

f(a;’b> — a/f fla+ f(), abelwitha<b. (12

In [16], the following Hermite-Hadamard type integral inequality of convex func-
tion is proved.

THEOREM A [16]. Let f: [a,b] — R be a positive function with 0 < a < b and
f € Lla,b]. If f is convex function on [a,b], then

f(a—;b) < ;((Z)OC‘F;)[ +f( )—i—]g_f(X)] < w, a>0. (1.3)

Hudzik and Maligranda in [6] define an s-convex function in the second sense, as
follows.
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DEFINITION 1.2 ([6]). A function f:1 C Ry — R is said to be s-convex in the
second sense if for some fixed s € (0, 1]

flx+(1=0y) <Ef)+(1=1)°f(v),  Vxyelre[0,1]. (1.4)

f is be s-concave function if —f is s-convex function.
Dragomir and Fitzpatrick in [4] prove a kind of Hermite-Hadamard type inequality
which holds for s-convex functions in the second sense.

THEOREM B ([4]). Assume that a function f: R, — R is an s-convex in the
second sense, and a,b € Ry with a <b. If f € L[0,1], then

s—1 atb )+f()
2f<2) ba/f s+1 (1.5

DEFINITION 1.3 ([7,15]). A function f:1 C R\{0} — R is said to be harmonic
convex function on I, if

1
——— | <1t 1—¢ , Vx,y€l,t €[0,1]. 1.6
(e ) SH@+A-070), Weyeliclal 19
f is a harmonic concave function if —f is a harmonic convex function.

THEOREM C ([7,15]). Let f:1 C R\{0} — R be a harmonic convex function
and a,b €l witha<b. If f € L[a,b] , then

2ab f( ) fla)+f(b)
f<a+b) S b a x2 dx < 2 ’ (1.7)

DEFINITION 1.4 ([21]). A function f:1 C Ry — R, is said to be m-AH
convex on /, if m € (0,1] and

y) < !
S O+ m(— 0o

f is said to be m-AH concave function if —f is m-AH convex function.
The concept of the harmonic harmonically convex and m-harmonic harmonically
convex function may be introduced as follows.

fltx+m(1—

Vx,yel,t €[0,1]. (1.8)

DEFINITION 1.5 ([18]). A function f:1 C Ry — Ry is harmonic harmoni-
cally (briefly HH convex) convex on 7, if

1 1
f<m4+u—mﬂ><ﬂﬂm*+u—ﬂv@r“

f is a harmonic harmonically concave if —f is a harmonic harmonically convex.

Vx,y € 1,t €[0,1]. (1.9)

DEFINITION 1.6 ([19]). A function f:1 C Ry, — Ry is m-harmonic harmon-
ically convex (briefly m-HH convex) on 1, if Vx,y € I,1 € [0,1]

1 1
f(m4+mu—mﬂ)gﬂﬂm*+mU—Mﬂm*’

(1.10)
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where m € (0,1]. f is said to be m-HH concave if —f is m-HH convex.
We next give some sample examples of functions satisfying s-convex, harmonic
convex, m-AH convex, HH-convex and m— HH convex.

EXAMPLES.

(1) The function f: (0,400) — (0,4), f(x) =x'+C is s-convex for 0 < s < 1
and C > 0.

(2) Let g:(0,400) = (=00, 40), g(x) =x, and g : (—o0,0) — (=0, +e0), h(x) =x,
then g is harmonically convex and / is harmonically concave.

(3) The function j(x) =1 is m-AH convex fumction for x > 0.

4) Let ¢ : (0,400) — (0,4o0), t(x) =x". If r<0 or r>1, then 7(x) =x" is a
harmonoically concave function; If 0 < r < 1, then #(x) = x” is a harmonically
convex function.

(5) The function u(x) = x? is m-HH convex for 0 < p < 1 and x > 0. The function
u(x) = xP is m-HH concave for p > 1 and x > 0. The function v(x) = —x is
m-HH concave for x > 0. The function j(x) = % is m-HH concave for x > 0.

REMARK. The concept of the HH convex function and m-HH convex function are
defined by the second author of this article and co-authors. So, the proofs of examples
(4) and (5) can be found in references [18] and [19].

DEFINITION 1.7 ([5,9,12]). Let f € L[a,b]. The Riemann-Liouville integrals
J¢ and J;j‘+ of order & > 0 with a > 0 are defined by

0 = o [ 0" e, x> a

and

b
Jg_f(x):ﬁ/x (t— )%V f(1)dt, x<b,

respectively, where
I'(x) :/ e, x>0.
0

is the Gamma function and J, f(x) =J)_f(x) = f(x).

For many recent results related to Hermite-Hadamard type inequalities for some
special functions, see [1,4,7,8,14,15,18,19,20,21].

Recently, Diaz and Pariguan in [2] define two new functions called k-gamma and
k-beta functions and the Pochhammer k-symbol that is respectively generalization of
the classical gamma and beta functions and the classical Pochhammer symbol:

K" (nk) & !
Te(a) = lim nlk" (nk) ¥

A e ,(k>0),
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where
(Onk =x(x+k)(x+2k) - (x+ (n—1)k), x€C,keRneN"

is the Pochhammer k-symbol for factorial function. It has been shown that the Mellin

k
transform of the exponential function e % is the k-gamma function, explicitly given
by

oo s
i (x) :/0 e wdr,x > 0.

Obviously, T'(x) = limg_,; T (x), Ti(x) = k%”l"k(%) and Ty (x+k) = xT(x).
The k-Beta function By(x,y) is given by the formula

Bi(x,y) = % - /Omzx—lu +19 " dr, Re(x) > 0,Re(y) > 0.

Later, under the above definitions, Muben and Habibullah in [10] also introduce
the k-fractional integral of the Reimann type as follows:

Walf(1)] = ﬁm)/ul(t—r)%*lf(r)dr,a >0,t>a,k>0.

For many recent results related to Hermite-Hadamard type inequalities via k-
fractional integrals, see [13,17].

The aim of this paper is first to introduce the concept of the s-harmonic harmon-
ically convex functions. Afterwards, we establish some Hermite-Hadamard type in-
tegral inequalities for s-harmonic harmonically convex functions, including fractional
integral inequalities and k-fractional integral inequalities.

2. Definition and lemmas

The concept of the s-harmonic harmonically convex (briefly s-HH convex) func-
tion may be introduced as follows.

DEFINITION 2.1. A function f: 1 C Ry — R, is said to be s-harmonic har-
monically convex (briefly s-HH convex) on [, if for fixed s € (0, 1]

1 1
(i) ST e
@.1)

f is said to be s-HH concave if —f is s-HH convex.
Take s = 1 in Definition 2.1, we deduce the Definition 1.5.
To illustrate the Definition 2.1, we give a sample example.

EXAMPLE. The function f:[0,1] — [0,1], f(x) =x* is s-HH convex for 0 <
s< 1.
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Proof. By Definition 1.2, we get that the function x* is s-convex for 0 < s < 1.

Then for 0 <a<b
[fa+(1—1)b]’ <t'a’+ (1 —1)°b".

Leta=1and b= é in above inequality, we have

x R e

g;-‘r 5

X y

From this we have

So, the conclusion valid. [

LEMMA 2.1. [1] The Beta function:

=
=
+
~<

1
B(x,y) = w = /f‘—l(l —t) e, x,y>0. (2.2)
0

LEMMA 2.2. Let A and B are two positive real numbers. Then for p > 0 and
0 < s < 1, the following inequalities are valid.

1
/1 1 m'ﬁ(a,l—m 0<s<l,p>1,
AP TB_12 S 2.3)
N _\2 1
o Art+B(1-1) O<s<I,0<s<p<l.

b

A+B p—s
Proof. The following inequalities is obviously true for »r >0 and 0 <7 < 1.
1
tr>(1_t)ra t>§7
| (2.4)
(=)', 1< <.
(1=, t<s3
We first prove for the case 0 <s < 1 and p > 1.
By using (2.4), we have
tp1 1
77 t 2 _7
P! (A+B)(1—1) 2
o S (2.5)
A+ (1—1)*B Pl 1
—_— < =
(A+B)ts 2
Integrating for ¢ € [0, 1], we getfor 0 <s <1 and p > 1
1 Logp=l 1
. dt, t> =
1 P*l / _ s 9 = 9
/ t ;< A+B Jo (1—-1) 2
0

A+ (1—1)B~ 1 L(1—)p! 1
/ - dt, t<—
A+B Jo IS 2
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/ I I VRS 1
< A+B 21
= yal
dt, t< =
A+B‘/ =2
l
A D ﬁ(a - ) _7
< A+B ~2 (2.6)
! Bl=s,0), t< !
ATB g 2
Since the function f(x,y) is symmetric, then for 0 < s < 1 and p
l v d ! 1 2.7
t < Bo,1—3s). .
/0 rara—nB" S azp Plel=9 @.7)
In the following, we calculate for the case 0 < s < p < 1.
By (2.5) and integrating for ¢ € [0,1], we getfor 0 <s < p < 1
/ (L—r)P~ 1 ; 1
1 tp—l — 7 = S
/ ‘ _dr < A+B (I—1)s 2
o A+ (1—1)*B P ld 1
_ —_ l‘ l‘ —
A+Bl4 N
1 1 1
A+B p—s Zy
<
= 1 1 ‘< 1 (2:8)
A+B p—s’ 2’

From (2.7) and (2.8), we obtain the desired result. [

3. Hermite-Hadamard type inequalities

THEOREM 3.1. Let f:1 C R\{0} — Ry, be a s-HH convex function with 0 <
s<1.Ifa,bel witha<b and f € Lla,b], then

L _fla)f(b)

. O0<s<1
1 2ab b b 1-— ’ ’
2-"1f<aj—b> S ba—a/a fJE;C)dx s ljlcl(fza) —(ln)f( D) G-
fla)f(b) = —rn— s=1.
fla) = f(b)
Proof. Since f(x) is s-HH convex, for all x,y € I (with 1 = 5), we have
2xy ZIWf0) e S HS)
2
() <7 < 2
Let x = ta+(alb—t)b 'Y= tb+(a1h—t)a » we have
2ab s—1 f(tqu(l >+f<th+l —t)a )
f<a+b)<2 . 5 . (3.2)
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Further, by integrating for 7 € [0, 1], we obtain

f(fibb) <2 ;[/0 f(m+ )d’+/ (tb+ )d’]

__ns—1 f( )
—2 b(l [ L (33)
On the other hand, take x =b and y = a in (2.1), we get
ab fla)f(b)
(rii=p) < FTas G G

Further, by integrating for 7 € [0, 1], we obtain

1 ab L flafe)
/0 f<m> dtg/o 5f@) + (L) (3-3)

By computation we get

Av<m+é—t) - [ (3.6)

andfor 0 <s <1

/1 f(a)f(b)
[ A0, L T eIy
o B'fla)+(L—1)*f(b) " ~ /1 f(a)f(b) 1
o [f t 2

1
2
| 3.7)
2

For s =1 we have

b fla)f® ! f(a)f(b)
/O Fla — dt dt

)+ =0)f(b)  Jo f(b)+[f(a)—f(b)
Inf(a)—In/f(b)

From (3.4) and (3.6-3.8), we get (3.1). The proof is complete. []

4. Fractional integral inequalities

THEOREM 4.1. Let f:1 C R\{0} — R be a s-HH convex function with 0 <
s<1.Ifa,bel witha<b and f € Lla,b]. Set

Mot (o

[y(@a.b) = 20 b—a

) [J§+(fog)(é)+.]?(fog)(%) :
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Then

M-{ﬁ(a’l_s)’ Pes ez

1
< fla)+f(b) P O<s<o<l, 4.1)
@
ma ) - ) )

where g(x) = % and m = min{f(a), f(b)}.

Proof. A sample computation yields
ab 1 ab
i 1 o—1
—— | dt t —— | dt
/o f(ta+(1—t ) +/ f(tb—l—(l—t) )
1
a1l 1
(——x) dx+/ (x——) (—)dx]
a X

@) () [ e+t reap)
)

T(a+1) ( ab
o« b—a

) 8 o)+ IE rea)G)]. 42)

We first prove that the left-hand inequality of (4.1) is valid. Multiplying by %! in
(3.2) integrating for 7 € [0, 1], we get

/0 - 1f< 2ab ) 25_1./()1ta_1f<m> +f<tb+1 —ha >dt. 43)

+b 2

From (4.2) and (4.3) we have

(2 <2 T () g ron 4ot (resi(p)

a+b
:2‘9711"(054—1)

200 b—a

ab \*T , | 1
(%) ey o). @
In the following, we prove the right-hand of (4.1). By (2.1) one has

ab f(a)f(b)
/ (tb+ ( —r>a) S S0+ (-1 fla)

Integrating for 7 € [0, 1] and applying Lemma 2.2, we get for

b ot ab
% f(rb+<1—r>a)d’

(4.5)
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1 (4.6)
—, O<s<oa<l.

{ﬁ(a,l—s), O<s<l,a>1,

Similarly, we have

Lo ab
/ot f(m+(l—t)b)dt

Bla,l—s5), 0<s<l,a>1,
@) { .

Fla)+ £(b) L pcs<a<l

Substituting (4.6) and (4.7) into (4.2), we obtain

w (b‘f’a)a {J%(fog)(é)+J§‘_(fog)(%)]

e ab 1o ab
_/o ! f(za+(1—t)b>‘”+/o ! f(zb+(1—t)a)‘”'

2@y [Ptk Desstazt
fla)+ f(b) —, O<s<ax<l1.

< (4.8)

From (1.9) and by integrating for € [0,1], we get for s =1

L ab U@ e) . fa)f )
% 1f<tb+(1—z>a)‘”</otf<b>+<1—t>f< S T 49

L ab L2 f(a) f(b) fla)f(b)
/ot 1f<m+(1—z)b)‘”</otf(a)+(1—t)f(b)‘”< am . *1O

Substituting (4.9) and (4.10) into (4.2), we obtain for s = 1

21(@)f(b)

o .11

INo+1) [ ab
a b—a

) [J‘bf‘+(fog)(é)+J:f‘(fog)(%) <

By (4.4), (4.8) and (4.11), we can derive the conclusion. So the proof is complete. [J

5. k-Fractional integral inequalities

THEOREM 5.1. Let f:1 C R\{0} — Ry} be a s-HH convex function with 0 <
s<1.Ifa,bel witha<band f € Lla,b]. Set

Iy(oka b) = T [( b )%_lkfzfg(m(L)%_lkwwl.

b—a b—a b—a
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Then for o« >0 and k>0

1 k. ( 2ab
2.y15f< j_b)<lf(akab)
i o
Ha)f(b) ﬁ(?l_sl)’ 0<s<lp>1,
a7 gy 0o <T<lL G
kf(a)f(b) Cleeo

where g(x) = fla+b—x) (7=) * 7 hx) = ) (1) .

Proof. We first prove the left-hand inequality of (5.1). Multiplying by 1tV in

(3.2) and integrating for 7 € [0, 1], we get

(e [t ),

2

Computation we get
k 2ab 2 [ e ab
_ < 25 A - -
ocf <a+b> Uo ! f(ta+(1—t)b)dt
1
g_l le
tx — | dt|. 53
+/o f(tb+(1—t)a> ] (>3)

Calculate the right-hand integrals of (5.3), we have
1
o _ 1 ab
tk —— | dt
/o ! (ta—|— (1 —t)b)
ab (b N\ - 1) £+
= — k — d
b—a (b a) /a (=a)f 1) (x) *

ab (b \T' b ¢ 1o\ E!
_b—a<b—a) /a(b—u)k f(b+a—u)<7b+a_u) du

S ab _ab a \ T b o« 1 771
/ot f(tb+(1—t)a)dt_b—a<b—a) /a(b_x) ﬂx)(;_c) dx

_ b ( a ) . KTy (0)J@h(D). (5.5)
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Substituting (5.4) and (5.5) into (5.3), we have

k 2ab 1 kTe(a) ab p o\ F! 3 N )
Ef<a+b) s2 2 b-a l(b—a> wag(b) + (E) WJER(D). | .
(5.6)

In the following, we check the right-hand inequality of (5.1). Multiplying by A
in (4.5) and integrating for ¢ € [0, 1], furthermore, using Lemma 2.2, we have

1 %71 ab
/ot f(tb+(1—t)a>dt

151 f(a)f(b)
szs+f 1—z)sdt
o o
Z1-s), 0 1,—>1,
BGOSR 5
S fla)+ £(b) L oes<®an
?—S k
Similarly, we have
Lo ab
/ot f(ta—i—(l—t)b)dt
o o
_al_ ) O la_>1a
@y [P 0seshy 55
S fla)+£(b) — 0<s< %<1
?—S k
By (5.4), (5.5), (5.7) and (5.8), we obtain
kT b b\ k! !
kz(a)ba_a (b_a) ,{Jgg(b)jt(bafa) kjg‘h(b).]
- 1&_1 ( le 1g_1 ( ab )
‘/0 s m+(1—z)b)‘”+/o” \pra=na)®
o o
_71_ ) 0 la_>17
2@ [P 0ty 50
“fla)+ f(b) '

o )

o
O<s< —< 1.
T—S k

Lastly, from (1.9) and by integrating for 7 € [0, 1], we get for s = 1

L ab Lt f(a)f(b) kf(a)f(b)
bt Gt o< < 610
1

g ab Lot a) f(b) kf(a)f(b)
Jor (e tram) <, a2 < e G
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Substituting (5.10) and (5.11) into (5.4) and (5.5), we obtain for s = 1

ab b e a !
w2 | (52) e+ (525) wino)| <

2f(@)f ()

om

b—a b—a

(5.12)

By (5.6), (5.9) and (5.12), we can derive the conclusion. So the proof is complete. [J
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