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Abstract. This paper deals with a real mapping L(z) related to the h-convex version of the
Hermite-Hadamard inequality. In special cases some generalized form of the Hermite-Hadamard
inequality for convex functions are obtained. Also, as an application some inequalities for special
means are given.

1. Introduction

The following integral inequalities

a+b 1t fla)+ f(b)
1(%57) < 5= [ rwax< FE2E2 M

where [ : [a,b] — R is convex, are known in the literature as Hermite-Hadamard in-
equality. Without exaggeration this inequality is the first fundamental result related to
convex functions and so usually for any newly introduced generalized convex function
in the literature obtaining the corresponding version of this inequality is one of the most
important aims.

On the other hand, one of the most known generalization of convex functions is
the concept of h-convex functions related to the nonnegative real functions which in
2006 has been introduced in [11] by S. VaroSanec. The class of h-convex functions
(SX (h,I)) is including a large class of nonnegative functions defined on interval I in R
such as nonnegative convex functions, Godunova-Levin functions [5], s-convex func-
tions in the second sense [1] and P-functions [4].

The following definition is a modified version of the concept of h-convex functions
introduced in [11], which is used in this paper:

DEFINITION 1.1. Let i : [0,1] — R* be a function such that & # 0. We say that
f:1— R is a h-convex function, if for all x,y € I, A € [0,1] we have

S(Ax+(1=2)y) <hA)f(x) +h(1=2)f ().
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The Hermite-Hadamard inequality related to /-convex functions has been introduced
in [10] by M. Z. Sarikaya et. al. as the following:

THEOREM 1.1. Let f € SX(h,I), a,b €1, with a < b and f € L'([a,b]). Then

1 a+b 1 b 1
s/ (57) <5 | Soa <@ o) [Cnoa, @

For other inequalities in connection to Hermite-Hadamard inequality we invite inter-
ested readers to study [2]-[4], [6]-[8] and references therein.

In this paper we investigate some generalized Hermite-Hadamard type inequalities
by the use of a real mapping L(¢) related to the /-convex functions. In special cases we
obtain some generalized form of Hermite-Hadamard inequality for convex functions.
As an application we give some inequalities for special means.

Sl

2. Main results

The mapping L.
For a function f:1 C R — R with a,b €I, a < b and f € L'[a,b], the mapping
L:[0,1] — R defined by

L) = — )/b[f(m+(1—z)x)+f((1—t)x+zb)}dx, 3)

2(b—a a

has been introduced in [2] and the following result is obtained for it.

THEOREM 2.1. Let f:I CR — R be a convex mapping on I and a,b are as
above. Then:

(i) Lis convex on [0,1].

(i) We have the inequalities:

L) l—t f()+f()\f(a)42rf(b)’
forall t € [0,1] and
ap 1)~ L)
1€[0,1]

In the following result, we give a generalization for assertions (i) and (ii) of Theorem
2.1. Also we obtain new Hermite-Hadamard type inequalities in connection with L(z)
which extend (1) and (2) to a generalized form.

THEOREM 2.2. If f: [a,b] — R is a h-convex function with h(%) >0, then:
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(i) L is h-convexon [0,1].
(ii) The following inequalities hold:

L(t) < h(z) - f(a)+f(b) h(1 _,) /bf s

1) +2h(1 /h fla)+ 1)

(i) For 0<t < %, we have

1 a-+b 1—1t 1 b
2h(%)f( ) < %_,L(”_m/u fx)dx

<[(f(ta+ (1—0)b)+ f(tb+ (1 —1)a))] /0 h)du,

ana’for%<t<l7

2/11%) (a;rb> 11

a)+ f(b)] /Olh(u)du

Furthermore for t = % we have

2h(3)

Proof.

1 b
<t—%L(Z)_7(b—a)(2t—l)/a Fx)dx

1 f(azib) <L<%> < [f(a)+f(b)}/01h(t)dz.
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“4)

(&)

(6)

(i) Consider #1,5, 0, € [0,1] with 7y +1, = 1. It follows from A-convexity of f

that
Lithoa+1np)

1 by
:m/a _f((tla—l-tzﬂ)a—F(I—tl(x_tzﬁ)x)
+f((1—na—np)x+ (11a+t2[3)b)}dx
:ﬁ/ﬂb :f(tl(aa+x—ax)+z2([3a+x_ﬂx))

+ (11 (x — ox + ab) + 12 (x — ﬁx—|—[5b))} dx

<2(};90—1)@) /ab :f(a‘H'( o)x) + f((1—o)x+ ch))}dx

L h(t2)

=h(t1)L(e) +h(z2) L(B).

b
2(b—a) /a {f(ﬁa—k (1-B)x)+f((1 —ﬁ)x—i—ﬁb))}dx
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(ii) The left part of (4) follows from A -convexity of f. For the right part of (4), by
the use of (2) we have:

gh(t)-w—i—h(l—t (@) + £(b /h
[h()+2hl—t/h f(“)%

(iii) If we consider two changes of variable u =ra+ (1 —¢)x and u = (1 —1¢)x+1b in
(3) respectively, then we have

1 ta+(1—1)b b
L(t) = 20—Nb—a) [/a f(u)du+ /(lt)uﬂhf(u)du] ) 7

With some calculations we obtain from (7) that

ta+(1—1)b |
/ f(u)du+ Fluydu, 0 <1< &
tb+(1—t)a

20—1)(b—a)L(r)=

b tb+(1—1)
/ Sf(u)du+ flu)du, § <t <1,
a ta+(1—1)b

which implies that

1—¢ 1 b 1 ta+(1—1)b
L0~ G, 7O = a3 Jpene SO
(®)
for 0 <r < % and
1—¢ 1 b 1 th+(1—1)
T~ Gmam=D T = @D fue T
)
for d<r<1.

On the other hand from & -convexity of f, inequality (2) and the fact that

f(“_”’> :f<m+ (1—1)b+1tb+ (1 —t)a)

2 2
forall 7 € [0,1], we get
atb 1 ta+(1—1)b
< d 10
)f< 2 ) (b—a)(l—zt)/tb+(1—:)a flu)du (10

<[fltb+(1—1)a)+ f(ta+ (1 —t)b)]/ol h(u)du
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f0r0<t<%and

1 a+b 1
2h(%)f< )< b—a)2i—1)

<[f(ta+(1—0)b)+ f(tb+ (1 —1)a)] /01 h(u)du

tb+(1—t)a
/ fadu A1)

a+(1—1)b

for % <t < 1. By putting (10), (11) in (8), (9) respectively, we obtain the desired

results.
Finally for the case that = 5 we only need to the following identity:

(3) = 5= a/a{ (75 +1 (557 e

)
1 [/ e dt+/ £0) dt] bia)/abf(t)dt

REMARK 1. Assertions (i) and (ii) of Theorem 2.2 are respectively generaliza-
tion of assertions (i) and (if) of Theorem 3 in [2], from convex to &-convex version.

COROLLARY 2.1. [9] If in assertion (iii) of Theorem 2.2 we consider that f is
convex, then we have

atby _1-1 1 b fla)+ f(b)
1(557) <1 L(t)_(b—a)(l—Zt)/af(x)dng’

2 53—t

f0r0<t<%and

a+by _1—1 1 b fla)+ f(b)
#(557) < L0 - Gra@ [, fods < TSR,

2 t—5

for <t < 1. In special case if t =0, then we recapture (1).

EXAMPLE 1. The following means for real numbers a,b € R are known:

b

A(a,b) = a;— arithmetic mean, (12)
bn+l _ an+1 %

Ly(a,b) = m generalized log—mean, n € R, a < b.

In Theorem 2.2, for 0 < a < b consider

Ff(x)=x",r€ (—eo,—1)U(—1,0]U[1,00);
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From Example 7 in [1 1], f is h-convex and also with some calculations we have
1
(b—a)(l—1)(r+1)
which implies that
1—1 1

H=3 x [(ta+(L=0)b)™ ' = (tb+ (1 —1)a) ' +- b — a1,

;L(I):(b—a)(l—zz)(rﬂ) (13)
x [(ta+ (1—=1)b) ™ — (th+ (1 —t)a) '+ b — a1,
On the other hand it is clear that
1 b br+1 _ar+l
(b—a)(l—Zt)/u F0dx = =TT 1) (14
So from (13) and (14) we obtain that
1—¢ 1 b
L0 - (b_a)(l_zt)/a F(x)dx (15)

~ e < et =00 =+ (-0

Finally, from (5), (12) and (15) for 0 <t < %, we get the following special means type
inequality

27 (a,b) <L ((1b+ (1= 1)a), (ra+ (1 -1)p) ) (16)
< MA((M—F (1—0)b)",(tb+ (1 —t)a)’).

s+1

Also with the same argument as above for % <t <1, from (6) we have

27 (a,b) < Ly ((ta+ (1 =0)b), (tb+ (1 -1)a) ) (17)
A=, ((m S (1—1)b) (th+ (1 — t)a)’).

s+ 1

If in inequalities (16) and (17) we consider s = 1, then for r € (—eo,—1)U(—1,0] U
[1,0) we obtain that

A(a,b) < L;((zb+ (1-1)a), (ta+ (1 —z)b)) <A@, D), 0<t < L

A(a,b) < L;((m+ (1=0)b), (tb+ (1 —t)a)) <A@ b), L <i<1.
In a more special case for + = 0 from above, we recapture the following well known
special means inequality
A'(a,b) < Ly(a,b) <A(d",b"),

where 0 <a < b and r € [1,00).
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